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Abstract: A k-partite hypergraph is a hypergraph whose vertices can be partitioned into k different
independent sets. In this paper, operations on intuitionistic fuzzy k-partite hypergraph(IFk-PHG) are
discussed and some properties were derived. The operations like union, intersection, join, structural
subtraction, ringsum, product, cartesian product, composition and complement were discussed.
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1. Introduction

Hypergraph is a generalization of graph theory which was originally developed by C. Berge in 1960.
The notion of hypergraphs has been extended in fuzzy theory and the concept of fuzzy hypergraphs was
proposed by Lee-Kwang and S. M. Chen. In (Berge.C.1976) the concepts of graph and hypergraph was
introduced. (Atanassov.K.T.1999) introduced the concept of intuitionistic fuzzy sets as a generalization of
fuzzy sets. The notion of fuzzy graphs and fuzzy hypergraphs was developed in (Mordeson.N.John,
Nair.S.Premchand.2000).

Intuitionistic fuzzy graph, intuitionistic fuzzy hypergraph and its operations have been discussed in
(Parvathi.R et al.,2006, Parvathi.R et al.,2009, Parvathi.R et al.,2009, Parvathi.R et al.,2012 &
Thilagavathi.S et al.,2008). (Myithili.K.K., Parvathi.R., Akram.M.2014) refined the ideas of intuitionistic
fuzzy directed hypergraphs. Further in (Myithili.K.K., Parvathi.R.2015) operations for transversals of
intuitionistic fuzzy directed hypergraphs was discussed.

Finally, in (Myithili.K.K., Keerthika.R.2020) the authors putforth the concepts of k-partite graphs in
intuitionistic fuzzy hypergraphs. In this paper, the authors discussed about the operations on IFk-PHGs and
worked on some of its results. Hence, operations like union, intersection, join, structural subtraction, ring
sum, product, cartesian product, composition and complement were defined on IFk-PHG. Also it is proved
that complement of a complete IFk-PHG is a complete IFk-PHG. Similarly, other properties has also been
analysed and proved.

2. Preliminaries
In this section, basic definitions relating to intuitionistic fuzzy sets, intuitionistic fuzzy graphs, IFk-
PHGs are dealt with.

Definition 2.1(Atanassov.K.T.1999) Let a set E be fixed. An intuitionistic fuzzy set (IFS) V in E is an object
of the form V = {{v;, u;(vy),v;(v;) )/v; € E}, where the function y;: E — [0,1] and v; : E — [0,1]
determine the degree of membership and the degree of non-membership of the element v; € E, respectively
and foreveryv; € E, 0 < u;(v;) +v;(v;) < 1.

Definition 2.2(Parvathi.R et al.,2006) Let E be the fixed set and V = {{v;, u; (v;),v;(v;) )|v; € V }be an
IFS. Six types of Cartesian products of n subsets (crisp sets) Vy V,...l;, of V over E are defined as follows
Vi, Xq Vi, Xq Vi o Xq Vi = {02 - -, vn), [Teg o [T vid lvr € Vi, v, €V - v, €V,
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Vi, Xo Vi, X2 Vi o XV = [ vy v, By — Vi ilhj + T jer Mililg — - +
(D" 2 Y ik en Bilj i ol + (D Ty s [T vi) (v € Vi, vy € Ve -
,Un €V},
Vi, X3 Vi, X3 Viy X3 Vi = {((g, v, 0), Ty ey By Vi — i ViVj + D joek ViVyVie — - +
(D" 2 Y isjeken ViViVie - Vo + (DTS, v) |01 € Vi, 0, €V, -
,vn € V),

Vi, Xa Vi, X4 Vig o X Vi = {(wy, 05 - -+, ), min(uy, fhy, .o, ), max (v, vy, o, Vi) |vg € V3,05 €V, -
: lvTL E Vn}y

Vil Xs Viz Xs5 Vi, .. X5 Vin = {<(v1:v2 e ;vn): max(,ul,uz, ...,,un),min(vl,vz, ...,Vn)) v, €V, vy €Vyy -
:Un E Vn}y

Yot Xiavi
Vi, X Vi, Xg Vi, . X6V = {((VLVZ . '.Vn),Tlﬂ,Tlv) |vi €V, v, €V oo, € Vh}-
It must be noted that v; X v; isan IFS, wheres = 1,2,3,4,5,6.

