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1. Introduction

Recently, studying and investigating the topological properties of several types of algebras has becomeof interest
to many researchers.The topological concepts of (BCK/BCC/ BE)- algebras are given in [4,1,5]. In 1998, Lee and
Ryu investigated topological BCK-algebras and determined several topological featuresof this structure.In 2008,
Ahn and Kwon introduced the concept of topological BCC-algebras. In 2017, Mehrshad and
Golzarpoorinvestigated some characteristics of the topological BE-algebras and uniformBE-algebras. In this same
year, lampan[2]presented a new class of algebras called UP-algebras whichis an extension of KU-algebras [6]
introduced by Prabpayak and Leerawat in 2009. Later in 2019, Satirad and Iampan[10]presented and established
further characteristics of the topological UP-algebras.In 2020, Romano [7] introduced another class of algebras
called pseudo-UP algebras as an extension of UP- algebras. Also, he studied the concepts of pseudo-UP filers and
pseudo-UP ideals of pseudo-UP algebras in [8]. Furthermore, he introduced the concept of homomorphisms
between pseudo-UP algebras in [9].

This paper is formatted as follows:In Section 2, we present some definitions and propositions on pseudo-UP
algebras and topologies which are needed to develop this paper. In Section 3, we study the congruence relation on
pseudo-UP ideals. In Section 4, we study the uniform topology on pseudo-UP algebra. We employ the congruence
relationship for the uniform topology to create uniform structures based onpseudo-UP ideals of pseudo-UP
algebras. Also, we show that topological pseudo-UP algebra is pseudo-UP algebra with uniform topology.
Additionally, several characteristics are acquired. In Section 5, weintroduce the filter base on pseudo-UP algebra
to generate a topology on pseudo-UP algebra.

2. Preliminaries

In this section, we provide some basic information and observations on pseudo-UP algebras andtopological
concepts which are essential for this paper.

Definition 2.1.[7]A pseudo-UP algebra is a structure ((X,<), -, *,0) where < is a binary operation on a set X, -
and * are two binary operations on X if X satisfies the following axioms: for all x,y, z € X,

L2 -y 2zand(y*xz) < (xxy) - (x*2)
2.x <yandy < xthenx =y.
3.(y-0)*x=xand (y*0) -x = x.
4.x <y eox-y=0andx <y ©&x*xy=0.
Proposition 2.2. [7] In a pseudo-UP algebra ((X, <),;, *, 0) the following statements hold: for all x € X,

l.x-0=0andx* 0=0,
2.0 - x=x and 0 * x = x, and
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3.x - x=0and x* x =0.
Proposition 2.3. [7] In a pseudo-UP algebra ((X, <), -, *, 0) the following statements hold: for all x,y € X,

l.x <y -x, and
2.x Sy *x.

Definition 2.4. [8] A non-empty subset J of a pseudo-UP algebra X is said to be a pseudo-UP ideal of X if it
satisfies: for all x,y € X,

1.0 € 7,
2.x-(x*z)€Jand y € Jthenx -z € J, and
3.xx(x-z)€Jand yE€EJ thenx *z € J.

Proposition 2.5. [8] Let 7 be a pseudo-UP ideal of a pseudo-UP algebra X, then the following statements hold: for
all x,y € X,

l.ifx€Jandx-y €J theny € 7, and
2.ifx€Jandx*y €Jtheny € 7.

Definition 2.6. [8] A non-empty subset F of a pseudo-UP algebra X is said to be a pseudo-UP filter of X if it
satisfies: for all x,y € X,

1.0EF,
2.x-y€ Fand x € F theny € F, and
3.xxy€Fand x € Ftheny € F.

Definition 2.7. [9] Let ((X,<), -, *,0) and ((Y,Sy), v, *y, Oy)be two pseudo-UP algebras. A map f: X — Y
is a pseudo-UP homomorphism if

fGy) = fO)y f) andf(x-y) = f() *y F(),
for all x, y € X. Moreover, f is a pseudo-UP isomorphism if it is bijective.

Definition 2.8. A pseudo-UP algebra X is said to be negative implicative if it satisfies the condition: for all
x, v,z €X,

(x-y)-(x-2) =x-(y-2) and (x xy) * (x *y) = x * (y * 2).
Example 2.9. Let X = {0, a, b, c} and the two binary operations - and * defined by the following Cayley tables:

0 a b c * |0 a b c
0 0 a b c 0 0 a b c
a 0 0 b c 0 0 b c
b 0 a 0 c b 0 0 0 c
c 0 a b 0 c 0 a b 0

Tablel. A negative implicative pseudo-UP algebra
Then it isclear that ((X,<), -, *,0) is a pesudo-UP algebra and satisfies the negative implicative condition.

In the remainder of this section, we introduce some topological concepts, by (X,7) or X we mean a topological
space. Let A be a subset X, the closure of A is defined bycl(A) ={x € X: VO € tsuchthat x € 0,0 N A # ¢}.
The set of all interior points of A denoted by int(A) and defined as int(4) = U{U: U € tand U € A}. Let
f:(X,7) = (Y, 7y) be a function, then f is continuous if the opposite image of each open setin Y is open X. Also,
f is called closed (resp., open) map if the image of each closed (resp., open) set in X is closed (resp., open) set in
Y. Furthermore, f is homeomorphism if f is isomorphism, continuous, and open. All topological concepts above
can be found in all texts of general topology.

Definition 2.10. [11] A pseudo-UP algebra ((X, <), -, *,0) with a topology 7 is called a topological pesudo-UP
algebra (for short TPUP-algebra) if for each open set O containing x - y and for each open set W containing x * y,
there exist open sets U; and V; (U, and V,) containing x and y respectively such that U; -V; € O and U, *V, ©
W forall x,y € X.
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Proposition 2.11. [11] Let ((X, <), -, *, 0, 7) be a TPUP-algebra and M, be the minimal open set containing 0.
If x € M, then M, is the minimal open set containing x.

