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Abstract  

In this modern time, Bessel’s functions appear in solving many problems of engineering and 

science together with many equations such as wave equation, heat equation, Laplace equation, 

Helmholtz equation, Schrodinger equation in spherical or cylindrical coordinates. in this paper, 

we present SEE integral transform of Bessel’s functions. Some problems of SEE transform of 

Bessel’s functions for calculating the integral, which contain Bessel’s functions, are given.  

Keywords: SEE integral transform, Convolution theorem, Bessel’s function. 

1. Introduction  

Bessel’s functions have many applications [4,6] to solve the mathematical physics, 

engineering, acoustics, and natural sciences such as heat transfer, hydrodynamics, flux 

distribution in a nuclear reactor etc.  

Consider Bessel’s function of order n, where n is given by [2-5,8]: 

𝐽𝑛 𝑡 =
𝑡𝑛

2𝑛𝑛!
 1 −

𝑡2

2 2𝑛 + 2 
+

𝑡4

2.4.  2𝑛 + 2  2𝑛 + 4 
−

𝑡6

2.4.6.  2𝑛 + 2  2𝑛 + 4  2𝑛 + 6 

+ ⋯           …  1  

when 𝑛 = 0, Bessel’s function of zero order and it denoted by 𝐽0 𝑡  and it is given by:   

𝐽0 𝑡 = 1 −
𝑡2

22
+

𝑡4

22. 42
−

𝑡6

22 . 42. 62
+ ⋯               2  

And when 𝑛 = 1, Bessel’s function of order one, it is given by:  

𝐽1 𝑡 =
𝑡

2
−

𝑡3

23 . 4
+

𝑡5

22 . 42 . 6
−

𝑡7

22 . 42. 62. 8
+ ⋯               3  



Turkish Journal of Computer and Mathematics Education 
 

__________________________________________________________________________________ 

3899 

 
 

Research Article  

Vol.12 No.13 (2021), 3898-3905 

Equation (3) can be written as:  

𝐽1 𝑡 =
𝑡

2
−

𝑡3

23. 2!
+

𝑡5

25 . 2! .3!
−

𝑡7

27 . 3! .4!
+ ⋯               4  

For 𝑛 = 2, we have Bessel’s function of order two: 

𝐽2 𝑡 =
𝑡2

2.4
−

𝑡4

22. 4.6
+

𝑡6

22. 42 . 6.8
−

𝑡8

22. 42 . 62. 8.10
+ ⋯               5  

The SEE integral transform of the function 𝑓(𝑡) is defined as [1]:  

𝑆 𝑓 𝑡  =
1

𝑣𝑛
 𝑓 𝑡 𝑒−𝑣𝑡𝑑𝑡

∞

𝑡=0

 = 𝑇 𝑣   , 𝑡 ≥ 0   ,    𝑛 ∈ ℤ   ,     𝑙1 ≤ 𝑣 ≤ 𝑙2    …  6  

The𝑆 .   is called SEE integral transform operator.  

The SEE transform of the function 𝑓(𝑥) exist if 𝑓(𝑡) is a piecewise continuous and of 

exponential order. These conditions are only sufficient conditions for the existence of SEE 

integral transform of the function 𝑓(𝑡). 

The object of the present study is to determine SEE transform of Bessel’s functions and explain 

the advantage of SEE transform of Bessel’s functions for calculating the integral which contain 

Bessel’s functions.  

 

2. Convolution Theorem for SEE Integral Transform  

If 𝑆 𝑓 𝑡  = 𝑇1 𝑣 and 𝑆 𝐻 𝑡  = 𝑇2 𝑣 , then 𝑆 𝑓 𝑡 ∗ 𝐻(𝑡) = 𝑣𝑛𝑆 𝑓 𝑡  ∗ 𝑆 𝐻 𝑡  =

𝑣𝑛𝑇1 𝑣 . 𝑇2 𝑣 .  
 

3. Linearity Propriety of SEE Integral Transform  

𝑆 𝑎𝑓 𝑡 + 𝑏𝑔(𝑡) = 𝑎𝑆 𝑓 𝑡  + 𝑏𝑆 𝑔 𝑡   

Where 𝑎, 𝑏 are constants.  

