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Abstract

In this article, We study an existence and uniqueness of solutions for an impulsive fractional
neutral differential equations via Atangana-Baleanu fractional derivative with dependence on the
lipschitz first derivative conditions in Banach space. This results are based on fixed point theorems.
An example is given to illustrate the main results.
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1 Introduction

Recently, fractional differential equations involving the Atangana-Baleanu fractional derivative have
been paid more and more attentions like the RiemannLiouville fractional derivative and the Caputo
fractional derivative. Fractional differential equations have applied in numerous fields in the past
few decades such as chemistry, physics, engineering, control theory, aerodynamics, electrodynamics of
complex medium and control of dynamical systems and so on. In consequence, fractional differential
equations is obtaining much significance and attention. For details, we refer readers to [19, 25, 26, 30]

Impulsive fractional differential equations are used to describe many practical dynamical systems
including evolutionary processes characterized by abrupt changes of the state at certain instants.
Nowadays, the theory of impulsive fractional differential equations has received great attention, de-
voted to many applications in mechanical, engineering, medicine, biology, ecology and etc [11-16].
This paper is motivated from some recent papers treating the problem of the existence of solutions
for impulsive differential equations with fractional derivative. By directly computation it is easy to
see that the concepts of piecewise continuous solutions used in many papers are not appropriate.

We investigate the existence and uniqueness of solutions of the Atangana-Baleanu fractional neutral
differential equation in the sense of Caputo to the following abstract form

(D) (ut) — glt, u(t), o/ (bu() =t ult),d (), 1<a<?, (1)
uh,.r*’()] = Ug- (2)
Aulty) = u(ty) - u(ty)

= Tfu(ty), teJ
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with u(t), (APCD*)(u — g) € C[0,1], f(t,u(t),Du(t)) : J x PC' x J — R" is continuous on
PCY([—7*,0],R"™) is the piecewise continuous functions p : [—7*, 0], R".

The u;(s) = u(t+s) for —7* < s < 0 where u(t]) = lims_, o+ u(ug+6) and u(t;, ) = lims_o- u(uy+
). I*: R >R 0=ty <t1 < .erene <tm <tmy1 =T, J ={J—t1,ta, ...ty : J =[0,1]}. Consider
Du(t) = v (t,u(t)). Then (1) becomes

(éBCDa)(u(t) - g(t, u(t)v Qu(t)) = f(t7 u(t), @u(t)), I<a<?, (3)
u|[_7*70] = Ug-. (4)
Aulty) = Ifu(t;), teJ*

The rest of this paper is organized as follows: In Section 2, we review some useful properties,
definitions, propositions and lemmas of fractional calculus. The existence and uniqueness of solutions
for AB-fractional neutral derivative results are proved in Section 3. In section 4, we investigte the
fractional derivative with non-local condition. In the final sectionm is devoted to illustrate an example
numerically solved.

2 Preliminaries

In this section, we presents some definitions, lemmas and proposotions of fractonal calculus, which
will be used throughout this paper.
The definition of Riemann-Liouville fractional integral and derivatives are given as follows:

e For a > 0, the left R-L fractional integral of order « is given as [27]

(oI%u)(t) = ﬁ/@ (t — s)*tu(s)ds. (5)

e For 0 < a < 1, the left R-L fractional derivative of order « is given as [27]

w000 = (5 | (i ) u(s)ds) ©)

e For 0 < a <1, the Caputo fractional derivative of order « is given as [27]

ED")0 = gy | =9 w5y @)

Definition 2.1 [7] Let u € H'(0,1) and « in [0,1]. The Caputo Atangana-Baleanu fractional deriva-
tive of u of order « is defined by

B(a) [ (t—s)"

ABC 4

Du)(t) = E, |- ds. 8
@m0 = o [ worn |-t s 0
where E, is the Mittag-Leffler function defined by Eq(z) = > 0, F(#WH) [34, 41] and B(a) > 0
is a normalizing function satisfying B(0) = B(1) = 1. The Riemann Atangana-Baleanu fractional
derivative of u of order « is defined by

(ABC poyy(p) = 21 /0 ' (9)E, [a (t= S)a] ds. )

| =

1—adt 11—«
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The associative fractional integral is defined by

o 11—«

u(t) + (0I"u)(t) (10)

a
B(a)
where oI¢ is the left Riemann-Liouville fractional integral given in (13).