Proposition 2.11. [11] Let ((X, <), -, % 0, ) be a TPUP-algebra and M,, M,be two minimal open sets
containing x, y respectively. If x -y, x xy & My, then y € M, and x € M,, where x # O and y # 0.

3. On pseudo-UP ideals
In this section, we give some properties of pseudo-UP ideals of pseudo-UP algebras.

Proposition 3.1. Let X be a pseudo-UP algebra and {J;};c4 be a family of pseudo-UP ideals of X. Then N;e4 J; is
a UP-ideal of X.

Proof. Clearly, if 0 € J; for alli € A, then 0 €Ny ;. Let x,y,z € X such that x - (y * 2) € Ny Tjx * (y-2) €
Niea J; and y € Nyeq J;.Hence, x - (y xz) €T, x* (y-z) € J; and y € J; for all i € A. Since J;is a pseudo-UP
ideal of X, then x - z € J;and x * z € J;for all i € A. Therefore, x - z €EN;c4 Jand x * z €N;cy T Hence,Njcy J;is a
pseudo-UP ideal of X.

Definition 3.2.Let J be a pseudo-UP ideal of a pseudo-UP algebra X. Define the relation ~jon X as follows: for
allx,y € X,

x ~gyifandonlyifx-y,x*y €Jandy-x,y*x € J.
Example 3.3. Let X = {0, a, b, c} with two binary operations - and * defined by the following Cayley tables:

0 a b c * |0 a b c
0 0 a b c 0 0 a b c
a 0 0 b c a 0 0 b c
b 0 0 0 c b 0 a 0 c
c 0 0 b 0 c 0 a b 0

Table2. A psudo-UP algebra

By easy calculation, we can check that ((X,<), -, * 0) is a pseudo-UP algebra and 7 = {0, a, c} is a pseudo-UP
ideal of a pseudo-UP algebra X. Then

~3=1{(0,0),(0,), (3,0),(0,0), (¢,0), (a, ), (c,a),(a,a), b,b),(c,0)},
S0, we can see that ~5 is an equivalence relation on X.

Definition 3.4.An equivalence relation R on a pseudo-UP algebra X is called a congruence relation if for all
xX,y,u,v EX,

xRuand yRv implies x-yRu-vandx *y Ru *v.

Proposition 3.5.If J is a pseudo-UP ideal of a pseudo-UP algebra X, then the binary relation ~; defined as in
Definition 3.4, is a congruence relation on X.

Proof.Reflexive: Forall x € X, x-x = 0 and x * x = 0. Since J is a pseudo-UP ideal of X, then x-x = 0 € J and
x * x = 0 € J. Therefore, x ~4 x.

Symmetric: Let x,y € X such that x ~g y. Thenwehave x-y, x*y €J,andy-x, y*x€J ,s0y X, y*x €
Jand x -y, x *y € J. Therefore, y ~5 x.

Transitive: Let x,y,z € X such that x ~5 y and y ~5 z. Then we have
xy,x*xy,y-zy*xz€Jandy x,y*x,z-y,z*y €1J.
Since J is a pseudo-UP ideal of X, we have
2 *[(xy)x(x-2)]=0€Tand (y*2) [(x*y) (x*2)]=0€7.
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Since, (v - z), (y * z) € Jthen by Proposition 2.5, (x-y) * (x-z), (x xy) - (x * z) € J. Again, since (x-y), (x *
y) € Jthen by Proposition 2.5, (x - z), (x * z) € J. Similarly, J is a pseudo-UP ideal of X,

-x)x[z-y)*(z-x)]=0€Tand (y*x)-[(z*y)- (z*x)] =0 €.

Since (y - x), (y * x) € J then by Proposition 2.5, (z-y) *(z-x), (z*y) - (z * x) € J. Again, since (z-y), (z *
y) € Jthen by Proposition 2.5, (z - x), (z * x) € J. Therefore, x ~; y.

Thus, ~5 is an equivalent relation on X.
Now, let x,y,u,v € X such that x ~; u and y ~; v. Then we have
x-ux*u,y-v,y*xveJandu-x,u*xx,y-v,y*v €.
Since Jis a pseudo-UP ideal of X, we have
W[ v)*(x-y)|=0€Tand (v+y) - [(x*v) (x*y)] =0€7T.

Since, (v-y),(v*y) € J then by Proposition 2.5, (x-v) * (x-y), (x *v) - (x *y) € J. Similarly, since Jis a
pseudo-UP ideal of X, we have

- v)*[(x-y)*(x-v)]=0 €Jand (y*v) - [(x*y)  (x*v)]=0€7.

Since (y - v), (y * v) € J then by Proposition 2.5, (x - y) * (x - v), (x * y) - (x * v) € J. Therefore, x -y ~5 u-v
and x *y ~; u * v. On the other hand, since J is a pseudo-UP ideal of X, we have

(- v)*[(x-w*(x-v)]=0 €Jand (u*v)-[(x*u) - (x*v)]=0€7.

Since (x-u),(x*u) €7, then (u-v)* (x*v),(u*v)-(x*v) € J. Similarly, since Jis a pseudo-UP ideal of X,
we have

(x-v)*[(u-x)*(u-v)]=0 €Jand (x*v) [(u*xx) - (u*xv)]=0€7.

Since, (u-x),(u*x) € Jthen (x-v) * (u-v), (x*v)-(u*xv) €J. Therefore, x v ~; u-vand x*v ~;u*
v. By transitive of ~; we have x 'y ~; u-vand x * y ~; u * v. Hence, ~4is a congruence relation on X.