Definition 2.3(Parvathi.R et al.,2006) An intuitionistic fuzzy graph (IFG) is of the form ¢ = (V, E) where
MV = {v,vy---,vp}suchthat y;: V- [0,1] and v; : V — [0, 1] denote the degrees of membership
and non-membership of the element wv; € V respectively and 0 < w;(v;)+v;(v;) <1
forevery v; € V,i = 1,2,---,n
(I)E €V x Vwhere y;; : VXV - [0,1]andv;; : V X V - [0,1] are such that
Bij < Hi AU
vi; < v; Vv; and
0 < pw)+vi(v) <1
where p;; and v;; are the membership and non-membership values of the edge (v;,v;); the values of p; A p;
and v; v v;can be determined by one of its cartesian products x,, s = 1,2,---,6 for all i and j given in
above Definition.
Note: Throughout this paper, it is assumed that the fourth Cartesian product
Vi1 Xy Viz Xy Vl Xy Vin = {<(v1:v2 e ,vn),min(yl, Uz, ...,un),max (V11v21 ...,Vn)) |171 € VIJUZ € VZ" T
,Un € V3,

is used to determine the edge membership ;; and the edge non-membership v;; .

Definition 2.4(Parvathi.R et al.,2009) An intuitionistic fuzzy hypergraph (IFHG) is an ordered pair H =
(V, E) where

MV = {vy,v, -+, v} is afinite set of intuitionistic fuzzy vertices,

(i) E = {E{, E,, -+, E,} is a family of crisp subsets of I/,

(i) B = { (v ;0 v 0)): 10D, v (w)) = O and p;(w) + vi(w) < 1}, j = 1,20-+,m

(VE #0,j =1,2,--,m,

(V) Ujsupp(Ej)) = V,j = 1,2, -, m.
Here, the hyperedges E; are crisp sets of intuitionistic fuzzy vertices, u;(v;) and v;(v;) denote the degrees of
membership and non-membership of vertex v; to edge E;. Thus, the elements of the incidence matrix of
IFHG are of the form (v, u; (v;), v (vj)). The sets (V, E) are crisp sets.

Notations - list
e (u(v;),v(v;)) or simply (u;,v;) denote the degrees of membership and non-membership of the

vertex v; € V,suchthat0 < p; +v; < 1.
. (,u(vl-j),v(v,-j)) or simply (u;;,v;;) denote the degrees of membership and non-membership of
the edge (v;,v;) € V X V,suchthat0 < w;; +v;; < 1.

* p;j is the membership value of ith vertex in j* edge and v;; is the non-membership value of ith
vertex in j¢" edge.
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Definition 2.5(Myithili.K.K., Keerthika.R.2020) The IFk-PHG  is an ordered triple H = (V,E, )
where

M)V = {vy,v, -+, v,}isafinite set of vertices,

(i) E = {Eq, Ey, -+, Ep}is afamily of intuitionistic fuzzy subsets of V,

(iii) E; = {(vi,uj(vi),vj(vi)): wj(),v;(vy) = 0and u;j(vy) + vi(v;) < 1}, j=12,-,m,

(VYE;#0,j = 1,2,--,m,

V) Ujsupp(E;)) = V,j = 1,2,--,m,

(vi) For all v; € E there exists k - disjoint sets ;, i = 1,2,---,k 3 no two vertices in the same
set are adjacent where E = N¥_, ¢, = 0.

3. Notations
Throughout this chapter the following notations were considered.
()< py,, vy, > denotes the degrees of membership and non-membership of the vertex v; € V such that
0 < pp, + v, = 1.
(i) < Hicgjp Vieg; > denotes the degrees of membership and non-membership of the edge (v;,v;) € V x V
suchthat 0 < Hieg; + Vi, < 1. That is, Hie;; and Vi, are the degrees of membership and non-membership of
it" vertex in jt"edge.
(iii) Let Hy = (V4, Eq, ¢4, (#ki:Vk):(ﬂkij:VkU)) and

H, = (VZ:EZIIPZ:(#kpvkl!):(#kgj:vkgj))
be two IFk-PHGs where (uy,, v,), (uk{,vk{) are the degrees of membership and non-membership of the
vertex v; and ( ukij,vkl.j), <“k{j'vk£,-) are the degrees of membership and non-membership of the edge v;;.