Lemma 2.2 [7] Let u € H'(a,b) and o € [0,1]. Then the following relation holds.

B(a)
11—«

(D u)(t) = D u)(t) ~

u(0) B, ( a t“). (11)

l1—«

Theorem 2.3 (Ascoli-Arzela Theorem)([23]) Let S be a compact metric spaces. Then M C C(Q) is
relatively compact iff M is uniformly bounded and uniformly equicontinuous.

Theorem 2.4 (Krasnoselskii Fized Point Theorem)([23]) Let S be a closed, bounded and convex
subset of a real Banach space X and let Ty and Ty be operators on S satisfying the following conditions

o Ti(s)+Ta(s)C S

e Ty is a strict contraction on S, i.e., there exist a k € [a,b) such that
[T1(u) = Ta(v)|| < kllu —v|| Vu,veS

o Ty is continuous on S and Ty(s) is a relatively compact subset of X.

Then, there exist a u € S such that Tiyu + Tou = u

Proposition 2.6 ([4]) For 0 < o < 1, we conclude that

@PIEPOD ) () = ut) — u(0) Ea(AM®) = —2—1(0) B as1 (AE®)

11—«

= u(t) — u(0).

Proposition 2.7 ([29, 37]) f'(u) € D satisfy the Lipschitz condition.
i.e.,There exist a constant k > 0 such that

1/ () = f ) <& (lu—ol)), w,veD. (12)

3 Existence and Uniqueness

In this section, we prove the existence and uniqueness of (3) and (4).

We need the following assumptions to prove the existence and uniqueness results for the problem
(3) and (4) by using the Banach contraction principle.

Ay Letu € C[0,1] and g € (J x PC! x J, J) is piecewise continuous function and there exist a positive
constants M, M, and M such that

llg(t, ur,v1) — g(t, uz, vo) || < My ([Jur — uzl| + [lvr — v2l|)

for all uy, vy, us,v2 in Y, My = maxscy ||g(¢,0,0)] and M = max{M,,M,}. Let Y = C[J, X]
be the set continuous functions on J with values in the Banach spaces X .
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Ay Letu € C[0,1] and f € (J x PC! x J, J) is piecewise continuous function and there exist a positive
constants 9,91, and N such that

[ £(t, ur,v1) = f(t,uz, v2)|| < Ma([Jur — uzll + [Jvr — v2|)
for all uy, vy, ug, v in Y, My = maxses || f(¢,0,0)] and 9N = max{MN,, N, }.

A3 Let v’ € C[0,1] satisfy the Lipschitz condition. i.e.,There exist a positive constants £1, £o and £
such that
1D, u) =D, )| < L1(flu—vl]),

for all w,v in Y. £9 = maxsep ||D(¢,0)] and £ = max{L, Lo}.

A4 The impulses I} € (R, R") be bounded and for a* > 0 we have
[1y1(ty) = Iy2 ()] < @™ () lyr — Y2l

Ay For each A > 0, Let By, € {u € Y : |Jul| < A} C Y, them B, is clearly a bounded closed and
convex set in (C[0,1],J) where A = ((1 — 2€)71(]|ug||) + €) and take € = max{9,9} and
C< i

Lemma 3.1 If Ag are satisfied, then the estimate
(1Du(®)|| < t(Lriflull + L2), [Du(t) —Dv(t)|| < Lt|lu —vl|, are satisfied for any t € R, and u,v € Y.

Definition 3.2 If u(0) = ug and u € C[0,1] is a solution of (3) and (4) then there is an f €
(J x PCY x J,J) where t € [0,t1] U (tm, T),m =1,2,. and

v t e [T*, 0]

vg — (0, ugp, Du(0)) +AB 1 f(t, u(t), Du(t)) t €[0,t4]

00 — 9(0, o, Du(0)) + Tu(t?) +2P 1* (¢, u(t), Du(t)) L€ (12
te (tg, t3]

vo — (0, u0, Du(0)) + 35y Fu(ty) +27 1°f(t, u(t), Du(?))

:UO - g(O,UQ,:‘DU(O)) + ZZL:l Iiku(tl_) +:14B Iaf(t7u(t)v®u(t)) te (tmaT]

(13)
is satisfied

Theorem 3.3 Let u(t) € C[0, 1] such that (§2° Du)(t) € C[0,1]. Suppose that f € C([0,1]xJxJ,J)
satisfies A1 — Ags. Then, if g(a,u(a),Du(a)) = f(a,u(a),Du(a)) = 0 and (St + (14 £) (ﬁ +

War(a))) < 1 the problem (3) and (4) has an unique solution.