4. Uniform topology on pseudo-UP algebras

Suppose that X is a pseudo-UP algebra and U,V € X X X, consider the following notations:
Ux]={y€ X: (xy) €U},

UoV ={(x,y) € XX X| for somez € X,(x,z) €U and (z,y) € V},

U™l ={(x,y) € Xx X| (y,x) € U},

A={(x,x)eXxX|x€EX}

Definition 4.1. [3] A uniformity on X is defined as a collection K of subsets of X X Xthat satisfy the following
conditions: forall U,V € X,

UDACU,
U)U™T c K,

(U )WoW < U forsome W € K,

UpUNVeXK,and

(Us)if U €W € X XX, then W € K.

Then (X, ¥ )is said to be a uniform space (or uniform stracture).

Definition 4.2. Suppose that A is an arbitrary family of pseudo-UP ideals of a pseudo-UP algebra X, U € X X X
and A € X, then we define the following sets:

1.U;={(x,y) EXxXX:x-y,xxy€Jandy-x,y xx € 7},
2. Us[x] = {y € X: (x,y) € Uy}, and Us[A] = Ugea Uslal,
3K = {Uy:7 € A},

4. K ={UcXxX:U; €U for someU; € K*}.
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Propositiond.3. Let A be a family of pseudo-UP ideals of a pseudo-UP-algebra X, then K * satisfies the conditions
(U1) — (Uy).

Proof. (Uq):Since J is a pseudo-UP ideal of X, then for all x € X, we have x ~5 x. Hence, A € U;, for any
U e K~

(Uy):Let U; € K*, we have
yeW) e e, oy~xox~ye (xy) € Uy
Hence, U™! c K*.

(U3):Let U; € K" and (x, z) € U o Uy, then there exists y € X such that (x,y),(y, z) € U; implies that x ~; y
and y ~j5 z. By transitive of ~; we have x ~4 z. Therefore, (x,z) € Uy and hence U; o U; € Uj.

(Uy): Let Uy, Uy € K*. We claim that U; N Uy € K. Let

y)elUnUy e (xy)elUjand(x,y) eUy & x-y,x*xy€IN Nandy-x,
yxx €EINNS©x ~ny e (x,y) €Usqy-

Therefore, Us N Up = U - Since, U;, Uy € A, then we have U; N Uy € K™ and so Usn 5 € K.
The following example explain that¥* is not uniform structure.

Example 4.4.Let X = {0,qa, b, c,d} and the two binary operations - and *defined by the following Cayley tables:

0 a b c d * 0 a b c d
0 0 a b c d 0 0 a b c d
a 0 0 b c d a 0 0 b c d
b 0 0 0 c d b 0 0 0 c d
c 0 0 b 0 d c 0 0 b 0 d
d 0 0 0 0 0 d 0 0 0 0 0

Table 3. A pseudo-UP ideal of a pseudo-UPalgebra

Then it is clear that ((X,<), -, * 0)is a pesudo-UP algebra, {0},X,7, = {0, a, b}and J, = {0, a, c} are pseudo-UP
ideals of X. Hence, X" = {Uyg}, Uy, Us,, Uy, } where Uy = 4, Uy = X X X,

Uy, ={(0,0),(a,a),(b,b), (c,c),(d,d),(0,a),(a,0),(0,b), (b,0),(a,b), (b,a)},
and
Us, ={(0,0),(a,a),(b,b),(c,c),(d,d),(0,a),(a,0),(0,c),(ac),(c,a)}

Let M =7,n {d} ={0,a,b,d}, then Uy = Uy, U{(d,d),(a,d),(d,a), (b,d),(d,b),(c,d),(d c)}. We have
U, €Uy S X X X. Moreover, M € A since d-c=0€M,d«c=0€M and d € M but ¢ € M. Therefore,
Uy € K *.This means thatX *is not satisfying the condition(Us) from Definition 4.1.

Proposition 4.5. Let A be a family of pseudo-UP ideals of a pseudo-UP-algebra X, then(X,K)is a uniform
structure.

Proof. From Proposition 4.3, we obtain that Jsatisfying the conditions(U;) — (U,). It is enough to show that
satisfying(Us). Let U € K and U € V € X X X, then there exists a U; € U S V, which means V € XK. Hence the
proof.

Lemma 4.6. Let X be a pseudo-UP algebra and letU,V € K where U € V, then U[x] € V[x] for every x € X.

Proof. Suppose that U,V € K where U €V and lety € X. Let b € U[y], then (y,b) € U € Vand so(y,b) € V.
Thus, b € V[y] and hence U[y] € V[y].

Proposition 4.7. Let (X, %) be a uniform structure, then
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T:={G S X:Vx€G,3IU € K,U[x] € G},
is a topology on X.

Proof. Let (X,X)be a uniform structure, for all x € X and U € K, U[x] € X. Hence, X €T and also ¢ € T by
definition. Let x € Ug,eriem Gi, then there exists j € M such that x € G;. Since G; € T, there exist U; € ¥ such

that U;[x] € G;j[x]. This implies that U;[x] S Ug,er,iem Gi- Hence, Ug,eriem Gi € T

Suppose that G,H € T such that x € G N H, then there exist U,V € X such that U[x] € G and V[x] € H. Let
W: = UnNV so by Definition 4.1, W € K. Let y € W|[x], then (x,y) € U and (x,y) € V. Therefore, y € U[x]
and y € V[x]. Hence, W[x] € U[x] N V[x]. Therefore, we have W[x] € U[x] € G and W[x] S V[x] S H.
Hence, W[x] € G N H which implies that G N H € T. Hence, 7 is a topology on X.

Note that U[x] is an open set containing x for all x € X. Moreover, we refer the uniform topology obtained by an
arbitrary family A, by T3 and if A = 7, we refer to it by 75.

Definition 4.8.1f (X, X) is a uniform structure, the topology 7" is called uniform topology on X induced by K.
Example 4.9. From Example 3.3, consider 7 = {0, a, c} and A = {J}then we have
K ={U}={(xy)|x~; ¥}
={(0,0),(0,a),(a,0),(0,¢), (¢, 0), (a, ¢), (¢, a), (a, @), (b, b), (¢, ) }.