4. Some basic Properties on IFk-PHGs

Definition 4.1 An IFk-PHG, H = (V,E,) is said to be a semi-y;, strong intuitionistic fuzzy k-partite
hypergraph, if Hy;; = min ('uki’ Hk,-) for every i and j.

Definition 4.2 An IFk-PHG, H = (V,E,vy) is said to be a semi-v, strong intuitionistic fuzzy k-partite
hypergraph, if Vk;; = Max (Vki’ ij) forevery i and j.

Definition 4.3 An IFk-PHG, H = (V,E, ) is said to be a strong IFk-PHG, if Hi;; = min (“ki , uk].) and
Vi, = Max (Vi ,vkj) forall (v, v;) € .

Definition 4.4 An IFk-PHG, H = (V,E,y) is said to be a complete-y, strong IFk-PHG, if
Hie;; = min (,uki, ukj) and Vk;; S max (vki ,vkj) forall i and j.

Definition 45 An IFk-PHG, H = (V,E,3b) is said to be a complete-v strong IFk-PHG, if
Hi;; < min (,uki , ,uk].) and Vk,; = max (vki ,vkj) forall i and j.

Definition 4.6 An IFk-PHG, 3¢ = (V,E, ) is said to be a complete IFk-PHG, if u,, = min (u, , )

and v,.. = max (vy. ,v,. ) forevery v;,v; € V.
kL] k; k] i»Yj

Definition 4.7 The complement of an IFk-PHG, H = (V,E,¢) isH = (V,E, ) where
OV =V
(ll) ﬁki = ,lei and ﬁki = sz foralli = 1,2,--,n.

i) min (uki, uk,.) = My if tye; # 0
L) fly, = ) _
P\ min (s ) if p,; =0
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and

B max (vki, ij) — Vi if Vi; 0
Vi = .

max (vki , ij) if Vi = 0
forall i,j = 1,2,..n.

Theorem 4.1
(i) The complement of a semi-u;, strong IFk-PHG is a semi-y,, strong IFk-PHG.
(i) The complement of a semi-v,, strong IFk-PHG is a semi-v,, strong IFk-PHG.
Proof
(i) Let H be a semi-y,, strong IFk-PHG and let 7 be its complement. Since 7 is a semi-y,, strong IFk-

PHG, 1, = {min (llki.lik,-)}fOF every (v;,v;) € ¥ where y is the disjoint set.
Then for every (v;,v;) € 1,
@ = {min (liki»llkj) if My = 0,(v,v;) €9
710 if by, #0, (v, v) € P
Then i, = {min (ﬁki:ﬁkj)} for every (v, v;) € 9.
This shows that # is a semi-y;, strong IFk-PHG. 3
(i) Similarly, let H be a semi-v,, strong IFk-PHG and let H be its complement. Since H is a semi-vy,
strong IFk-PHG, Vi, = {max (vki,vkj)}for every (vi,vj) € Y.
Then for every (v;,v;) € ¥,
5 = {max (vki,vkj) if Vi, = 0, (vpvj) € ¢
Y0 if i, #0,(v;,v) € P
Then 7, = {max (¥, vy} for every (v;, v;) € .
This shows that H is a semi-v,, strong IFk-PHG.

Theorem 4.2

If an IFk-PHG be a strong intuitionistic fuzzy k-partite hypergraph then its complement is also a
strong IFk-PHG.
Proof

Let H be a strong IFk-PHG and let 7 be its complement. Since 7 is strong,
H,; = {min (ﬂki'ﬂkj)} and vy, = {max (Vki’vkj)} for every (v;,v;) € ¥ where ¥ is the disjoint set.
Then

Q) Bk, = Mk Vi, = Vi, foreveryv; € V
(”) ﬁ _ { min (lukl" Mk]) lf I’Lkij = Ol (vil 1.7]) ¢ Ilj
kii— .
70 if te; # 0, (v, ) € Y
_ | max (Vki»Vk]—) if Vi, = 0, (vi, vj) [2R1)
Vi.. =
710 if vi, #0,(v,vy) € P

That is f,; = {min (“ku“k,-)} and 7V, = {max (Vki'vkj)} for every (v;,v;) € ¢ where ¥ is the
complement of . Thus # is a strong IFk-PHG.

