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Abstract: Some author used the number theory in functional analysis and estimated some upper bounds for functions in L, and
L, spaces. Here we denoted our work to prove some multiplicative inequalities for functions in L,, 0 < p < 1 quasi normed
spaces, that we can considered that the L, and L, as special cases of our case. These inequalities in analysis and number theory.
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1. Introduction

We introduce a method for estimating lower pound of L, space of the exponential sums. In our method we use
multiplicative inequalities for function belongs to the Hardy space. In our prove for multiplicative inequalities we
used the modern approach of the little wood- Paley theory [3 -6]. As we see in Lemma 3.1. In [1]and [9] Zygmund
introduce a type of classical little wood —Paley theory for functions in L,- normed space. In [3] proved same
theorem for functions in L., space. Here we expansion their theorems to the space L, for 0 < p < 1. We apply
our multiplicative inequality for L,,, p < 1 for problem to the classical integrabil in terms of trigonometric series.
The problems as follows if {u,,} is spectrum, find a condition on the moduli of coefficients c,, under which the L,
quasi norm of the partial sums of trigonometric series increase unboundedly.

Definitions 1.1.

A spectrum {m,,}_, has power density if, for some constants 1 < B; <2andB; < B, < wandall 0 < g <
1. The following relation holds (1, = 1):
BiAq < Ag41 < ByA,.
Definitions 1.2. (<)

1. Letf and g be two function in L, space such that

F(x) « g(x) ifand only if lim 22 = o
X

o0 g(x)

2. ltiswell known if p < g, Then
If1l, < Nifllq

2. Auxiliary Lemmas

In this section we give some auxiliary lemma that we need in our research.

Using the same lines used in chapter 111 $4 in [3] we can get the following Lemma:
Lemma 2.1

Forany 0 < p < 1 and any sequence {u,,} of positive numbers such that A=y, < p,,41 < Ap,, Where A > 1,
the following inequalities hold:

1
, X
i lsal\P2\ ,
IF |2 supn | tn q=0 Hn W > Zn:oﬂnllanllp (2.1)
alp
1
PR
(Il 3} ,
”F”Hlsupn Man:n HUn W > Zn:OMnan”p (2-2)
p
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Where H? is Hardy space and F is a regular function on the open unit disk belongs to the Hardy space H?.
Lemma (2.2.) Parceval’s equality) [7]

If X is a separable normed space with a a scalar product. If ||.]|| is the corresponding nom and if {e,} is an
orthogonal system in X, and e, # 0,n = 1,2, ... then Parceval’s equality for an element x € X is

llxll? = X5y 17]an|?llenl?,

where a, = (x,e,)/(en, en),n = 1,2,... are the Fourier coefficients of x in the system {e,}. If {e,} is
orthonormal, then Parceval’s equality has the form

(o]
2112 = ) 171y 2.
n=1

Lemma 2.3. [2]

(i) M =[log,my].
(i) A4 = card {n:297* <m, <29}
(iii) Ay = card{n:1 <m, < 29}, where 1 < q < M.
(iv) Let R(g)denote the number of solutions of the equation.
My, + My, = my,, +m,,, where 2971 < my, < 29.

for j=1,2,3,4.
Lemma 2.4.

Let f € H? for 0 < p < 1, then
1

1
i p i p
(Zmn(f)lp> <Ilfllaw < (Zmn(f)w)

n=0 n=0
14 14

Where A,(f,x) = = [7" (€)@ (x — w)du.
Proof

1. Weprove

11w < || Cioln (HIPY

D
1
sup (f02"|reix|pdx)p
r<i 1

= sup (11570 b (f )P

f llsw

1
D

2m d % i %
<cosup | | (Zmn(f, xw’) dx (Zmn(f)w)
0 n=0 n=0

p

Now

lEr=olAn (DIPIII,,
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< c(p) sup
r<i

P
(f()2ﬂ|f(rei")|pdx)5
= c@IIfllur

Lemma 2.5. [8]