Then it is easy to check that (X, %) is a uniform structure, where K = {U| U; € U}. Therefore, the open sets are

Usla] = {0,a, c}

Us[b] = {b}

Us[c] = {0,a,c}

U;[0] = {0, qa, c}.
From above we obtain thatT; = {¢, {b}, {0, a, c}, X}. Hence, (X,J7) is a uniform topological space.
Proposition 4.10.In a pseudo-UP algebra X, (X,7,)is a TPUP-algebra.

Proof.Suppose that G, H are open sets containing x -y and x * y for all x,y € X. Then there is U € K, such that
Ulx-y] € G, U[x * y] S H and a pseudo-UP ideal J of X such that U; S U. We claim that the following relation
holds:

Us[x] - Usly] € Ulx - y] and Us[x] * Us[y] € U[x * y].

Let a € Uj[x] and b € Uy[y], then we have x ~; a and y ~4 b. Since ~; is a congruence relation, it follows that
x*y~ga-band x xy ~;a*b. Thus, (x-y,a-b)€U; S U and (x*y,a*b) € U; € U. Hence, a- b € Uy[x -
y] € U[x-y]and a * b € Us[x *y] S U[x * y]. Therefore, a- b € G and a * b € H. Clearly, Us[x] and Us[y] are
open sets containing x and y respectively. Hence, (X, 7) is a TPUP-algebra.

Proposition 4.11. [3] Let X be any set and S € P (X X X) be a family where the following conditions hold: for all
UEeg,

1.AC U,
2. U™ Yincludes an element of S, and
3.thereisaV € S suchthat VoV C U.

So, there is a unique uniformity U, of which § is a subbase.

Proposition 4.12. Let D: = {U;: J be a pseudo-UP ideal of a pseudo-UP algebra X}, then D is the subbase for the
uniformity of X. We refer to its correlating topology by&.

Proof.Clearly D satisfies all conditions of Proposition 4.11 because ~4 is an equivalence relation.
Example 4.13. In Example 4.9, it is clear that (X,J7) is a TPUP-algebra.
Proposition 4.14.Let J be a pseudo-UP ideal of a pseudo-UP algebra X. 7 = {0} if and only if U = Uyqy.

Proof.Suppose that J # {0}, then there exist z € J such that z# 0. Since z-0=0€7,0- z=2z€J and
zx0=0€J,0%*z=2zE€ J.Hence,0 € Uy[z] and so (z,0) € U;. On the other hand since z # 0, (z,0) & Uoy-
Therefore, if U; = Utoy then 7 = {0}.
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Proposition 4.15. Let A be a family of pseudo-UP ideals of a pseudo-UP algebra X. Then any pseudo-UP ideal in
the collection A is a clopen subset of X.

Proof.Let J be a pseudo-UP ideal of X in A and y € J€. Then y € U;[y] and we have 7¢ € U{U;[y] | y € T¢}. We
claim that U[y] € Jforall y € J€. Let z € Uy[y], then z ~;g yandso z-y,z*y € J.If z € J then y € J, which is
a contradiction. Thus, z € 7€ and we have U{U;[y]|y € 7} € J°Hence, 7¢ = U{U;[y] | y € 7¢}.Since,U;[y] is
an open for any y € X, then 7 is a closed subset of X. Next, we have to prove that 7 = U{Us[y] | y €T} If y € 7,
then y € U;[y] and hence 7 € U{Us[y] |y € I} Let y € 7, if z € Us[y] then y ~; zand so y - z,y * z € J. Since
y € J,and 7 is a pseudo-UP ideal then z € J. Hence, we have U{U;[y]| v € 7} € 7. Hence, J is an open subset of
X.

Proposition 4.16. Let A be a family of pseudo-UP ideals of a pseudo-UP algebra X, then U;[x] is clopen subset of
X forallx € Xand J € A.

Proof.-We have to prove (U;[x])€ is open. If y € (Us[x])¢, then x-y,x *y €T ory-x,y*x € I¢. Let y - x,y *
x € J¢, then by Proposition 4.10 and the proof of Proposition 4.15, we get (U;[y] - Us[x]) S Uy[y - x] S J€ and
(Us[y] * Ug[x]) € Uy *x] € €. We claim that Uy[y] € (Us[x])C. If z € Uy[y], then z - x € (Uy[z] - Us[x]) and
z % x € (Uy[z] * Us[x]). Hence, z - x,z * x € J€ then we have z € (Us[x]), hence (U;[x])€ is open. Thus, U;[x]
is closed. It is clear that U;[x] is open. Therefore, Us[x] is clopen subset of X.

A topological space (X,7) is connected if and only if X and ¢ are only clopen sets in 7. Thus, we get the
following result.

Corollary 4.17.(X,T,) is disconnected space.

Proposition 4.18. 7, = Ty, where N' = N{ 7:7 € A}.

Proof.Let K and K™ defined as in Definition 4.1 and 4.2. Now, consider Ay = {\'} and define
Ko ={N}and Ky = {U: Uy € U}.

Let G € T}, so for everyx € G there isU € K such that U[x] € G. SinceV' € 7, then we have Uy € Uy, for every
pseudo-UP ideal Jof A. Since, U € K there isJ € A such that U5 € U. Thus, Uy [x] S U[x] € G. Since Uy €
Ko, G € Tjr. Hence, Ty € T

Conversely, let H € Ty then for everyx € H, there is U € X, such that U[x] € H. Thus, Uy [x] € H and since A
is closed under intersection ' € A. Then we obtain that U, € K and so H € J,. Therefore, T € J,.