Theorem 4.3
The complement of a complete IFk-PHG is a complete IFk-PHG.
Proof

An IFk-PHG I = (V, E, ) is said to be a complete IFk-PHG if Hi;; = min (.uki'ﬂk]-) and
Vi, = max (Vi , Vi) forevery v;,v; € V.
By the definition of complement for a membership function,
Foralli,j = 1,2,---,n, ﬁki,- = min (uki,ukj) — M
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0 lf ,lei]. #0
ljki' = . :
7 (min (uki.ukj) if te,; =0
By the definition of complement for a non-membership function,
Foralli,j = 1,2,---,n, Vki,- = max (vki,vkj) — Vi
lf vkij #0

Vi, .= )
ij {max (Vki:ij) if Vi, = 0

Hence, [, = min (#ki:/'lkj) when M, =0, fig,; = 0 when Hi;; # 0 and Viy; = max (v,

0, V,;=0 when Vi # 0 for every (v;, v;) € ¥ where v;, v; denote the edge for all v;, v; €
Thus, the complement of a complete IFk-PHG is a complete IFk-PHG.

5. Operations on Intuitionistic fuzzy k-partite Hypergraphs

Definition 5.1 The union of H; and H, denoted by H; U H,is defined as

j'[ = }[1 U j'[z
= WL UV, s Udha, (e, = Hiqui) Vi = Viguidr iy = Hiegyukly » Virs =
(e, Vi) = <M’<{’vk{) if v € V,\ g
(max (yki,uklg),min (vki,vklg)) ifvi eVpnl,
Wk{j"’k{j) if vij € P\
<Mkrs’vkrs> = . .
(maX (Mkij':uk{j)'mln (vkijJ vkl’j)) lf vl} € 1‘/}1 n 1‘/}2
(0,1) otherwise

Definition 5.2 The intersection of H; and #, denoted by H,; n H, is defined as
H=H, NH,

=i NV 1 Utz e, = Hiort »Vier = Vigni!)» i = Bagon!, »Vieys =

ey Vi) if v € I\,

(e, vie,) = 4 Pl Vi) if v; € \V;

(min (uki,uk{),max (Vk,»'Vk{)> ifvi eViny,

(Mo Vi) if vij € Y1\,
<”k{j’vk{j) if vij € Y2\
<l'lkrs’vkrs> = . ,
(mln (Hkij' .uk{]) 4 max (vkijJ vkl’j)) lf vl] e lpl n lpz
(0,1) otherwise

Definition 5.3 The join of H; and H, denoted by H; + H, is defined as
H=H,+ H,
={VyU VY U, UY/, (/,lki+kir,vki+kl{),(,leij+kl{j,vkij+kl{j)} and defined by

(‘“ki+k{) ) = (#kl—/\ Mk;) (v) ifv, eV ul,

(Vki+k{) (v) = (VkiV Vkl{) (v) ifv,ev,uy,

(ﬂki,-+k{j) (vivj) = (ﬂkl—]—/\ “k{j) (viv;) ifvw €y U,
= (Hkij(vi)-liklfj(vj)) ifv,v; €Y’

(Vki,-+k{j) (vivj) = (vki].V vk{j) (viv)) ifvw; € Yy U,

Research Article
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= (Vkij(vi)-vki’j(vj)) ifv,v; €Y'

Definition 5.4 The structural subtraction of #; and H, denoted by H; © H, and is defined as
H=H, OH, = {V,\ Voo g, » Vie, ) » (i, ,vkm)} where "\ ' is the set theoretical difference operation

and
(e, Vi) if vi €V
(B, Vi) = {(#k Vi) if v €V,
(0,1) otherwise

(.ukijlvkij) for UT :vi € Vl\VZ
<‘ukrs ’vkrs) = —
v, =v €EVi\V;
where V; \ V,=0

Definition 5.5 The Ringsum of two IFk-PHGs #; and 7, denoted by #; @ #, and is defined as
j{l @j{z = (}[1 U j{z) \(}[1 n }[2) Where V1 n VZ * Q)