Proof. Suppose u(t) satisfy (3) and (4), then by use (13), for ¢ € [0,¢1] we get the integral equation
(6 PI%) (6P DY) [u(t) — g(t, u(t), Du(t)] =5 I*f(t,u(t), Dul(t)) (14)
Now, by using Proposition 2.6, for ¢ € [0, t1] we obtain

u(t) — g(t,u(t), Du(t)) = uo — g(a, u(a), Du(a)) +5° I*f(t, u(t), Du(t))
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Therfore,
o te [0
Vo — g(Oa Uo, Z‘Du(O)) + g(tv u(t)a :Du(t)) +64B Ia.f(tv u(t)a :Du(t)) te [07 tl]
vo = 9(0, 10, Du(0)) + g(t, u(t), Du(t)) + Ifu(ty) +57 1 f(t,u(t), Du(t)) t € (t1,to]

(
vo — (0, u0, Du(0)) + g(t, u(t), Du(t)) + 3Ty Lu(ty) +§7 1 (t.u(t), Du(t)) t € (t2, 3]

oo — 9(0,u0,Du(0)) + g(t, u(t), Du(t)) + 33, Lu(ty ) +67 I°f(t,u(t), Du(t)) t € (tm, T]

Since u(0) = ug from (4)and taking f(0,ug,0) = g(0,ug,0) = 0, then (3) is satisfied. Next, take u(t)
satisfy (3), then by using f(0,ug,0) = 0 which implies u(0) = wo.
By using R-L sense with AB-derivative in (4)and subsitute (42 D% D®))(t) = v(t) for t € [0,t1] we
obtain
@PRD)(t) = uo(@PRD 1) (t) — g(0, w0, Du())((PFD1) + ({PED)g(t, u(t), Du(t))
+HEPED (P I) (¢, u(t), Du(t))

Thus we have

(5D ult) — ot a0, D) = (w0~ 9(0,u0, DO Ea (%) + 1(0u(0) D)
By Theorem 1 in [5], the result will be obtained. Now, define the operator
Vo te[r*,0
vo — g(0,u0, Du(0)) + g(t, u(t), Du(t)) +5B I f(t, u(t), Du(t)) t e [0,t]
vo — 9(0,u0, Du(0)) + g(t, u(t), Du(t)) + Lu(ty) +57 1 f(t, u(t), Du(t)) t € (t1,to]

(
vo = (0, u0, Du(0) + g(t, u(t), Du(t)) + 3y Lulty) +§7 1 (t,u(t), Du(t)) t € (t2, 3]

vo = 9(0, uo, Du(0)) + g(t, u(t), Du(t)) + 331y Fulty) +§7 I f(t,u(t), Du(t))  t € (tm,T]
Then by A5, ||ul| < A and by the Lemma 2.3, for ¢ € [0,t1] we have

Tu®ll < ol + @l + (2t + 1+ 20( 55 + Fraea)) I

+¢(£t +(1+ ):t)(;zac; + B(@t)@;(a)))

< A
For t € (tl,tg]
l-« t

ITu@l < ol + 7o)l + €l +€( e+ (1420 (a5 + Frayrray) )

+€(£t + (14 £t)<;zoj + B(at)(;(a)))
A

IN
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For t € (tg, t3]

ITu)] < |uO||+||Zflv =+ €l + €2+ (1420 (55 + Gy ) )

+¢(£t +(1+ st)(;zao)‘ + B(at)(;(a)))

< A

Similarly, for t € (t,,,T] ||[Tu(t)|] < A where m=1,2,3,..
Now, to prove umqueness for t € [0,1], we have

ITur(t) — Tus(t)]] < (L + £6)Jur — wal] + %m(l +20) s — s ]
g ML+ £0) s — ol (G2 1°) (1)
1—« t*

€l — of| + Q:(St F(1+ St)(B(a) n B(a)I‘(a))) llur — usl|

IN

IA

|ur — uz||

For t € (tg, tg]

11—«
+at(Jur —ug| + M1+ £8)[lur — ual| + 7 (OUL + £8))[[ur — ual]

|Tui(t) — Tua(t)|| < B(a)
+$(9ﬁ(1 + £0)[lu — vl (6P 1%)(t)
< €llug — ug + Qj(,{:t +(1+ £t)(i?zo§ + B(;)(;(a)))Hul — ug|

< flug — ug]

Similarly, for t € (¢,,, T]we have ||Tu; — Tuz|| < |Ju; — uz|| where m=1,2,3,.. Therefore Tu(t) has an
unique solution.