Remark 4.19. Let A be a family of pseudo-UP ideals of a pseudo-UP algebra X and V' = N{ 7:J € A}.Then the
following statements hold:

1. By Proposition 4.18, we haveT, = Tj-.For allU € X, and for allx € X we getUy [x] € U[x]. Hence, T} is
equivalent to {G € X: Vx € G,3 Uy [x] € G}. Therefore, G € X is an open set if and only if for all
x € G,Up[x] € Gifandonlyif G = Uyeg Uy [x].

2. By (1) we getUp-[x]is a minimal open set containing x for all x € X.

3. Let By = {Up[x]: x € X}. By (1), and (2) it is easy to show that B, is a base of Ty.

Proposition 4.20. Let 7 and V' be two pseudo-UP ideals of a pseudo-UP algebra X. Then 73 € T3, if and only if
N c 7T

Proof.Let V € 7, and consider:
A ={0}L, K" ={Us}, Ky ={U: Uy € U}andA, = {(N},IG" = {U n}, Ky = {U: Uy € U}.

Let G € 73, then for all x € G, there exist U € K such that U[x] € G. Since N C J, then Uy € Uj. Since
Uq[x] € G, we have Uy [x] € G. Then, Uy € K, and thus G € Tyy.

Conversely, let 73 € T.. Suppose that a € V'\ J, since J € J; by assumption we have J € Tj.. Then for all x € J,
there exist U € K, such that U[x] € 7, and so Uy [x] € J. Then, Up-[0] € Iwe have a-0=0€ N, 0-a=a €
N, ax0=0€N and Oxa=a€N. Thus, a ~» 0, and so a € Uy [0]. Therefore a € J which is a
contradiction.

A uniform structure (X, ¥ )is called totally bounded if for every U € K, there exists xq,%5,..., X, € X such that
X = U, U[x;]. Moreover, (X,X)is compact if for every open cover of X has a finite subcover.
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Proposition 4.21. Let 7 be a pseudo-UP ideal of a pseudo-UP algebra X. Then the following statements are
equivalent:

1. (X,77) is compact.

2. (X,J3)is totally bounded.

3. There exist P = {xq,%5,...,X,} € X such that for every a € X there exist x; € P with a -x;,a * x; € J,
and x;-a,x; *a € J.

Proof.(1 > 2): Obvious.

(2 = 3)iLetU; € K. Since (X,T7)is totally bounded, so there exists xq,X,,..., X, € 7 such that X = U=, U[x;].
Now, let a € X, so there exist x; such that a € UjL, U[x;]. Therefore,

a-x,axx;€Jandx; a,x;*a €.
(3 = 1): By assumption there exist x; € P with a- x;,a * x; €7, and x; - a, x; * a € J for all a € X .Hence, we get
a € U;[x;] and therefore X = Ujz, Us[x;]. Now, let X = Ugep O, Where Ogis an open set in X for each « € M,
then for every x; € X there exists x; € Og,. Since, Ogis open then Uj[x;] € Oy, and so X = UL, Us[x;] €
UfL1 Og;. Therefore, X = Uj_; Oy and hence (X, J7) is compact.
Proposition 4.22. Let J be a pseudo-UP ideal of a pseudo-UP algebra X such that J€ is finite (X, 73) is compact.
Proof.Suppose that X = Ugen O, Where Ogis an open set in X for eacha € M, and let 7€ = {x4,x,,...,x,}. Then

there exists @, y,az,. ..,y such that 0 € Oy, x1 € Oy, X, € Og,,...,Xn € Og, . Then U;[0] S O,, but Us[0] = 7.
Hence, X = UiL; Oy, U O,.

Proposition 4.23.Let J be a pseudo-UP ideal of a pseudo-UP algebra X, thenJ is compact in(X,77).

Proof.Suppose that U;[x] € Ugen O, Where O, is an open set in X for each a € M. Since, 0 € J then there exist
a € M such that 0 € O,. Then 7 = Uy[0] € O, and hence J is a compact set in (X, 77).

Proposition 4.24.Let 7 be a pseudo-UP ideal of a pseudo-UP algebra X, then for all x € X, Us[x]is compact
in(X, 97).

Proof.Suppose that for all x € X, Us[x] S Ugem Oy Where O, is an open set in X for each @ € M.Since,x € U;[x],
then there exist @ € Msuch that x € O,. Thus, Us[x] € O,. Therefore, U;[x] is compact set in (X, 77).

Proposition 4.25.Let J be a pseudo-UP ideal of a pseudo-UP algebra X. Then (X,7}) is a discrete topology if and
only if Us[x] = {x}for all x € X.

Proof.Suppose thatT, is a discrete topology on X.If for any J € A, then there exists x € X such that U;[x] # {x}.
Let N =n {J: J € A}, then V€ A so there exist x, € X such that Uy-[xo] # {xo}. It follows there is a y, €
Uj[xo] and xy # yo. By Remark 4.19, we have Uy [x,] is a minimal open set containing x,. Hence, {x,} is not
open subset of X which is a contradiction.

Conversely, for all x € X, there exists J € A such that U;[x] = {x}. Hence, {x} is open subset of X. Thus, (X,T3)
is a discrete topology.

Proposition 4.26.Let(X,T))be the topological space where A is a family of pseudo-UP ideals of a pseudo-UP
algebra X and 7 € A. Then forany A € X, cl(A) = n{U;[A]: U; € X"}

Proof.Let x € cl(A), we have Us[x] is an open set containing x and so U;[x] N A # ¢, for everyJ € A. Thus,
there exist y € A such that y € U;j[x] and so (x,y) € Uj for everyJ € A. Therefore, x € Us[y] € U;[A] for
everyJ € A.

Conversely, let x € Us[A] for everyJ € A, so there exist y € A such that x € Us[y] and hence Us;[y] N A # ¢.
Thus, x € cl(A).

Proposition 4.27.Let A be a family of pseudo-UP ideals of a pseudo-UP algebra X,and W be an open set
containing K where Kis a compact subset of X. Then K € Us[K] € W.