Definition 5.6 The product of two IFk-PHGs #; and 7, denoted by H; @ 7, and is defined
asV(H; ® Hy) = V(H,) @ V(H,)
Y(H, Q Hy) = V(H) ® P(Hz) U V(FHz) ® P(¥H;)and
(,uk k! )(ul,uj) = (i, ® ukr)(ui,uj) = p, W)\ ukr(uj) for every (ui,uj) in V and
Vi, ®k! ) (upuj) = (v, ® V! N (ww) = v, (u) Vv (w) for every (usuj)inV

(o) (@U@ YY) = (i, ® g YW U)W v)) = e, (W) Ay (vy) for every w e V; and

wv; € Y,

Vi, @k, ) (u,uj)(u, v]-)) = (Vki,- ® vkgj)((u, u;j)(u, vj)) = v, (W) Vvquj(ujvj) for every wu€V; and
ujvj € P,

(Ko, ) (W) WD) = (i ® by ) (W) (Wi W)) = by W) A i () for every w € V, and
u;v; €

P
(Viyorr,) QW)@ WD) = Wi ® Vi Y, W) (03, W)) = Vg (W) V v () Tor every w € V, and
u;v; €

Yy
Note: The product of two IFk-PHGs is not an IFk-PHG.

Definition 5.7 The cartesian product of H; and H, denoted by H; X H, and is defined as
:I-[ HixH, =V,p")whereV = V; x V, and

= {(u,u])(u v]) u€ V,uv € 1,[12} U {(u;, w)(w;,w):w € V,,u;v; € P,}. Then
(“kixk{) (ui,uj) = (uy, X uk{)(ui,uj) = p, W)\ Hyer () for every (u;, uj) inV and
(Vkixkl{) (uowy) = i, X Vi) (o) = vi, (W) Vv () for every (w;, ;) inv
(“kijxk{j) ((u,uj)(u, vj)) (,uk X ! )((u u;j)(u, vj)) = (w) /\,uk (u]v]) for every uevV, and

ujv] €
2
(Viyag ) (@U@ D) = iy X Vi J (@)@ v)) = Vi, @) Vv (wyvy) for every  u € vy and
ujv; € Y,
(Rt ) (i WY@ WD) = Qi X g ) (i W) (03, WD) = iy W) A i (i) for every w € V, and
u;v; €

V1
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( Viijxk]; )((uv w) (v, w)) = (Vi X Vkl-’j)((ui' w) (v, w)) = Vit W) V vy, (wiv;) for every w eV, and
U;v; €

V1

Definition 5.8 The composition of H; and H, denoted by #£; © H, and is defined as
H=5H,0H, = (Vy,xV,, Yp)whereV = V; X V, and
Y = {(u, uj)(u, vj):u € Vv € 1[)2} U {(u;, w)(v;,w):w € V,,u;v; € P} U {(ui,uj)(vl-,vj) :
wv; € Y, u; # vj}
Then
(.ukl-okl{) (upwy) = (g, © ﬂki’)(uivuj) = e, (U pyr () for every (upu;)inVy XV,
(vkiOqu) (ui,uj) = (v, © vkl{)(ui,uj) = v, (u) VvV V! (u;) for every (ui,uj) inV; xV,
('“kijok{,-) ((w, u;)(u, vj)) = (k;; © ukirj)((u, u;)(u, vj)) = WA ukirj(ujvj) for every u € V; and
uvj €Y,
( Vi, jok! )((u u;j)(u, v])) (vkij o Vk{,-)((u' u;j)(u, vj)) = v, (w) VVk{j(ujUj) for every u€V; and
wv; € Y,
(# oy ) (i W)@ WD) = Gty © b)) (atis W) (0 W) = g (W) A i (i)
forevery w € V, and u;v; € Y,
(Vigyors,) (W)@ WD) = (Vi © v Y((aty, W) (01, W) = i (W) V vy, (v for - every  w € V; and
u;v; €Yy
(iyor, ) (@) @) = (i © g ) (@) 0, 9)) =ty () Aty (07) A b (1)
for every (u;, u;), (vi,vj) e Y\
(Vigors,) (4@ 9)) = Wi, © i ) () (v, 9) =
Vi! (u]) V Vie! )V vkl.j(ui, v;) for every (w;, u;), (vi, vj) eEyY\yY'
where ¢’ = {(u uj)(u, vj):u € Vi, uv; € 1/)2} U {(u,w)w;,w):w € V,,u;v; € Y}

