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ABSTRACT

The purpose of this paper is to the g-continuousspace from a quad topological space to a triple topological
space,we introduce a conditions to make us able to change the separation axioms and regular space, normal
space in g-topologicalspace to the separation axioms and regular space, normal space in tri-topological space
and study some of their properties
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1- Introduction

J.C. Kelly [2] introduced bi-topological spaces in 1963 and Luma [4], . The study of tri-topological spaces was
firstinitiated by Martin M. Kovar [4] in 2000,where a non empty set X with three topologies is calledtri-
topological spaces. N.F. Hameed & Mohammed Yahya Abid [1] studied separation axioms in tri-
topologicalspaces. D.V. Mukundan [5] introduced the concept on topological structures with fourtopologies,
quad topology and defined new types of open (closed )sets. In thispaper, we use g-open and g-closed sets
defined by D.V. Mukundan [5] to explain the concept of separation axioms in quad topological spaces

Definition 2.1: A quad topological space X is called (T,_q) space if f to each pair of distinct point x,y in X,
there exist a (q_open) set containing one of the points but not other.

Definition 2.11: A quad topological space X is called (T,_q) space if f to each pair of distinct point x, y in X,
there exist a pair (q_open) set containing X but not y and the other containing y but not X.

Definition 2.22: A quad topological space X is called (T,_q) space if f to each pair of distinct point x, y of X,
there exist a pair of distinct (q_open) sets one containing x and the other containing y and called
(Hausd orff_q).

Definition 2.33: A quad topological space X is said to be (regular_q) space if f for each q.yscq S€t F and
each point x & F. there exist disjoint (gopen) Sets G, H such that x € G, F € H.

A regular_q with T, _q space is called T;_q space.

A regular_q + T,_q space = T;_g space

Definition 2.43: A quad topological space X is called to be normal_q space if f for each two disjoint g_colsed
set Fy, F, € X, there exist two disjoint (qopen ) Sets Gy, G, such that Fy, € Gy, F, € G,.

A Normal_q with T;_q space is called T,_q space.

A Normal_q + T,_q space = T,_q space
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2- Preliminaries

Definition 2.1 [5][6] :Let X be a nonempty set and (t);-1 » 3 4are general topologies on X.
Then a subset A of space X is said to be quad-open(qg-open) set ifA c 7, U T, U 75 U 7, and itscomplement is
said to be g-closed and set X with four topologies called (X, 7;);=12534. g-Opensets satisfy all the axioms of

topology.

Definition2.2 [5][6]: A subset of a g-topological space (X, 7;);=12,34iS called g- Neighbourhood
of a point if and only if there exist g-open sets such thatx c X c A.

Note 2.3[5][6] : We will denote the g-interior (resp. g-closure) of any subset ,say of by g-intA(qclA),is the
intersection of all g-closed sets containing A.where g-intA is the union of all g-open sets contained in A, and g-
clA is the intersection of allg-closed sets containing A.

3- g-Continuous in quad Topological Space

Definition3.1: Let (X,7;);=1,,34, be quad-topological space and (1, 7;y);=1.,3 be a tri-topological space, a
function of f: (X,7;)i=1234 = (W, Tiy)i=1,2,3 IS Said to be g —ccontinuous at x € X if f for every tri-open set V
in ¥ containing f(x) there exists g-open set U in X containing x such that f(U) =V, we say that f is g-
continuous on X if f is ¢ —continuous at each x € X.

Definition3.2 : Let (X,7;);=1234 be quad topological space and (¥, 7;y);=1,2,3 be a tri topological space and
[ (X, T)i=12,34 = (¥, Tiy)i=1,2,30€ a function, then:
1. fissaid to be g-open function if and only if f(G) is tri-open in i for every g-open set G in X.
2. fisg-closed function if and only if f(F) is tri-closed in i for every g-closed set F in X.
3. fis g-homeomorphism if and only if:
i.  fisbijective (1-1, onto)
ii.  fandf~*are g-continuous.