P

(i) Let{V,}n_; is de la Valle poussin kernel’s, i.e
Va(x) = 2kgp-1(x) — k1 (%) @

Where {k,};-o is Fejer kernels. we denote Q,(x) = V;(x),and forn = 1

Qn(x) = Von(x) = Von-1(x). )
(i) Let f(z) € HP. Expanding f(e™) in a de la Valle poussin series, we have

fe™)~ o An(f, %), @)
Where

A(f,2) = = [77 F(e™)Q (x — u)du, (4)

(iii) Consider the total exponential sum

Sn(x) = ¥21, Cpeim

Where C,, are complex coefficients, which is the boundary values of the polynomial
Sy(2) = X Cpz™, C, =0  forn>2V,

And write Sy (x) as
Sn(x) = Xro 0n(x) )
3. Main Results
In this section we give our main results.

Theorem 4.1

Assume that {m,,} is a spectrum of power density and R(q) are numbers satisfying the inequality
R(q) < 25 (logA,)", (1.1)

Where 2<B<3,y<0forB=3 and y =0 for B = 2. Suppose that the coefficients C, satisfy the
relation.

1
IC, | = nz®~ (logn)s. 1.2)
1. f2<B<3ands+1=y/2, Then

Y
1 (logN)**'"2  fors+1> g

i 2 i p P
[Z8=1 Cn elmnx”p = (fo "|ZN=1 Cre i dx)p > \loglog N fors+1= g 13)

2. IfB=2and1+2s = y, Then
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1

IZ3s G| = (ST 1ZN=s Cae @[ dx)P >

1
( (logN)2®* 5™ for 14 2s >y,

-t 1.4)
1 logN 2
((logN)Y Yn1 "25) ? loglogN for1+2s=y
Proof
1. For2 < B < 3, we use the multiplier.
Uy = A3 B nlv, (1.5)

It follows from B; A, < A441 < B, 4, in definition (2.1) that {u,} satisfies the conditions of Lemma 2.1.
To prove the theorem, we need two —sided estimates for ||5q||z and an upper estimate for ||5q||Z.

By use Lemma 2.2 and relations (i) —(iii) in Lemma 2.3 and (1.2), we have

(loghg)® P (toghq-1)**
Aq Ag_‘; < 15qll,, « 24 AZ":,lg (1.6)

Applying estimate (1.1) for the number of solutions of equation (iv) in Lemma 2.3, we fined

18117 < 1181l « R(@) jaTax_ 1G24 (logAe)? A5 (log Ag—1)* 17
By the hypothesis of our theorem, we have the following relation in definition 2.1.

Bt <2, <29, (1.8)

_ B?

Ag < BoAg X1 B3® < 255 Mg, (1.9)

M = logN (1.10)
Thus in definition 2.1. and (1.6)-(1.9).

ol = 2577.q, (111)

18]I} <« 257-°. g5+ (1.12)

Using relations (i) in Lemma 2.3 and (1.5), (1.11), and (1.12) and taking into account the inequality s + 1 > g

we conclude that
1
n ”6‘7”2 ’ 2-B ,1-y yYn 3B-2 25+1l s+1-v
sup | Wy q=1qu < sup(2%7B.n im0l % q JERQV 2 (1.13)
P

nsM nsm

At the same time, we have
MDY f s 41>

’

(1.14)

N= N =

||Zrl\14=1“n”5n”g” »> Zr"{l:ln25+1—y > |
' logM ifs+1=

Applying inequality (2.1) of Lemma 2.1. using estimates (1.13) and (1.14), and taking (1.10) into account. We
have (1.3).

2. For B=2, we take the multiplier
Up =177, (1.15)

Which satisfies the conditions of Lemma 2.1 as well. By virtue of (1.11), and (1.12). we have
1+2s-Y ;
”811”2 M lf1+ZS>Y

1
p
sup (pn Yr_u —) < 1 (1.16)
nsht = 5P (7 ZMan® ) if14+2s=Y
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Again applying (1.11) and taking (1.15) into account, we obtain the estimate
M2 if 14+ 25> Y
M P
1SN ill Bl > {logM 14251 (1.17)

Combining (1.16) and (1.17) with inequality (2.2) from Lemma 2.1 and applying (1.10), we conclude that (1.4)
holds.