Theorem 5.1 Let #; and H, be two IFk-PHGs with vertex sets V;, V, then their union H = H; U H;, is
also an IFk-PHG.
Proof:
Assume 3{; and 3, be two IFk-PHGs with 3, = {Vy, ¥y, (t,, Vi, ) (‘ukij’vkij)} and

H, = {V,, wz,(ukp,vkp),(ukm,vkm)}v i,j = 1,2,--,mandp,q = 1,2, --,n vertices respectively.
Then by definition,
Hy UH, = (Vi UVz, 1 U, (i, Vi) » Micjopgr Viijupg 3 WHeTE
(Mg Vi) = (min(e, e, ), max (v, v,)) and

(Hiijopqr Viijopg) = (min(l;, i, )y max (Vi Vie, )
Therefore, 37, U3, = {V1 U Va, Y1 U, (i, Vi ) B Vi )}
which shows that H = #; U H;, is also an intuitionistic fuzzy k-partite hypergraph.

Theorem 5.2 The Ringsum of two IFk-PHGs is also an intuitionistic fuzzy k-partite hypergraph.
Proof:
The proof is obvious from the definition of Ringsum.
6. Conclusion
In this paper, the operations on IFk-PHGs are defined and discussed. Also, some interesting

properties likeunion, intersection, join, structural subtraction, ringsum, cartesian product, composition and
complement are dealt with. Since an intuitionistic fuzzy set has shown more advantages in handling
vagueness and uncertainty than fuzzy set, we have applied the concept of intuitionistic fuzzy sets in k-
partite IFHG. This can be applied in textile engineering. In future, the authors has planned to extend the
concept of k-partite IFHG in isomorphism and in transversal of IFk-PHG.

790



Turkish Journal of Computer and Mathematics Education Vol.11 No 2 (2020), 784-791

Research Article

References

10.

11.

Atanassov, K. T. (1999). Intuitionistic fuzzy sets - Theory and Applications, New York, Physica-verlag,
Berlin.

Berge, C. (1976). Graphs and Hypergraphs, North-Holland, New York.

Mordeson, N. John, Nair, S. Premchand (2000). Fuzzy Graphs and Fuzzy Hypergraphs, New York,
Physica- verlag.

Myithili, K. K., Keerthika, R. (2020).Types of Intuitionistic Fuzzy k-partite Hypergraphs, AIP
Conference Proceedings, 2261, 030012-1-030012-13; https://doi.org/10.1063/5.0017108.

Myithili, K. K., Parvathi, R. (2015).Transversals of Intuitionistic Fuzzy Directed Hypergraphs, Notes on
Intuitionistic Fuzzy Sets, 21(3), 66-79.

Myithili, K. K., Parvathi, R., Akram, M. (2014).Certain Types of Intuitionistic Fuzzy Directed
Hypergraphs,International Journal of Machine Learning and Cybernetics, DOl 10.1007/s13042-014-
0253-1, Springer -  Verlag, Berlin Heidelberg, 1-9.

Parvathi, R., Karunambigai, M. G. (2006). Intuitionistic Fuzzy Graphs, Proceedings of 9" Fuzzy days
International Conference on Computational Intelligence, Advances in soft Computing: Computational
Intelligence , Theory and Applications, Springer -Verlag, New York, 20, 139-150.

Parvathi, R., Karunambigai, M. G., and Atanassov, K. T. (2009).Operations on Intuitionistic Fuzzy
Graphs, Proceedings of IEEE International Conference on Fuzzy Systems (FUZZ - IEEE), 1396-1401.
Parvathi, R., Thilagavathi, S., and Karunambigai, M. G. (2009). Intuitionistic Fuzzy Hypergraph,
Bulgarian Academy of Sciences, Cybernetics and Information Technologies, 9(2), 46-53.

Parvathi, R., Thilagavathi, S., and Karunambigai, M. G. (2012).Operations on Intuitionistic Fuzzy
Hypergraphs, International Journal of Computer Applications, 51(5), 46-54.

Thilagavathi, S., Parvathi, R., and Karunambigai, M. G. (2008).Operations on Intuitionistic Fuzzy
Graphs |1, Developments in fuzzy sets, Intuitionistic fuzzy sets, Generalized nets and related topics 1,
319-331.

791


https://doi.org/10.1063/5.0017108