Proof.Let W be an open set containing K, then for all k € K we getU;, [k] € W for some Uj, € A. Hence,
K € Uy, Uy, [k] € W. Since K is a compact then there exists kq,k5,..., k, such that K < U7k1 [k1]U Ujkz [ko]U
..U ngn[kn].Take 7 = NiL1 Tk, We claim that Uy, [k] € W forall k € K. Let k € K, so thereexists 1 < i<n
such that k € ngi [k;] and so k ~Tk, k;. Let y € Ug[k] then y ~5 k and so y ~Ik, k;. Hence, y € Ujki [k W
and so Us[K] € W for all k € K. Therefore, K € U;[K] € W.
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Proposition 4.28.Let A be a family of pseudo-UP ideals of a pseudo-UP algebra X, and let K, P € Xsuch that K is
a compact and Pis a closed. If K N P = ¢, then Uy[K] N Uy[P] = ¢ forallJ € A.

Proof.1etK N P = ¢ and P be a closed, X\P is an open set containing K. By Proposition 4.27, there exists J € A
such that U;[K] € X\P. Suppose that U;[K] N Us[P] # ¢, then there exist y € X such that y € Usj[k] and y €
Uj[p] for all k € K and p € P. Hence, k ~; p and so p € Uy[k] € U;[K] which is a contradiction with the fact
Us[K] € X\P.Hence, Us[K] N Uy[P] = ¢.

From Proposition 2.5, we obtain that every pseudo-UP ideal is a pseudo-UP filter in a pseudo-UP algebra X, then
we have the following result:

Corollary 4.29. Let ((X, <), -, *, 0, 7)be a TPUP-algebra and J, is a minimal open set containing 0, then J, is
a pseudo-UP ideal of X.

Proposition 4.30.Let ((X, <), -, *, 0, T)be a TPUP-algebra and(X , 730) be a uniform topology induced by 7.
Then 7 is finer than J3,.

Proof. Suppose that M,, is the minimal open set in T containing y. We have to show that Uy, [x] = UyEU70 My
for each x € X. Let y € Uy [x] and z€ My. If z-y,zxy & Joor y -2,y *xz & Jy, then by Proposition 2.12,
z & M,,. Therefore, z-y,z*y € Jgor y 2,y *z € Jy. Since, (y-z) *[(xy) *(x-2)]=0€ Ty, (y*2z) " [(x*
¥) (x*2)]=0€Jy and (x-y),(x*y) €Iy, then we have (y-z) * (x-z),(y *z) - (x * z) €J,. Again, since
Yy +Z,y*zZ € Jy then by Proposition 2.5, x - z,x * z € J,. By the same way we can get z-x,z *x € J,. Hence,
z € Uy, [x]. Thus, My, © Uy, [x] for every y € Uy [x] and hence Uyeus, 1) My S Uy, [x]. The converse is clear.

Proposition 4.31.Let ((X, <), -, *, 0, 7)be a TPUP-algebra and(X, 7}0) be a uniform topology induced by 7,.If
there exist U € 7 such that U & T3, then there exist x € U and y € Uy [x] such that y € U and the following
statements hold: for all a € 7,

1.x,y € 7.
2.a-y,a*xy&Uy[x]nU.
3.1fd € Uy [x]nU,thena-d #yand a*xd #y.

Proof.

1. Let x € Jy, then by Proposition 2.11, Jo € U. Since x € Jo, ¥ € Uy [x] and Jyis a pseudo-UP ideal, then
y € Jp € U which is a contradiction. Now, let ¥ € Jy and since y € Uy [x]and J, is a pseudo-UP ideal,
then x € J, which is a contradiction.

2. Suppose there exist a € Uy [x] such that a - y,a *y € Uy, [x] N U, then there exist two open sets V and W
containing a and y respectively such that V- W € Uy [x] N U and V *W S Uy [x] N U. By Proposition
211, Jp€V and so y=0-y€Jo-W S Uy [x]NU and y =0*y € Jo* W S Uy [x] N U. Therefore,
y € Uy, [x] n U which is a contradiction.

3. Suppose that there exist a € Uy [x]such that a-d =7y and a*d =y for some d € U; [x] N U. Since
0-d=d€Uplx]nUand 0*d=d € Uy [x] NU, then there exist two open sets V and W containing 0
and d such that V-W € Uy [x]NU and V+«W S Uy [x]NU. Then we have y=a-d€ Jo- W S
Uy[x]nUand y =a*d € Jo+x W S Uy [x] N U. Therefore, y € Uy [x] N Uwhich is a contradiction.

Proposition 4.32.Let ((X, <), -, * 0, 7)be a TPUP-algebra and(X , .‘]}0) be a uniform topology induced by J,. If
73, & T.then there exist a non-empty U € T such that U & Uy, [x] for some x & X\J,.

Proof. Suppose that 73, & 7, then there exist V € Tsuch that V ¢ TJ5,. Since (X ,Tgo)is a uniform topology, then
there exist x € V such that Uy, [x] & V. Therefore, Uy, [x] NV & Uy [x]. Take U = Uy [x] NV, then U € T and
U & Uy [x]. If x € Jy, then Uy [x] = Jo.Hence, x € U and by Proposition 2.11, Uy [x] = Jo € U which is a
contradiction.

Proposition 4.33. [9] Let f: X — Y be a pseudo-UP homomorphism between two pseudo-UP algebras X and Y.
Then the following statements hold:

1. If 7 is a pseudo-UP ideal in Y, thenf ~1(7) is a pseudo-UP ideal in X.
2. If f is surjective and J is a pseudo-UP ideal in X, then f(J) is a pseudo-UP ideal in Y.
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Proposition 4.34.Let f: X — Y be a pseudo-UP isomorphism between two pseudo-UP algebras X,Y, and let 7 is a
pseudo-UP ideal in Y, then for all x{,x, € X,

(x1,x3) € Up-1(5) & (f(x1):f(x2)) € Us.

