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Introduction:

The fractional derivative is an overall instance of common subordinate to partial number. The
fragmentary math administrators execute integrals and subordinates of the discretionary request through
clarification[1].Different types of meanings have been introduced by different creators to assess a legitimate
derivative or integral request during writing research.Currently, Fractional Calculus has been commonly
used in various fields, such as discourse signals, ultrasonic wave proliferation, control framework display,
heat transition, entropy age and dissemination, cardiovascular tissue cathode interface display, visco
versatility, self-governing vehicle lateral and longitudinal control, temperature, food science etc[2].

Sequential improvement of fragmentary subsidiary was made in this conditions by Weyl in 1917,
Krug in 1890, Nekrassov in 1888, Laurent in 1884, Sonin in 1869, Letnikov in 1868, Grunwald in 1867,
Holmgren in 1865, Greer in 1859, Riemann in 1847, Liouville in 1832, Fourier in 1822, Lacroix in 1819,
Laplace in 1812, Lagrange in 1772 and Euler in 1730 [3].

French mathematician S. F. Lacrix was the first author who used derivative of non integer order correctly
[4]. In 1819 hepresented the derivative of non integer order % in terms of Legendre's fractional symbol
gamma function properly.

I'n= je‘xx”‘ldx
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considering the function y = x™, Lacroixit expressedas
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replacing with n by % and putting m=1, he got the proper result for the derivative of fractional order of the
function of x.

1
dzy 2
— = \/_\/;
dxz T
In any case, the main use of Fractional Calculus was given by N. In 1823, H. Abel. He applied
Fractional Calculus to the organization of an important condition for tautochrone problem management [5].
Basic Concepts:

Fractional calculus have been developed by various mathematicians as discussed in the
introduction. Many mathematicians have given different types of definitions of fractional derivative and
integration.

a) Riemann-Liouville partial subordinate:

For a function g given on interval [a,b], the Riemann-Liouville fractional order derivative of order
« (n—1 <x< n) of fis given by

n
Dg = ﬁ (%) fot(t — S)_O(+n_1g(5) ds (41)

Consider that the integration on the right hand side should be defined.
b) Caputo Fractional Derivative[6]:

The Caputo fractional derivative of order o< > 0 is introduced by Caputo in the form (if m — 1 <
o« < m,Re(x)>0,meN)

aDe f(£) = I™"*D™f (1)

It can be expressed in other ways as

EDEF(E) = m [t =)™ () dr, ¢> 0 (4.2)
d™f(t)
=g if x=m
where % is the m™"derivative of order m of the function f(t) with respect to t.
or
DEF() = oo fy e 43)

(where0 <x<1)
According to this definition

EDFA=0,f(t) = A = constant
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that is Caputo's partial subordinate of a consistent is zero.
c¢) The Mittag-Leffler function:
The Mittag-Leffler function introduced by Mittag-Leffler[7] in 1903 is defined as,

E«(x) = Xk=o < (4.4)

I'(ak +1)
(x € c,Re(x) > 0)

A speculation of the Mittag-Leffler work is given by Wiman [8] in 1905 characterized
X

as, Ewp(x) = Y=o 1“(ak—k+,6’) (4.5)

(e, B ec,Re(a) > 0,Re(B) > 0)

Prabhakar [8] presented a speculation of (2) in 1971 in the structure

EY, 5(x) = Y e (4.6)
P k=0 I'(ak + ) K

(a,B,y €c,Re(a) > 0,Re(B) > 0)
where (y) is the Pochammer symbol.

The Laplace transform of the fractional integrals and Caputo fractional derivatives are given in the
following lemma.

Lemma 1:[9-11]

a) Let R(ex) > 0 and f € L(0,b) forany b > 0. Also let the estimate | f(t)| < AePot, ¢t > b > 0 holds for
the constants A, P, > 0 then

L{ISf1(s) = s™L{f} (4.7)

b) Letx > 0,n — 1 <« <n,(ne N )besuchthat fe C*(R™), f™ e L(0, b) thatforany b > 0,|f(t)| <
A ePot the Laplace transform of f and f(") exist and tlim (NH*¥=0,fork=0,12,......n. Then

L{eDG fYS) = s*LUFH(S) = Tieo s ¥ £ (K)(0) (4.8)
Lemma 2: [12, 13]
Letx > 0,n = I'(«) and 3 e R.The solution of the initial value problem
cpx y () =3y (t) +q(t)
y® )y, k=01,...,n—1
where g € C [0, b] is a given function and can be expressed in the form

y(t) = TrZoveur(t) + () (4.9)

with
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y.(t) = Igq(t),if » =0
= lf (qt) — s)uy(s)ds,if » #0
AJo

where
u(t) = I¥er(t),k =0,1,..,n — 1 and E(t) = E(3t™)
5. Formulation of RC circuit in the form of fractional ODE:

In this research work we express electrical circuit with a capacitor and resistance in series.
The resistance and the capacitance are considered positive constants and E is the applied emf with zero
voltage. According to the Kirchoff's voltage law RC circuit can be formulated in differential equation. The
voltage drop across the resistor is