 

4. SEE Integral Transform of Some Elementary Functions, [1]  

S.N. 𝑓(𝑡) 𝑆 𝑓 𝑡  = 𝑇 𝑣  

1.  𝐾 ≡ 𝐶𝑜𝑛𝑠𝑡𝑎𝑛𝑡 
𝐾

𝑣𝑛+1
 

2.  𝑡𝑚  
𝑚!

𝑣𝑛+𝑚+1 
     ,   m is a positive integer number 
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3.  𝑒𝑎𝑡  
1

𝑣𝑛(𝑣 − 𝑎)
     ,    a is a constant 

4.  sin 𝑎𝑡  
𝑎

𝑣𝑛 𝑣2 + 𝑎2 
 

5.  cos 𝑎𝑡  
𝑣

𝑣𝑛 𝑣2 + 𝑎2 
 

6.  sinh 𝑎𝑡  
𝑎

𝑣𝑛 𝑣2 − 𝑎2 
 

7.  cosh 𝑎𝑡  
𝑣

𝑣𝑛 𝑣2 − 𝑎2 
 

 

5. Change of Scale Property of SEE Transform  

If 𝑆 𝑓 𝑡  = 𝑇 𝑣  and  𝑆 𝑓 𝑡  =
1

𝑣𝑛  𝑓 𝑡 𝑒−𝑣𝑡𝑑𝑡
∞

𝑡=0
 

Put 𝑎𝑡 = 𝑝  , 𝑎𝑑𝑡 = 𝑝𝑑𝑝  , 𝑡𝑕𝑒𝑛𝑑𝑡 =
𝑝

𝑎
𝑑𝑝𝑎𝑛𝑑𝑡 =

𝑝

𝑎
.  

So  

𝑆 𝑓 𝑎𝑡  =
1

𝑎𝑛𝑣𝑛
 𝑓 𝑝 𝑒−𝑣

𝑝

𝑎
1

𝑎
𝑑𝑝

∞

𝑡=0

 

=
1

𝑎𝑛+1 𝑇  
𝑣

𝑎
 .   

Thus if 𝑆 𝑓 𝑡  = 𝑇 𝑣 , then 𝑆 𝑓 𝑎𝑡  =
1

𝑎𝑛+1 𝑇  
𝑣

𝑎
 .   

 

6. The SEE Integral Transform of The Derivatives of The Function f(t), [1]   

If 𝑆 𝑓 𝑡  = 𝑇 𝑣 , then  

(a) 𝑆 𝑓′ 𝑡  =
−1

𝑣𝑛 𝑓 0 + 𝑣𝑇 𝑣 .  

(b) 𝑆 𝑓′′ 𝑡  =
−𝑓′ 0 

𝑣𝑛 −
𝑓 0 

𝑣𝑛−1 − 𝑣2𝑇 𝑣 .  

(c) In general case:  

𝑆 𝑓(𝑚) 𝑡  =
−𝑓 𝑚−1  0 

𝑣𝑛 −
𝑓 𝑚−2  0 

𝑣𝑛−1
− ⋯−

𝑓 0 

𝑣𝑛−𝑚 +1 + 𝑣𝑚𝑇 𝑣 .   

 

 

7. Relation Between 𝑱𝟎 𝒕  and 𝑱𝟏 𝒕 , [5,8]  
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𝑑

𝑑𝑡
 𝐽0 𝑡  = −𝐽1 𝑡           …  6  

 

8. Relation Between 𝑱𝟎 𝒕  and 𝑱𝟐 𝒕 , [8]  

𝐽2 𝑡 = 𝐽0 𝑡 + 2𝐽′′0 𝑡           …  7  

 

9. The SEE Transform of Bessel’s Functions  

(9.a) The SEE Transform of 𝑱𝟎 𝒕  

Taking SEE transform of equation (2), both sides, we get:  

𝑆 𝐽0 𝑡  = 𝑆 1 −
1

22
𝑆 𝑡2 +

1

22 . 42
𝑆 𝑡4 −

1

22. 42 . 62
𝑆 𝑡6 + ⋯  

=
1

𝑣𝑛+1
−

1

22

2

𝑣𝑛+3
+

1

22. 42
 .

4!

𝑣𝑛+5
−

1

22 . 42. 62

6!