Hence, the operator Tu(t),t € B proved the existence and uniqueness conditions and has a fixed
point by Banach contraction principle in Banach spaces X.

Next, we investigate the problem (3) and (4) has a fixed point by using another fixed point
technique, namely Krasnoselskii’s fixed point theroem.

Theorem 3.4 If Ay — Ay are satisfied and q(ta —t1) = [D(||u(te) — u(tr) ||+ Ltl|u(te) — u(t1)]])], then
the problem (3) and (4) has a solution.

Proof. For any constant A\g > 0 and v € B),, defined two operator 17 and T5 on B), as follows

(Tru)(t) = uo+| Zflv )= 9(0,u(0),0) + g(t, u(t), Du(t)) (15)

(Tau)(t) = foaf(M( t), Du(t))- (16)

Obviously, u is a solution of (3) and (4) iff the operator Tiu + Tou = u has a solution u € By,
Our proof will be divided into three steps.

886



Turkish Journal of Computer and Mathematics Education Vol-11 No3 (2020), 881 - 892

Research Article

Step 1. ||Thu + Toul] < Ag whenever u € By,. For every u € By, and t € [0,¢;], we have

o)+ (@O < ol + Sl + €2+ (14 20 (F5 + G5y )) Il
11—« t
+e(et+a +£t)<B(a) + B(a)F(a)))
< X

For t € (t1,1t2], we have

|T)®) + Tl < ol + Lot + €llull + €(gt + (1 “’“(Z{S + B@t;(a)))”“”

+¢(£t +(1+ st)(;zoj + B(at;(a))

< X

Similarly, for ¢ € (t,,,T] we have where m=1,2,3,..
Hence, ||Tiu+ Tou| < Ag for every u € By, .
Step 2. T} is a contraction on B), for any u,v € B),, according to A4 and ¢ € [0,¢;] , we have

[(Tyu)(t) — (Tho)(¢] luo = wvoll + Mju — vl| + MLE|u — v]|
[luo = woll[L + (M + MEL)[Ju — ]

Rl|uo — woll

INIACIA

For t € (t1,ts], we have

I(Thu)(#) = (Taw)(t] luo = voll + a[ju = vl + Mju — ]| + MELju — o]
luo = voll[1 + (" + M + ML) |lu — v]]]

Rl|uo — woll

[VANVANVA

Similarly, for ¢ € (t,,,T] we have where m=1,2,3,.. which implies that | Tyu — T1v|| < R|luo — vol|,
since R = 1, where R =1+ (o + 9 + MLt)|lu — v|. ie., T} is a contraction.
Step 3. T5 is completely continuous operator.

First we have to prove that 75 is continuous on B),. For any u,,u C By,, n =1,2,3.... with
limy, oy ||, — ul| = 0, we get limy, ., u, () = u(t), for t € [0,t1] U (¢m, T
Thus by Aj, we have lim, oo f(t, un(t), Dun(t)) = f(t,u(t),Du(t)) for t € [0,t1] U (tm, T].
We can conclude that

sup || f(t, un(t), Dun(t)) — f(t,u(t),Du(t))[| = 0 as n — o0
s€[0,1]

On other hand, for t € [0,¢1] U (¢, T

11—« t*

@)@ - Tl < (F7 ~ Frageay) M w0 Do) = £t u(t). D))

A

11—« te
(5@ ~ Ber@) g W10 B0 (0) = 7t (0 D)

Hence ||(Touy,)(t) — (Tou)(t)|] — 0 as n — oo. Therefore T; is continuous on B, .

Now, we have to show that Thu,u € B), is relatively compact which is sufficient to prove that the
function Tou,u € B), uniformly bounded and equicontinuous, and V ¢ € [0, 1] U (¢, T
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IT2u|| < Ao, for any u € By, therefore (Tou)(t),u € By, is bounded uniformly.
Now, we prove that (Thu)(t),u € By, is a equicontinuous.
For any u € By, and 0 <t; <ty <t, we get

l-a Ca (=)
Bla) q(ta —t1) + B(a)q(tQ tl)ial"(a)

11—« (t — tl)a
q(B(a) - BE@)F(a))(tQ —h)

[(Tou)(t2) — (Tou)(t)]

IN

(Tow)(t2) — (Tou)(t1)|| — O as ta — t1. Therefore, the operator T3 is a equicontinuous on By,.
Hence, which implies T5 is relatively compact on B}, .

