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Abstract

In this modern time, Bessel’s functions appear in solving many problems of engineering and
science together with many equations such as wave equation, heat equation, Laplace equation,
Helmholtz equation, Schrodinger equation in spherical or cylindrical coordinates. in this paper,
we present SEE integral transform of Bessel’s functions. Some problems of SEE transform of
Bessel’s functions for calculating the integral, which contain Bessel’s functions, are given.
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1. Introduction

Bessel’s functions have many applications [4,6] to solve the mathematical physics,
engineering, acoustics, and natural sciences such as heat transfer, hydrodynamics, flux
distribution in a nuclear reactor etc.

Consider Bessel’s function of order n, where n is given by [2-5,8]:
]n (t) =on 1- + -
2nn! 22n+2) 24.2n+2)(2n+4) 246.2n+2)(2n+4)(2n+6)

+l (1)

when n = 0, Bessel’s function of zero order and it denoted by J,(t) and it is given by:
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And when n = 1, Bessel’s function of order one, it is given by:
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Equation (3) can be written as:

Bt Ea3 Taat

ho =3 @

For n = 2, we have Bessel’s function of order two:
t2 t* to t8
t —_— — cee
J2(8) 24 22.46  22.42.68 22.42.62.810 '

The SEE integral transform of the function f(t) is defined as [1]:

(5)

1
v

S[f()] = ff(t)e"”tdt =T() , t=0, neZ, L<v<l, ..(6)
t=0

TheS|.] is called SEE integral transform operator.

The SEE transform of the function f(x) exist if f(t) is a piecewise continuous and of
exponential order. These conditions are only sufficient conditions for the existence of SEE
integral transform of the function £ (¢t).

The object of the present study is to determine SEE transform of Bessel’s functions and explain
the advantage of SEE transform of Bessel’s functions for calculating the integral which contain
Bessel’s functions.

2. Convolution Theorem for SEE Integral Transform

If S[f(©)] = Ty(v)and S[H(D)] = T,(v), then S[f () » H(O)] = v"S[f (O] * S[H()] =
v'T(v). T, (v).

3. Linearity Propriety of SEE Integral Transform

Slaf (&) + bg(©)] = aS[f ()] + bS[g(t)]

Where a, b are constants.

4. SEE Integral Transform of Some Elementary Functions, [1]

S.N. f® SF@®]=Tw)
K
1. K = Constant —
pn+l
2 e _ ™, misapositivei b
. onmIl S a positive integer number
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3. e ———— , aisaconstant
v (v —a)
. a
4, sin(at) m
v
5. cos(at) m
. a
6. sinh(at) m
v
7. cosh(at) m

5. Change of Scale Property of SEE Transform
If S[F(6)] = T(w) and S[F(D)] == [, f(t)e " dt
Putat =p , adt = pdp ,thendt = Sdpandt = %.

So

—U—

S[f(at)] = a— dp

-5 ()

Thus if S[F(£)] = T(v), then S[f (at)] = =T (2).

a

6. The SEE Integral Transform of The Derivatives of The Function f(t), [1]
If S[f(t)] = T(v), then

@ SIF()] = ‘—1f(o> + T (v).
(b) S[F"(0)] = L2 - L8 — 27 (v).

pn—1

(c) In general case

_flm-1) (m-2)
[f(m)(t)] f o _f o L _f) + mT(U)

pn—1 pn— m+1

7. Relation Between J,(t) and J,(t), [5,8]
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ZU®1==1©®  .(6)

8. Relation Between J,(t) and J,(t), [8]

J2(®) = Jo(©) + 2] (t) - (7)

9. The SEE Transform of Bessel’s Functions
(9.a) The SEE Transform of J,(t)
Taking SEE transform of equation (2), both sides, we get:

SUs(O)] = S[1] — !

1
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T opn+l 2 \v? 2.4 \p? 2.4.6 \v?
-1
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vn+1( vZ) ot (1+—Z)

vrV14v2’

(9.b) The SEE Transform of J,(t)
since < [o ()] = —J1 (1),

Then S[J; ()] = =S [-Jo(0)]

-1
= - lv—nfo(o) + vS[Jo ()]

1
= v_”]O (0) — vS[Jo ()]
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(9.¢) The SEE Transform of J,(t)
Since /,(t) = Jo(t) + 2J,"(t), then:
SU2 (O] = SUo (O] + 250" (0]

—Jo'(0)  v]o(0)
2 —
N e [ oo
1 +2 ]1(0)_1]]0(0)_'_172_ 1 l
v /(14 v2) vt vt v /(1 + v2)

v2S[Jo (t)]]

[ 2v 202
v/ (1 + v?) v/ (1 + v?)
1 2p2 217_1+2vz—2v\/1+v2

- v“\/(1+v2)+v"\/(1+v2)_v_n v/ (1 +v?)

(9.d) The SEE Transform of J,(at)

1

v J(14v2)

Now, applying change of scale property of SEE transform of scale property of SEE transform,
we get:

Since S[Jy(t)] =

w2

1 1
v VaZw?

(9.e) The SEE Transform of J;(at)

Since S[J/1 ()] = [1 - Jﬁ]

Now, applying change of scale property of SEE transform, we have:

SUi(an)] === [1- ==
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(9.f) The SEE Transform of J,(at)

1+2v2-2vV1+

Since S[/,(t)] = un\/1—

122 ()

n
arrrVaZ+v?

Then S[J,(at)] = ——

1 [a2+2v2-2v/(a?+v2) ]

ayn J@?+v?)

10.Applications
Application (1)Evaluate the integral:
1©) = [;_Jo@)-Jo(t = wdu.
Applying the SEE transform to both sides, we have:
ST =S [f_yJo@) Jo(t —u)du,
Using convolution theorem of SEE transform, we have
SI@®)] = v"S[o ()] S[Jo(8)]

1 1
- Iv"\/(l F v v (1 +vD)

1
v (14v2)’

So S[I(t)] =

Take inverse to both sides, we get
1(t) = sin(t).

Which is the required exact solution of equation.

Application (2):Evaluate the integral

1(0) = [ _  Jou) J1 (t — w)du.

Applying the SEE integral transfer transform to both sides of equation, we have:
SH@] =S [[;_gJo@) 1t = w)du.

Using convolution theorem of SEE transform, we get:
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SU®] = v"S[Jo(O)]-SU1 ()]

-+ el U )

1 1 v
(A +v2) vt (L+v?)

v
=3 [ ,/(1+v l v"(1+v2)]

I(t) = Jo(t) — cos(t).

Which is the required exact solution of equation.

Application (3): Evaluate the integral:
1(6) = [._ Ji(t — wdu.
Applying SEE integral transform, we have
S[I(®)] =S [f N u)du]
Using convolution theorem of SEE integral transform, we have:

SU@®] = v*S[1].S[h (0]

)

1 1
Tl ynige?
Then

I(t)—s-l[ - ]—5—1 . —
SoI(t) =1—Jo(t).

Which is the required exact solution of equation.
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11.Conclusions

In this paper, we discussed the SEE integral transform of Bessel’s functions. Also, the given
applications show that the advantage of SEE (Sadig-Emad-Eman) integral transform of Bessel’s
functions to calculate the integral which contain Bessel’s functions.
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