Example 3.3: Let X = {a, b, c}, 7; = {x, p,{a}}, T; ={x, @, {b}}, 7; ={x, @, {a, c}},

T; ={x, @, {b},{c}, {b, c}}, (X,T),(X,T2), (X,T3), (X,T4) are quad topological space, such that:

Tux={x, ¢, {a}, {b}, {c},{b, c},{a, c}}

Let ¥ = {1,2,3}r1y = (¥, 0, (1,21}, 72y ={th, @, (2,31}, T3y ={th, o, {1}, {3}, {1,3}}where (X, T1) , (X, T2) , (X, T3)
aretri-topological space, such thatT,, = {i, @, {1}, {3}, {1,2}, {2,3}, {1,3}}

Define f: (X, 7i)i=1,234 = W, Ti)i=123by f(@) =1, f(b) = 2,f(c) =3

Then f is not g-open and not g-continuous becausef ~*(y) = {a, b,c} = X is g-open in X,and f~1(p) = ¢ is g-
open in X, f~1({1}) = {a} is g-open in X, f~1({3}) = {c} is g-open in X

but £~1({1,2}) = {a, b}is not g-open in X.

Hence fis not g-continuous. And since f(X) = {1,2,3} = ¢ is tri-open iny and f(¢) = ¢ is tri-open in P, also
f({a}) = {1} istri-openiny and f({b}) = {2} is not tri-open in v, Hence f is not g-open.

Early TCx = {x, ¢, {b, c},{a, ¢}, {a, b}, {a}, {b}} and Tuy=(, ¢, (2,3}, {1,2}, (3}, {1}, (2}}

Then f (@) = ¢ is tri-open in ,f (x) =y is tri-open in  and f({b, c}) = {2,3} is tri-open in Y

And f({a, c}) = {1,3}is not tri-open in 1. Hence f is not g-closed.

Clearly f is bijective, but its not g-continuous. Thane is notgq-homeomorphism.

Propositions 3.4: Let (X, 1;);-1234 be a quad topological space and (1, T;);-1 » 3be a tri topological space the
function f: X — 1 is g-continuous if and only if the inverse image under f of every t=open set V of ¢ is a g-
open set of X.

Proof: Let f a g-continuous, and V is tri-open in v, to prove that f~1(V)is g-open in X. if f~1(V) = ¢ so,
f1(V) is g-open inX. if f~1(V) # ¢, Letx € f~1(V)then f(x) € V,Bydefinition ofg-continuous there exist g-
open set Gx in X containing x such that f(Gx) € V.
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x € Gx € f~1(V)this shows that £~1(V)is a g-nbd of each is points. Hence f~1(V)is g-open in X.

Conversely, let f~1(V)is g-open set in X, for each V is a tri-open set in 1 to prove f is g-continuous.

Let x € X andV is a tri-open set in i containing f(x)sof ~1(V)is g-open in X-containing f (x) so f~1(V) is g-
open in X-containing x and (f~1(V)) c V

Then f is g-continuous on X.

Propositions 3.5: Let (X, 7;);=1,,3,4 be a quad topological space and (¥, T;;);=1,2,3 be a tri topological space. A
function f: X — 1 is g-continuous iff if the inverse image under f of every tri-closed set in i is g-closed set in
X.

Proof: Assume that f is g-continuous and let F be any tri-closed set in 3. To show that f~1(F) is g-closed in X,
since f is g-continuous and 1 — F is t-open in 1, it follows from proposition (3.3.4), f /(3 -F) = X- f~I(F) is
g-open in X, that is f =/ (F) is g-closed in X.

Conversely, let f~/(F) be g-closed in X for every t-closed set F in 1, we want to show that f is g-continuous
function. Let G be an t-open set in y. Then ¥ -G is t-closed in i and so by hypothesis,

W —6)=X—-f"1(G)is g-closed in X, that is f~/(G) is g-open in X, hence f is g-continuous by
proposition (3.1.4).