Proof. For all x4,x, € X, we have
(x1,x2) € Up-1(g) © X1 ~p-1(9) X2 © f(x) ~5 flx) © (f(x1);f(x2)) € Us.

Proposition 4.35.Let f: X — Y be a pseudo-UP isomorphism between two pseudo-UP algebras X,Y, and let 7 is a
pseudo-UP ideal in Y. Then the following statements hold: for all x € X and forally €Y,

1. f(Uf_l(j)[x]) = Us[f(x)].
2. f M UslyD) = Upmrpy [F O]

Proof.

1.Lety € f(Uf—1(7) [x]), then there existx; € Us-1(y)[x] such that y = f(x). It follows that
X ~p-19) X1 = f(X) ~3 f(x) = f(X) ~gy =y € Us[f ()]
Conversely, let YEUIf)]= fX) ~y =TI fX) ~y) = x ~p15) f T =M €
Up-iiplx] =y € f(Uf—l(g)[x]).
2.Letx € fH(UslyD & fO EUslyl © f(x) ~y & fFHF() ~9y) © x ~p-ag) f D) S x E
Up-1lf T OD]

Proposition 4.36.Let f: X — Y be a pseudo-UP isomorphism between two pseudo-UP algebras X,Y, and let 7 is a
pseudo-UP ideal in Y. Then f is homeomorphism map from (X , 7}-1(7)) to (Y,73).

Proof.First, we have to show that f is continuous. Let A € T then by Remark 4.19, we get A = Ugea Uslal. It
follows that

= wlan=] _rrwta.

We claim that if b € f~*(Usj[a]), then we have Ug-15)[b] € f~"(Us[al). Now, let ¢ € Ug-1(5[b], then
¢ ~¢-1i7y b and so f(c) ~;5 f(b). Since f(b) € Us[a]we have f(b) ~;a. Therefore, f(c) ~5aand hence
f(c) € Us[al. Thus, ¢ € f~1(Us[a]) and so
“L(U[a =U Ue- b] € Te-1(4.

£ (Uslal) R 1(9)[b] € T-1(s)
Therefore, f~'(A) = f " (Uaea Us[a]) = Ugea f ' (Us[al) € T;-1(5)and hence f is continuous.
Finally, we have to show that f is an open map. Let A be an open in (X ,7}—1(7)). We claim that f(A) is an open
setin (V,77). Let a € f(A) we will have to show that U;[a] S f(A). Now, for all b € Us;[a] we have b ~; a. By
Proposition 4.34, we have f ~'(b) ~¢-1¢5) f ~'(a). Hence, f~"(b) € Ug-1¢;)[f ~*(a)]. Since f is a one-to-one and

a € f(A) then we have f~'(a) € A. By Remark 4.19, we get that Ug-1¢;)[f " (a)] € A and hence f~'(b) €
Aimplies that b € f(A). Therefore, Us[a] S f(A)and thus f is an open map.

5. New topology and related result

In this section we will give a filter base on X to generate a topology on X where X is a pseudo-UP algebra. Let
V € X and a € X we define V (a) as following:

Vie)={xe€X:x-ax*a€Vand a-x,a*x €V}
ObviouslyV(a) € U(a) when V C U C X.

Proposition 5.1.Let X be a pseudo-UP algebra satisfyingx - (y-z) = y-(x-z),and x * (y * z) = y * (x * z) for
all x,y,z € X and be a filter base satisfying the following conditions:

1. Forevery v € V € (2, there exist U € ) such that U(v) S V.
2.IfpgeVenNandp-(q-x) =0,p*(q+*x)=0thenx € Vforall x € X.

Then there exist a topology on X for which is a fundamental system of open sets containing 0 and V (a) is an open
set for all V € £ and for all a € X. Moreover, (X, 7q)is a TPUP-algebra.
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Proof.let 1o ={0 € X:Va€O0,3V € 2 suchthatV(a) S 0}. First, we have to show that 7 is a topology on
X. Clearly, X, ¢ € tq. Let 0, € Tt for some A € M and let a € U;¢p 0;. Then a € 0, for some A € M, so there
exist V such that V(a) € 0, and thus U;ep 03 € To.Now, suppose that 0,0, € T and let a € 0; N O,. Thus,
there exist V; and V, such that V; (a) € 0, and V,(a) € 0,. Since (2 is a base filter then there exist IV such that
V € Vi nV,. Thus, we have V(a) € (V;nV,)(a) € Vi(a) N V,(a) € 01N O, and so O; N O, € tq. Thentgis a
topology on X.

Now, we have to show that (2 is a filter base of an open set containing 0 with respect to 7. Since p - (q-0) =
Oand p * (g *0) = 0, for any p,q € V then by (2) 0 € V (i.e., each element V € 2 contains 0). If x € V(p), then
x-px*xpp-x,p*x€Vandso v=p-x,and v=p*x. Hence, v-(p-x) =0 and v * (p *x) = 0 implies
that x € V. Thus, V(p) SV and V € 7. If we suppose that V is an open set containing 0, then there exista U € (2
such that U(0) € V. Then for some a € U we note that 0-a,0+*a € U and a-0,a * 0 € U. Thus, a € U(0) and
so 0 € U € U(0) € V. Then 2 is a fundamental system of open sets containing 0 with respect to .

Next, we have to show that V' (a) is an open in 7. Let x € V(a), then we have a-x,a*x € Vand x-a,x *xa €
V. Then by (1), there exists 04,0, € £ such that O,(a-x) € V,0.(a*x) SV and O,(x-a) €S V,0,(x *a) S
V. Since (2 is a base filter then there exist W € 2 such that W € O, N O0,. Let y € W(x),then y - x,y *x S W
and x-y,x *y € W. Since, (x-y) *[(a-x)*(a-y)]=0, and (x*y)-[(a*x)-(a*xy)] =0. Also, (x-a) *
[-x)*(y-a)]=0,and (x*a) - [(y*x) - (y*a)] = 0. Then by (2), we have a-y,a*y and y-a,y *a are
contained in V. Hence, V (a) is an open set.