Vr(t) = RI(t)
Also the voltage drop across the capacitance is
V.(t) = 2 [ 1(8)ds (5.1)
The differential equation for RC circuit is

dq |, q _
RZ+1=0 (5.2)

with the initial condition g(0) = 1

a“q |, q _

Applying Laplace transform defined in Lemma 1 to Equation (5.3)
q(t) = Eq(—at®)(5.4)
where a = 1/RC

" 1.0002 - Charge vs Time in RC circuit
E 1 =05
[e]
(_g 0.9998 - 07
o 0.9996 -
£ w1
0] 0.9994 -
DD —
& 0.9992 - a=0.3
<
© 0.999 -

0.9988 , : . . . |

0 0.2 0.4 0.6 0.8 1 1.2
Time in seconds

Graph-1: Charge vs Time in RC circuit.
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LC circuit :

The ordinary differential equation for LC circuit is

d’q | q _

with initial conditions q(0) = 1 and i(0) =2
The fractional form of above differential equation is

dZClq
dtza

a _
+.:,=0 (6.2)
Applying Laplace transform defined in Lemma 1 to Equation (6.2)

q(t) = Ey(—at®) + 2 E, (—at™@1D)(6.3)

1
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Graph-2 :Charge vs Time in LR circuit

LR circuit:

The ordinary differential equation for LR circuit is

L= +Ri=0 (7.1)

with initial conditioni(0) = 1

The fractional form of above differential equation is

—+—i= (7.2)

Applying Laplace transform defined in Lemma 1 to Equation (7.2)
i(t) = E (—At4%) (7.3)

R
WMWA=Z
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Current vs Time in LR circuit
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Graph-3: Current vs Time in LR circuit
Conclusion:

In RC circuit as charge is dependent on the time and as time is increasing, charge is decreasing
shown in graph-1.As time increases the magnitude of the current decreases since potential difference across
the resistor, which is the negative of the capacitor voltage decreases by loop rule.

Also fractional order of fractional differential equation gives the value of charge at an arbitrary value of
alpha which is power of time.

It seems to be assumed from condition (7.3) that when R is large, current in the L-R circuit will decrease
quickly as shown in diagram 3 and there is a possibility of sparkler formation.To stay away from the present
situation; L is kept sufficiently enormous to produce enormous L/R with the objective of gradually
decreasing the current. For enormous time consistent the rot is moderate and for modest steady the rot is
quick.

References:

[1] Mohd. Forman Ali:An Applications of Fractional Calculus in Electrical Engineering, Advanced
Engineering Technology and application,5, No. 2, pp. 41-45, (2016).

[2]Rbesto Ayala: Introduction to the Concepts and Applications of Fractional and Variable Order
Differential Calculus, May 13, (2007).

[3]Anatoly A. Kilbas: Theory and Applications of Fractional Differential Equations,\Vol.204,
Elesevier,(2006).

[4]S.F.Lacroix :Traite du calcul differential et du calcul integral, Second edition, VVol.3, courier Paries, 409-
410.

932



Turkish Journal of Computer and Mathematics Education Vol.11 No 3 (2020), 927-933
Research Article

[5] NielsH. Abel: Solution De Quelques Problems a L'aide D' Integrals Definities, ocuvrescompletes, Vol.
1, Grondahl Christiania, Norway,pp. 16-18, (1881).

[6]M. Caputo: Linear Models of Dissipation whose Q is almost Frequency Independent I, Geophysical J
of the Royal Astronomical Soc, 13(1967) 529-539 (Reprinted in:Fract.Appl.Anal. Vol.ll,No.1, pp. 3-
14,(2008).

[7] G.M.Mittag-Leffler: Sur la nouvelle function E.(x), C. R. Acad. Sci. Paris(Ser Il) 137, pp. 554-
558,(1903).

[8] AWiman :Ueber de Fundamental satz in der Theorie der FunkiLionen, acta, Math, Vol.29,pp. 191-
201,(1905).

[9JA.A. Kilbas, H.H.Shrivastava, J.J.Trujillo: Theory and Applications of Fractional Differential
Equations, Elsevier, Amsterdam (2006).

[10]S.G.Sariko, A.A.Kilbas, O.l.Marchev:Fractional Integrals and Derivatives:Theory and Applications,
Gorden and Breach, Singhorne,P.A. (1993).

[11] A.M.O.Anwar, F.Jarad, D.Baleanu: Fractional Caputo Heat Equation within the double Laplace
Transform, Rom, Journ.Phys. VVol.58, nos. 1-2, pp.15- 22,Bucharest, (2013).

[12]Kennith S.Miller, Bertram Ross: An Introduction to the Fractional Calculus and Fractional Differential
Equations, A Wiley-Interscience Publication, (1993).

[13] Ahmad Alsahedi, Juan J.Nieto: Fractional Electrical Circuits, Advances in Mechanical Engineering,
Vol.7 (12) 1-7(2015).

933