Proposition 3.6: Let (X, 7;);=134be a quad topological space, and (, 7;);=1,,3b€ a tri topological space, a
function f: X — 1 is g-continuous iff. f(q — cl(A) c tri — cl(f(A) forevery A € X

Proof: let f be g-continuous, since tri — cl(f (4)) is a tri-closed set in ¥. Then by proposition (3.3.5)

f1(tri — cl(f (A)) isg-closed in X,

q—cl(ftri—cl(f(A)) = f 1t —cl(f(A) ceoeevveeannnnn.... (3.3.4)

Now f(4) c t — cl(f(A),A < fI(f(A) < f~'(t - cl(f(4))

Then g — cl(A) © q — cl(f ! (tri — cl(f(A)) = f~!(tri — cl(f(A)) by (3.3.4)

Then f(q — cl(A)) c tri — cl(f(4))

Conversely, let f(q — cl(A)) c tri — cl(f(A)) forevery A C X.

Let be any tri-closed set in i, so that tri — cl(F) = F,

Now f~/(F) c X by hypothesis, f(q — cl(f ' (F)))C tri — cl(f(f ! (F))) € tri —cl(F) = F

Therefore,q — cl(f~'(F)) c f~/(F) butf~'(F) c q — cl(f~!(F)) always

Hence q — cl(f~/(F)) = f~!(F) and so f~/(F) is g-closed in X, hence by proposition (3.3.5), f is g-
continuous.

Proposition 3.7: : Let (X, 7;);-1,34be a quad topological space, and (¥, 7;;);=1,,,3be a tri-topological space, a
function f: X — is g-continuous iff:

q—cl(f~1(B)) € f~!(t — cl(B)) for every Bc ¥

Proof: Let f be g-continuous. Since tri — cl(B) is t-closed in P, then by proposition (3.3.5) f~/(tri — cl(B)) is
g-closed in X and therefore,

q—cl(f~I(tri —cl(B)) = f!(tri—cl(B)) uooevoee.(3—3-13)

Now B c tri —cl(B), then f~/(B) c f~!(tri — cl(B)), then q — cl(f~'(B)) € q — cl(f~!(t — cl(B)) =
f~!(tri — cl(B)) by (3-3-5)

Conversely, let the condition hold and let Fbe any tri-closed set in ¥ so that tri — cl(F) = F by hypothesis
q—cl(f(M) e (g = cl(F)) = £~ (Mbutf~'(F) < q — cl(f~(F)) always.

Hence q — cl(f~/(F)) = f~!(F) and sof =/ (F) is g-closed in X. it follows from proposition (3.3.5) that f is g-
continuous.

Proposition 3.8: Let (X, 7;);=134be a quad topological space, and (¥, 7;);=1,,3b€ a tri topological space, a
function f: X — 1is g-continuous ifff ~/(tri — int(B) c q — int(f~/(B)) for every B c 1.

Proof: Let f be g-continuous, since tri — int(B)is tri-open in 1, then by proposition (3.1.4) f~/(tri —
int(B)isq-openin Xand thereforq — int(f ! (tri — int(B)) = f~!(tri — int(B)) wvvvv.... (3.3.6)
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Now tri—int(B)c B then f~!(tri—int(B)) < f~/(B), then q—int(f~!(tri—int(B)c q—

int( £~/ (B) )Hence £~/ (tri — int(B)) C q — int(f ~'(B)) by (3.3.6).

Conversely, let the condition hold and let G by any tri-open set in ¢ . So that tri —int(G) = G by
hypothesis, f~/(tri — int(G)) c q — int(f~!(G)) ,since f~!(tri —int(G)) = f~(G) then f~/(G) cq-—
int(f~1(6)), but g — int(f~1((G6)) < f~!(G) always and so q — int(f ' ((6)) = £~/ ((G)thereforef ~!(G) is
a g-open in X and consequently by proposition (3.3.4) f is g-continuous.

4- Separation axiom in quad Topological Space

Proposition 4.1 : Let (,T;);=13be a To-tri space if f: (X,T;)i=1234 = (W, Tiy)i=12,39-Continuous and 1-1
function, then (X, 7;);=1234 IS @ To-q Space.