𝑣𝑛+7
+ ⋯  

=
1

𝑣𝑛+1
 1 −

1

22
.

2

𝑣2
+

1

22. 42

4!

𝑣4
−

1

22 . 42. 62
.

6!

𝑣6
+ ⋯   

=
1

𝑣𝑛+1
 1 −

1

2
 

1

𝑣2
 +

1.3

2.4
 

1

𝑣2
 

2

−
5.3.1

2.4.6
 

1

𝑣2
 

3

+ ⋯   

=
1

𝑣𝑛+1  1 +
1

𝑣2 

−𝟏

𝟐
=

1

𝑣𝑛+1  1+
1

𝑣2 

 .   

=
1

𝑣𝑛 1+𝑣2
.    

 

(9.b) The SEE Transform of 𝑱𝟏 𝒕  

Since 
𝑑

𝑑𝑡
 𝐽0 𝑡  = −𝐽1 𝑡 ,    

Then 𝑆 𝐽1 𝑡  = −𝑆  
𝑑

𝑑𝑡
𝐽0 𝑡   

= −  
−1

𝑣𝑛
𝐽0 0 + 𝑣𝑆 𝐽0 𝑡    

=
1

𝑣𝑛
𝐽0 0 − 𝑣𝑆 𝐽0 𝑡   

=
1

𝑣𝑛
(1) − 

𝑣

𝑣𝑛  1 + 𝑣2 
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=
1

𝑣𝑛
 1 −

𝑣

  1 + 𝑣2 
  

 

(9.c) The SEE Transform of 𝑱𝟐 𝒕  

Since 𝐽2 𝑡 = 𝐽0 𝑡 + 2𝐽0′′ 𝑡 , then:  

𝑆 𝐽2 𝑡  = 𝑆 𝐽0 𝑡  + 2𝑆 𝐽0 ′′ 𝑡  . 

=
1

𝑣𝑛 1 + 𝑣2
+ 2  

−𝐽0′ 0 

𝑣𝑛
−

𝑣𝐽0 0 

𝑣𝑛
+ 𝑣2𝑆 𝐽0 𝑡    

=
1

𝑣𝑛 (1 + 𝑣2)
+ 2  

𝐽1 0 

𝑣𝑛
− 𝑣

𝐽0 0 

𝑣𝑛
+ 𝑣2 .

1

𝑣𝑛 (1 + 𝑣2)
  

=
1

𝑣𝑛 (1 + 𝑣2)
+  

−2𝑣

𝑣𝑛
+

2𝑣2

𝑣𝑛 (1 + 𝑣2)
  

=
1

𝑣𝑛 (1 + 𝑣2)
+

2𝑣2

𝑣𝑛 (1 + 𝑣2)
−

2𝑣

𝑣𝑛
=

1 + 2𝑣2 − 2𝑣 1 + 𝑣2

𝑣𝑛 (1 + 𝑣2)
 

 

(9.d) The SEE Transform of 𝑱𝟎 𝒂𝒕  

Since 𝑆 𝐽0 𝑡  =
1

𝑣𝑛 (1+𝑣2)
 . 

Now, applying change of scale property of SEE transform of scale property of SEE transform, 

we get:   

𝑆 𝐽0 𝑎𝑡  =
1

𝑎𝑛+1
 

1

𝑣𝑛

𝑎𝑛
 1+ 

𝑣

𝑎
 

2
 ,   

=
1

𝑣𝑛
.

1

 𝑎2+𝑣2
.   

 

(9.e) The SEE Transform of 𝑱𝟏 𝒂𝒕  

Since 𝑆 𝐽1 𝑡  =
1

𝑣𝑛
 1 −

𝑣

 (1+𝑣2)
  

Now, applying change of scale property of SEE transform, we have:  

𝑆 𝐽1 𝑎𝑡  =
1

𝑎
.

1

𝑣𝑛
 1 −

𝑣

 𝑎2+𝑣2
 .    
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(9.f) The SEE Transform of 𝑱𝟐 𝒂𝒕  

Since 𝑆 𝐽2 𝑡  =
1+2𝑣2−2𝑣 1+𝑣2

𝑣𝑛 1+𝑣2
.  