Therefore Ty is relatively compact subset of X by theorem 2.4. And, by theorem 2.5 we can
conclude that T has atleast one fixed point. Therefore the operator 1" has a fixed point © which is
the solution of (3) and (4).

4 Nonlocal Conditions

The existence results of (3) with nonlocal condition in the form

ul[—r= 0] = uo + p*(0)

The p*(t) be

pr(t) =32 Mui(t)

where u; € PC, 7" A\ < 1 fori=1,2,3,..m and p: C([0,1], X) — X is a given function

AT thereexist a constant Cy > 0 such that ||p*(u) — p*(v)|| < Cillu — ||
A8 Consider [[p*(0)| + 224, [ u(ty)[l < A

Definition 4.1 If u(0) = up + p*(0) and v € C[0,1] is a solution of (3) and (4) then there is an
fe(JxPC*x J, J) where t € [0,t1] U (tm, T],m =1,2,. and

Vo +p*(0) te [T*’ 0}
vo + p*(0) = 9(0,uo, Du(0)) +§7 1 f (¢, u(t), Du(t)) t€0,t]

vo + p*(0) — (0, uo, Du(0)) + Ifulty ) +57 1% f(t,u(t), Du(t)) t € (t1,to]
vo +p*(0) = g(0,u0, Du(0)) + X5y Tu(ty) +47 I°f(t,ult), Dult)) t € (ts,15]

w0+ 9" (0) — 9(0, w0 Du(0)) + S5, Lu(ty) +4 1 (£, u(t). Du(t)) 1€ (1)

is satisfied

Theorem 4.2 If A; — Ag are satisfied and ¢(£t—|— (1+£t) (ﬁ + WM)) , then the problem (3)

and (4) has a solution.
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Proof. Using the hypothesis Ay and Ag, consider the problem

v + p*(0) te[r*0]
vo + p*(0) — g(0,up, Du(0)) +§8 I« f(t,u(t), Du(t)) t € [0,t]

v + p*(0) — g(0,ug, Du(0)) + IFu(t]) +58 I f(t, u(t), Du(t)) t € (t1,t2]
vo 4 p*(0) — g(0,ug, Du(0)) + Yo, Ifu(ty) +88 1% f(t, u(t), Du(t)) t € (ta, t3]

vo +97(0) — 90, uo Du(0)) + T4, ulty) +4 1 f(t.u(t). Du(t)) 1€ (1. T)

By using the technique in theroem 3.2, we can easily prove that [|[Du(t))|| < r and |Duy(t)) —
Dua(t))]| < [Jur(t) — ua(t)] are fixed point and obtain a unique solution. Then the system () with
nonlocal conditions () is relatively compact by theorem 3.3. This proof is similar to theorem 3.2 and
3.3. therefore its omitted

5 Example

Consider the following problem
(ABC DH) (u(t) — 3\}(7T)sin(u(t) 1) = t(ﬁ) cos(u(t) + ' (1)), (17)
ut) =1, te[1,2], Bla)=1 (18)

Notice that g(0,4(0),Du(0)) = f(0,u(0),Du(0)) = 0 and u'(¢t) € C[1, 2] satisfy the Lipschitz condi-
tions.

Let g(t,u,v) = 3\%ﬂ)sin(u +v), f(t,u,v)= . t(ﬂ) cos(u+v), te[-7%].

It is easy to see that
(@79 D3)(u(t) — gt u,0)) = f(t,u,v), (19)
u(0)=1, t€]l,2], Bla)=1 (20)

Therefore, by Banach contraction principle theorem (19) and (20) has a unique solution, it can be
written as
u(t) = limy,— 00 upn (t) , where

un(t) = 1+ %gn—l(t) + 13_7:]0"_1(” + 3\/7?0{—‘(00/0 (t—5)*"" fao1(s)ds,

where n =1,2,3, ...
Solving (19) and (20), we apply the method proposed by Mekkaoui and Atangana in [38], utilizing
from the two-step Lagrange polynomial interpolation.
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