Proof: Letx;, x, € X, x;#x,. Since f is 1-1 function then f(x;) # f(x,), f(x;) and, f(x;) € G and Y us To-
tri-space, then there exist g-open G in i such that f(x;) € G and f(x,) ¢ G.

So x; € f7I(G), x, & f~1(G) . therefore f~/(G)is qg-open set in X containing x; but not x,, hence
(X, T1)i=1,23418 To-q space.

Propositiond.2:letf: (X,7;)i=1234 = (¥, Tiy)i=123 e an g-open bijective function if(X,7;);=1,34is a To-q
space then (1, Tyy)i=1,2,318 To-tri space.

Proof: suppose y;, v, € ¥, y; # y, since f is onto, there exist x;, x,€ X such that y, = f(x;),y, = f(x,) and
since f is bijective, then (x;) # (x,), since X is To-q space, then there exist g-open set G such that x; € G, x, &
G.

Hence y; = f(x;) € f(G),x, = f(x,) € f(G), since f is g-open function, then f(G) is tri-open set in .
Therefore (¥, T;);=1,3is To-t space.

Proposition 4.3: Let (Y, Tyy)i=1,,30€ Ta-tri space, If f: (X,7;)i=1234 = (W, Tiyp)i=12,3 IS g-continuous and 1-1
function, then X is a T1-q space.

Proof: Letx;, x, € X, x; # x;, since f is 1-1 function then f(x,), f(x,) € ¥, ¥ is Ts-tri space, then there exist
U,, U, tri-open set in ¥ such that:f (x;) € U,, f(x,) € U,, f(x,) & cU,, f(x,) & U, thenx,; € f~/(U,) butx, ¢
fIU),and X, € f71(U,), butx; ¢ f~(U,) andf~'(U;), f~'(U,,) are g-open set inX, Hence(X, T;)i=1 234
is a T1-q space.

Proposition 4.4: Let f: (X,7;)i=1234 — (¥, Tiy)i=1,2,3 b€ bijective function and g-open function,

If (X,7)i=123418 @ T1-q space then (i, Ty, )i=1,5,31S @ T1-tri space

Proof: Suppose y;,y, € ¢, y; # y,since f is onto, there exist x;, x, € X, such that

v; = f(x;), y, = f(x;) and since f is bijective, then x; # x, € X, f(x;) # f(x,) and since X is T1-q space,
then there exist g-open sets G,H such that x; € G but x, € G and x, € H but x;& H, hence f(x;) € f(G) and
f(x,) € f(H). since f is g-open function hence f(G), f (H) are tri-open sets of i, such thaty;, € f(G) buty, ¢
f(G)and y, € f(H) buty; & f(H), then ({, Ty )i=1,,31S @ Ta-tri space.

Proposition4.5: Let (¥, Tyy)i=1p30€ To-tri-space, if f: (X, 7;)i=1234 = (W, Tiyp)i=1,23 i g-continuous and 1-1
function, then (X, 7;);=12,3,4iS @ T2-q space.

Proof:Let x;,x, € X, x; # x,sincef isl-1 function then

fGe) #fx), vy =), y2=F(x2), yi # ¥

Since ¥ is To-tri-space, there exist tow tri-open sets G,H in i such thaty, € G,y2 € H,GNnH = ¢, hence
x; € f71(G),x, € f7I((H) since f is g-continuous and f~/(G) and f~/((H) are g-open sets in
XAlsof ~/(G)n f~I((H) = 0and f~/(G nH) = f~1(¢) = ¢Thus f: (X, T;)i=1 234 isa T2-q space.
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Proposition4.6: let f: (X, 7;)i=1234 = (W, Tiy)i=1,23 be bijective and g-open function, if (X, T;);=1 254 is a T2-q
space then (1, Ty )i=1,2,318 @ T2-t space.