Theorem 4.2

For any function f € L, (0,2m),q,p < 1.
£ llg 1A ()3l > 1115 -

Proof

forn = 1, The terms of the de la Valle-Poussin expansion of a 2r- periodic real —valued function f € L, we
denoted by A, (f, x), such that

1 21
NGEEE j F)0,(x — u)du
0

1. Ifthe case of p < q impels that
Ifll, < lfllq

Since (A, (f)) is bounded so there exist ¢ > 0 such that

Ifll, < cllAan(lle lIfllg-

2. If g < p impels that

Iflly < 1187 (Al
< c APl lIf llg-

Theorem 4.3

Assume that a trigonometric polynomial
N
PG = D 8,00)
n=0
Satisfies the condition

6,1, <1foralln=0,1,..,N

Then
VN [[Ponll, > [1Pon]l]
Where p < q.
Proof
N q
1Ponlly = (1D 6.0
n=0 q
N
< D 18I
n=0

Where &, (x) is the dyadic blobs of the power series of the function F(re™) for r = 1
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Since
6,1l <1
<
< N||Pw]|,

Theorem 4.4
Suppose that {u,,} be a sequence of positive numbers satisfy the condition
Uns1 S Up < Apupy, n=0,...,N—-1
And for some B = 1,
”511"(1 < ”5n+1“q < Bllan”qr n= 0;1; ;N -1 (1)

Then, for 1 < p < oo, the inequality hold

1

4 N\q
I8mlp\P-a
||SN||,,Ogana<>5v<un Pomo i (o) ) > CABD) Do mllonlll ()
=n= m q

Proof

From (1), (2) in (i) and (4) in (ii) and (5) in (iii) from Lemma 3.5 it follows that
Sy(x) = Zn=0 8 (Sy, %) 3)

For any f € L, we denoted
A;l(f,X) = AZn—l(f!x) + AZn(f!x)! n= 112! (4)

We have
N
Sn(x) = Do(Sy, x) + ZLi]l A% (S, x).

We introduce the sets E,, < [0,27), n=1,.. B] We put

®)

1
||szn_1||,€+||szn||§+||szn+1u§)v—q}

E, = 1145 (Sy, x)| < a(B, P)( IISanIZ

Where a(B, p) is some positive numberand 0 < g < 1.

Let use prove that a(B, p) can be chosen in such a way that forall n = 1, ... [g] the inequality

318 (S0l < 25 [ (S, 0 |dlx ©®)

We set CE,, = [0,2m)\E,, Since p > q we get
= :
Jog, 18 (S )19x < ICEL P ([, 185,(S, )IP d) (7)

Applying the chebysheve inequality to estimate the measure of the set CE,,, from (3)-(5) we obtain that

||52n—1||z + ||52n||g + ||52n+1||§ p=a
ICE |(0((B,P))q<
" 1620l

< |I52n—1IIZ + ||52n||g + ||52n+1||g (©))

21
< f [A7(Sy, x)|Tdx <
0

Taking into account (1), from this we derive

B
a(B,p)

q L _a
1CEal < 3 (=) 182nllZ (U821 + 1820117 + 1820aa 177 (9)
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At the same time, proceeding from the definition of the operator A;,(f) and applying Young’s inequality for
convolution, we have

f 185 (Sws DI < 118 (Banors + B3 + Srns)IE <

CEp
P
1 1 v
< (; ”an—l”p + ; ”QZn”p) (||62n—1”p + ”6211”1) + ”62n+1”p) =
< 3071127 (1820015 + 18201} + 1820115 ) (10)

As a result, we obtain the following estimate:
Jog, 180 (S, 0 7dx <

2(p-2) -q q
V3B \ q P P p\? x Py \?
<(Z25) (!62)n||q(||62n_1||p 062l + 182mea ] )™ (foy, 187 (S )P )P <
2(P-2
4 (V3B P q
<6'(Zas) 16l (11)

Moreover, forn =1, ..., [g] the inequality holds
1820112 < 77 185(Sw, )1 dx < c(@) 185l (12)
2p
Believing now a(B,p) = v/3B.12p-2 (13)
We conclude that

J-IAn(SN,x)qux— f |AY (Sy, x)|9dx — fIA* Sy, 0)|9dx =

CEn
2 215,005 2 mng 185, (S )l
This proves inequality(6).