Finally, to show that (X, 7q)is a TPUP-algebra. Let x and y be two elements in X. Since each open set containing
x-y and x * y contains V(x-y) and V(x * y) for V € . It is enough to show that V' (x)-V(y) € V(x-y) and
V) *V(@y)SV(x*y). Let u-veV(x)-V(y) and uxveV(x)*V(y), then u€ V(x)and v e V(y).
Therefore, u-x,u *x,x - u,x *u,v-y,v*y,y v,y *v € VV and so we have

yvs@y)xxv) <@ y)x[w- )@ v)] =@ x)=[(x-y)* @ v)

and

y*vS(xxy) (xxv) < (xxy) - [(wxx) (uxv)] = (w*x)-[(x*y) - (u*v)].

Hence, (y - v) * [(u-x) * ((x*y) * (u-v))] = O and (y * v) - [(u *x) - ((x * y) - (u* v))] = 0. Then by (2), we
have (x-y) * (u-v),(x *y) - (u*v) €V and by the same way we can obtain that (u-v) * (x-y),(u*v) - (x *
y) € V. Therefore, u-v € V(x-v) andu * v € V(x *y) which implies that V(x) -V(y) € V(x-y) and V(x) *
V(y) € V(x * y).Hence, (X,tq) is a TPUP-algebra.

Example 5.2. Let X = {0, a, b, c} with two binary operations - and * defined by the following Cayley tables:

0 a b c * |0 a b c
0 0 a b c 0 0 a b c
a 0 0 0 c a 0 0 b c
b 0 a 0 c b 0 a 0 c
c 0 a b 0 c 0 a b 0

Table 4.A pseudo-UP algebra with:x - (y-z) =y - (x - z) and x*(y*z) = y*(x*z) V x,y,z € X.

Example 5.3. If X is a pseudo-UP algebra satisfyingx - (y-z) =y -(x-2), and x * (y * z) =y * (x * z) for all
x,Yy,z € X, then the filter base of pseudo-UP ideal Jof X is a base filter satisfies conditions in Proposition 5.1.
Since for every x € J, J(x) € J. Hence, the condition (1) satisfies. Now, if p,g €J and p-(q-x)=0€7,
p*(q*x)=0€J then p-x €7 and p *x € J. Again, since p € J, then by Proposition 2.5x € J. Hence, the
condition (2) satisfies. Therefore, the topology induced by J is a TPUP-algebra.

Let A be any subset of a TPUP-algebra X whose topology is the topology generated be a filter base satisfies all
conditions of Proposition 5.1, we mean that V(4) = Ugea V(a)which is clearly an open set containing A. Thus,
we have the following result.

Proposition 5.4. Let A be any subset of a TPUP-algebra X, then cl(A) =N {V (A):V € 2}.
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Proof. Let x € cl(A) and V € 0. Since V(x) is an open set containing x, then V(x) N A # ¢. Therefore, there
exist a € Asuchthata-x,axx €Vandx-a,x*a € V. Then x € V(a)and x € n{V(A):V € 0}.

Conversely, if x € N{V(A):V € 2}, then for any U € Nwe have x € U(A). Therefore, U(x) N A # ¢.
Proposition 5.5. Let A be a compact subset of a TPUP-algebra X. If U is an open set containing A, then there exist
V €N suchthat AC V(4A) € U.

Proof.Since U is an open set of A, then by Proposition 5.1 for all a € A there exist V, € £ such that V,(a) € U.
Since, A is a compact and A € Ugea Vz(a) then there exist aq,az,...,asuch that A €V, (a;) UV, (az)U...U
Va, (an). Now, let V = U?leai(ai) so it is enough to show that V(a) < U for all a € A. Since a € V, for some
a;, then a-a;,axa; €V, and a;-a,a; * a € V. If x € V(a), then we have a-x,axx €V and x-a,xxa €V.
Since (a-x) *[(a;-a) * (a;-x)] =0, and (a*x)-[(a; *a) - (a; *x)] = 0. Then by Proposition 5.1, we have
a;-x,a; *x € Vg, Similarly, (x-a)=*[(a-a;)*(x-a;)]=0 and (x=*a)-[(a*a;) (x*a;)]=0. Hence,
X aj,x * a; € Vy,. Therefore, x € V;,(a;) € Uand V(a) € U and thus V(4) < U.

Proposition 5.6. Let K be a compact subset of a TPUP-algebra X and F be a closed subset of X. If K NV = ¢, so
there exist IV € 2 such that V(K) NV (F) = ¢.

Proof. Since X\F is an open set of K, then by Proposition 5.5, there exist V € 2 such that V(K) € X\F. Suppose
that V(K) N V(F) # ¢for every V € . Then there exist x € V(K) NV (F). Thus, x € V(k) and x € V(f) for
some k € K and for some f € F. Since, (x-f) *[(k-x)*(k-f)]=0, (x*f) - [(k*x)-(k*f)]=0 and
(x-B)*[(f-x)*(f- k)] =0,(x*+k)-[(f *x)-(f *k)] = 0. Then by Proposition 5.1, wehave k- f,k x f € V
and f - k, f * k € V. Therefore, f € V (k) which is a contradiction. Hence, V(K) NV (F) = ¢.

6. Conclusion

In this article, some properties of UP-ideals are extended to pseudo UP-ideals. Using pseudo UP-ideals we
constructed a uniform structure on pseudo-UP algebras. several topological properties andrelations among pseudo-
UP algebras are obtained by using pseudo-UP isomorphisms. In the last sectionwe generated a new topology from
a filter base defined a pseudo-UP algebra and several results areobtained.
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