Proof: Lety; # y, since f is bijective function and onto, then there exist x;# x, € X such thaty, = f(x;) and
v, = f(x,) since X is To-q space, then there exist g-open sets G, H in X such that x; € G,x, € H,G N H = ¢.
Since f is g-open function then f(G) and f(H) are tow t-open sets iny and f(GNH) = f(G)Nn f(H) = ¢,
Alsoy; = f(x;) € f(G),y, = f(x;) € f(H) hence (¥, Tyyp)i=1,23iS @ To-tri space.

Proposition4.7: Let (X, 7;);=1,34be a regular-gspace and the function

[ (X, t)i=1234 = (¥, Tiy)i=1,23 b€ g-homeomorphism then (Y, 7;y);=1,31S a regular-t space.

Proof: let F be at-closed iny, q € ¥, q & F. Since f is bijective and onto function, then there exist. P
€ X such that f(p) = q, p = f~'(q) since f is g-continuous so f~/(F) is g-closed in X,q & Fp = f~/(q) &
f1(F). since (X, T;)i= 234iS regular-g-space, there exist g-open sets G,H in X. such thatp € G,f /(F) € H
andGNH=¢ soq=f(p) € f(G),F € f(f~!(F) e H), since f is a g-open function, hencef (G), f (H)are
tri-opensetsiny and f(G N H) = f(G) N f(H) = F(p) = @, therefore (¥, T;) ;=1 53is a regular-tri-space.

Proposition4.8: Let (X,7;);=1234 be Ts-q space and the function f: (X,7;)i=1234 = (¥, Tiy)i=123 be Q-
homeomorphism, then (¥, T;);=1 i Ts-t space.
Proof: Easy by using Propositions (3.4.4) and (3.4.7)

proposition4.9: Let (X, 7;);=1,34be a normal-q space and the function f: (X, T;)i=1234 = (¥, Tiy)i=1,23 b€ Q-
homeomorphism, then (1, 7;y;);=1,,,31s @ normal-t.

Proof: Let (X,7;);=i234 b€ a normal-q space and let (¥,7;y)i=1,3 be a g-homeomorphism image of
(¥, Tiyp)i=1,2,3under a g-homeomorphism to show that (), 7;y);=1,3also normal-t space.

Let S,B be a pair of disjoints t-closed subsets of 1, since f is g-continuous function then £~/(S) and f~/(B) are
g-closed subsets of X, alsof /()N fI(B)=f"(SNB)= f(p)=¢

then £=/(S), f~/(B) are disjoint pair of g-closed subset of X. since the space (X, T;);=1234iS normal-g, then
there exist g-open sets G,H in X such that f~'(B) € G,f~'(S)eHandG N H = @ but f~/(B) € G, then
f(f~1(B)) € f(G),B € f(G)similarly,S € f(H). also since f is a g-open function £(G) and f(H) are tri-open
sets of i, such that f(G) N f(H) = f(GNH) = f(p)=¢

thus, there exist tri-open subsets in i, G; = f(G) and H; = f(H) such that Bn G;, SN H;,

and G, N H; = ¢, it follows that (, T;;) ;=) ,,3als0 normal-tri-space.

Proposition4.10: Let (X, 7;);=1234b€ a Ts-q space and the function f: (X, 7;)i=1234 = (W, Tiy)i=123 be -
homeomorphism, then (¥, T;y;)i=1,,3iS Ta-trspace.
Proof: Easy by using proposition (3.4.4) and (3.4.9)

Proposition4.11:The g-continuous image of a g-continuous space is a tri-compact.

Proof: letf: (X,7;)i=1234 = (¥, Tiy)i=1,,3 b€ @ g-continuous, let X be a g-compact, let C be a tri-open covering
of the set £(X) by sets of tri-open in . The collection {f ~/(A4): A € C} is a collection of g-open covering of X,
these sets are g-open in X because f is g-continuous hence finitely many of them, say f~/(4,), ..., f~'(4,)
cover X, then the sets 4,, ..., A,, are cover of X.

Conclusions
In this paper, the concept of continuity from a quad topological space to a triple topological space is presented,
and the separation axioms are studiedbetween these spaces. between
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