Then   𝑆 𝐽2 𝑎𝑡  =
1

𝑎𝑛+1  
1+

2𝑣2

𝑎2 −
2𝑣

𝑎
 1+ 

𝑣

𝑎
 

2

𝑣𝑛

𝑎𝑛+1 𝑎2+𝑣2
 ,    

=
1

𝑎2𝑣𝑛  
𝑎2+2𝑣2−2𝑣 (𝑎2+𝑣2)

 (𝑎2+𝑣2)
 .      

 

10. Applications  

Application (1)Evaluate the integral:  

𝐼 𝑡 =  𝐽0 𝑢 .
𝑡

𝑢=0
𝐽0 𝑡 − 𝑢 𝑑𝑢.   

Applying the SEE transform to both sides, we have:  

𝑆 𝐼 𝑡  = 𝑆   𝐽0 𝑢 
𝑡

𝑢=0
. 𝐽0 𝑡 − 𝑢 𝑑𝑢 .   

Using convolution theorem of SEE transform, we have  

𝑆 𝐼 𝑡  = 𝑣𝑛𝑆[𝐽0 𝑡 ]. 𝑆[𝐽0 𝑡 ]  

= 𝑣𝑛 .  
1

𝑣𝑛 (1 + 𝑣2)
.

1

𝑣𝑛 (1 + 𝑣2)
  

So  𝑆 𝐼 𝑡  =
1

𝑣𝑛  1+𝑣2 
,   

Take inverse to both sides, we get  

𝐼 𝑡 = sin 𝑡 .   

Which is the required exact solution of equation.  

 

Application (2):Evaluate the integral  

𝐼 𝑡 =  𝐽0 𝑢 
𝑡

𝑢=0
𝐽1 𝑡 − 𝑢 𝑑𝑢.    

Applying the SEE integral transfer transform to both sides of equation, we have:  

𝑆 𝐼 𝑡  = 𝑆   𝐽0 𝑢 
𝑡

𝑢=0
. 𝐽1 𝑡 − 𝑢 𝑑𝑢 .   

Using convolution theorem of SEE transform, we get:  
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𝑆 𝐼 𝑡  = 𝑣𝑛𝑆[𝐽0 𝑡 ]. 𝑆[𝐽1 𝑡 ]  

= 𝑣𝑛  
1

𝑣𝑛 (1 + 𝑣2)
 .  

1

𝑣𝑛
 1 −

𝑣

 (1 + 𝑣2)
   

=
1

𝑣𝑛 (1 + 𝑣2)
−

1

𝑣𝑛
.

𝑣

 1 + 𝑣2 
 

𝐼(𝑡) = 𝑆−1  
1

𝑣𝑛 (1 + 𝑣2)
 − 𝑆−1  

𝑣

𝑣𝑛 1 + 𝑣2 
  

𝐼 𝑡 = 𝐽0 𝑡 − cos 𝑡 .   

Which is the required exact solution of equation.  

 

Application (3): Evaluate the integral:  

𝐼 𝑡 =  𝐽1 𝑡 − 𝑢 𝑑𝑢
𝑡

𝑢=0
.    

Applying SEE integral transform, we have 

𝑆 𝐼 𝑡  = 𝑆   𝐽1 𝑡 − 𝑢 𝑑𝑢
𝑡

𝑢=0
 .   

Using convolution theorem of SEE integral transform, we have:  

𝑆 𝐼 𝑡  = 𝑣𝑛𝑆[1]. 𝑆[𝐽1 𝑡 ]  

= 𝑣𝑛  
1

𝑣𝑛+1
 .  

1

𝑣𝑛
 1 −

𝑣

 (1 + 𝑣2)
   

=
1

𝑣𝑛+1 −
1

𝑣𝑛 1+𝑣2
.    

Then  

𝐼 𝑡 = 𝑆−1  
1

𝑣𝑛+1
 − 𝑆−1  

1

𝑣𝑛 (1 + 𝑣2)
  

So 𝐼 𝑡 = 1 − 𝐽0 𝑡 .   

Which is the required exact solution of equation.  
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11. Conclusions  

In this paper, we discussed the SEE integral transform of Bessel’s functions. Also, the given 

applications show that the advantage of SEE (Sadiq-Emad-Eman) integral transform of Bessel’s 

functions to calculate the integral which contain Bessel’s functions. 
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