Furthermore, using (7) and (3) and taking into account the first of relations (1) in (i) from Lemma 3.5, we have

Noo MallBnllg < Mo”Ao(SN)”q + ZZn 1 Han-1llAy (SN)“q (14)
We put
1A% Sy, )1 if x €E,
In(x) =fx) =1 0 if x € [0,2m)\E, (15)

Applying inequality (6), in view of (15) we obtain
;3] 5 \
Zn 1 Hon— 11145 (SN)”q = BZ Zn2=1,“2n—1 fEnlAn(SN:x)lqu

[_
= ZB2YZ i Jy gn(x)dx (16)

For any x € [0,2m), the inequality
q
q N 2

iz] n q
D banagh00 | <2( D tanagho) (Z u2n_1g,‘i(x)> <
n=1 n=1 m=1
<2 max, (/4211 1 2m= 1||gm||q)2n 1gn(x) (7)

1<n< —

Therefor
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1
1 1

i 5
N * q 16\/2 2
Zum BRSO < ——B? may, uzmzum gl f Zgn(x) dx

IA

1<n<[

[

Q

16vV2 2
STBZ max, (,uzn 1 Xm=1Ham— 1||gm||q) fn< 1|A (SN’x)|q> dx (18)

1<n<[]

From relation (1), (5), (15) we obtain that form =1, ..., [g]

_q_
||5zm_1||§+||szm||§+||szm+1u§>v-q <

lgmlls < a8, ( et

q q q
q 4-p _ P\ p— m P\ p— m P\ p—
< (a(B, p)Br-1)1 max<1, 3—p—q>< <—”52m 1“5)” 4 ('l:‘;Z “5)” ‘ <”‘52 “"5)” ") (19)
2mllg

182m—1117 I82m+1l1]

Hence

L 1 I8mll\P=4
Max, Han-1 Lim=1 Ham-11lgmll& < maX(l 3p= ‘J)A‘* (a(B p)Br- q) max iy Yon=1Hm (”6 ”3) (20)

1snsl3]

Combining inequalities (14),(18),(20) and using (13), as a result we have

q 1
s I8ml5\P=a |’
2o HallSallg < pollAg(SMIIG + 6-iATE P Jnax <un2mo Hom (us ||Z>p q) " (Z 8% (SN.X)Iq) (21)
mllq

But by Lemma 3.4 we obtain

1

& q £
f;" (Z,f:lIAn(SN. x)I") dx <2 fozn(ZrAz]:OlAn(SN:x)lq)qu < ISyl (22)

To estimate the last term on the right —hand said of inequality (2), we use relations (3),(7) and (10). We get
6nllg < l1An_1(Sw) + Ax(SWIIG <

(MAN 1SN+ANSW)IH\P
= lonllg

1 1
6p ||6N_1||5)ﬁ (uszvug)ﬁ
« zp—Q<(u6N-1ng + Isnllg ISl (23)

It follows that from inequalities (21)-(23) we get

1

> ”AN 1(51\1) + AN(SN)”p K

1

0=<nsN

3p=4 TR
B hnllallY < 67TAE TS max (unz‘.&:oum(ﬁ) ) Iswll, (24) Etting

4p_ 3p—4
C(A,B,p) = 69-PA"2B4-p,

We conclude that theorem is completely proved.
Corollary 4.1. 1
Suppose that f € L, such that

f(z) = ¥y 1cpz™ and 0 < p < oo, for some B = 1 satisfy

_a_
Isnll,,)p—q
<
z:n 0 <”5 ”q

Then the inequality is hold
18n+1llg < 16,114 < B||6n+1 ||q,for 0<g<landn=0,1,..
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