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Abstract: The aim of this paper is to investigate the application of integral transform combined with variation
iteration method to solve evolution partial differential equations. The combined form of the Laplace
substitution and variation iteration method is implemented efficiently in finding the analytical and numerical
solutions of nonlinear evolution partial differential equations with mixed partial derivatives. The obtained
solutions are compared to the exact solutions and other existing methods. Illustrative examples show the
efficiency and the powerful of the used method.
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Introduction

Various phenomena arising in natural, nonlinear physical sciences [1, 2], and engineering [3, 4] are
modeled by a class of integrable nonlinear evolution equations which can be expressed in terms of nonlinear
partial differential equations (NLPDESs). Those problems have important effects in applied mathematics.
Many authors had paid great attention in developing different methods for finding exact and/or approximate
solutions of such models [5-13] and the references therein.

Nonlinear evolution partial differential equations involving mixed partial derivatives appear in several
fields of science, physics and engineering. The important applications of these equations have obtained so
much interesting from many author scientists. Until now getting the exact or approximation solutions for the
most models of these equations have big problem. Solving these equations need some different methods. In
the recent period, many researchers mainly had paid attention to studying the solution of these equations by
using various methods [14-23]. The paper is devoted to solve some nonlinear evolution partial differential
equations involving mixed partial derivatives by using a hybrid method combined the Laplace substitution
method (LS) and the variational iteration method (VIM).

The concept of LS [21] was proposed by Sujit Handibag and B. D. Karande in 2012. The method is based
on the application of the well-known Laplace transform. On the other hand, the VIM was developed by He
[24-27] for solving linear and nonlinear PDEs. The goal of this work is to extend the application of LS with
combination of VIM (LS-VIM) for solving nonlinear evolution PDEs involving mixed derivatives.

The rest of this paper is organized as follows. In Section 2, the brief description of the LS-VIM is given.
In Section 3, we apply the proposed method for solving NLPDES involving mixed partial derivatives. Finally,
the conclusions are given in Section 4.

Description of Method
Consider the following general form of NLPDE involving mixed derivatives with initial conditions

Lu(x,t) + Ru(x, t) + Nu(x,t) = A(x,t) ()
u(x,0) = f(x), u,(0,¢t) = g(t) )
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2
where L = % is a linear operator, Ru(x,t) is the remaining of linear operator, Nu(x,t) represents the

nonlinear operator, and £ (x, t) is the source term.

Then equation (1) can be written as:

%u(x, t) + Ru(x, t) + Nu(x,t) = A(x,t) 3)

Let% = U then replace it in equation (3) we get
z—Zu(x, t) + Ru(x, t) + Nu(x,t) = A(x,t) 4)

Taking Laplace transform with respect to x of both sides of equation (4) and apply the differentiation property
of Laplace transform, we get

L, [Z—Zu(x. t)] + L [Ru(x, )] + L [Nu(x, t)] = L [A(x,t)] (5)

[sU(s,t) —U(0,t)] + L, [Ru(x,t)] + L, [Nu(x,t)] = L, [A(x, )] (6)

Multiplying the both sides of equation (6) by > and substitution the initial conditions given in equation (2),
we get

[U(s, £)-: g(t)] + 2 Le[Ru(x, £)] + 5 L [Nu(x, )] = S L [A(x )] @)
Now, applying the inverse Laplace transform with respect to x of both sides of equation (7), yields
U(x,0) = [g(0)] - L' S Ly[Ru(x, 0] - 2L [NVulx, )] + L[4 )]} (®)

Re-substitute % = U in equation (8), we have

aWxt)
at

[g(B)] — L3 {; L Ru(x, )] - T L [Nu(x, ] +; L,[A(x )]} ©)

Now, by taking the Laplace transform of equation (9) with respect to t and Multiplying by§ , then using the
initial condition given in equation (2) and applying the inverse Laplace transform with respect to t , we get

u(e,§) = £ + L (1, |l8®)] - 1 L LdRu(x, 0] - L LV u(x, 0] + 1 L[4, 01}]) 10)
2

dxat

f(x)
2

dxat

Uyt (x, t) =

+ L1 lL [g(®] - L! {lL [Ru(x t)]—lL [MNu(x, t)] +1L [A(x t)]}
t s t g x s x 4 s X 4 s x )

(11)

Using correction function of the variation iteration method with Lagrange multiplier 2 = —1

U (8.0 = un(,0) = [} [yt 0) 2 ) = 2 L (1 [[8(0)] - 15 {2 LdRu(x, )] -

L Vu(x, £)] + 5 Ly[A(x, t)]}]) dxdt (12)

The solution of the given NLPDEs in equation (1) represented by equation (12) with correction function and
the solution u(x, t) is given by

u(x,t) = ’lll_zg u,(x,t) (13)

Application of the Proposed Method
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Example (3.1): [15] consider the following nonlinear partial differential equation which involving mixed
derivatives,

%u o\ 2 2
Pywyia (a) +us=e* (11)
subject to the initial condition

u(0,t)=t , u,(x,0)=0 (12)

with exact solution

u(x,t) = e*t (13)
ou

Let Pl U

03_?_ (U)? + u? = &* (14)

Taking Laplace transform with respect to t of both sides of equation (17) and apply the differentiation
property of Laplace transform, we get

Lo (57) = Lu(U)? + L,(u?) = Lee* (15)
(sU(x,s) —u(x,0)) — L,(U)? + L, (u?) = L,e* (16)
Dividing equation (19) by s and substitution the initial conditions given in equation (15), we have
(U(x, s) — %0) e E Lt(U)Z] +L(u?) = e 17
Now, applying the inverse Laplace transform with respect to t of both sides of equation (20), yields
U - L7 L) + L [F L )] = et (18)

Go back to Z—Z =U
au 11 au\2 1Mt
g [;L, (Z) ] L L) = et (19)

Taking Laplace transform with respect to x of both sides of equation (22) and apply the differentiation
property of Laplace transform, we get

2
su(s,t) —u(0,t) — L, {L;l [%Lt (3—:) ]} +L, (L;1 E Lt(uz)]) = L (e*t) (20)
Dividing both sides of equation (23) by s and substitution the initial conditions given in equation (15), yields
w\ 2
u(s,t) —>t—1L, {L;1 ELt (‘;—x) ]} +3L, (L;l E Lt(uZ)D = 2L, (e*t) (1)

Applying the inverse Laplace transform with respect to x of both sides of equation (24), we get

u(x,t) — t — L1 (%Lx {L;1 ELt (3—';)2]}) + L1 GL,, (L ELt(uZ)m —et—t 22)
ux, t) = L1 (%Lx {L;l ELt (3—2)2]}) -t (%Lx (L[5 Lt(uZ)D) + et (23)
Now,

) = 22 (1 f s ] - 22 e o ] ) o
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sl (o f e T ) ol (s B oo

Using correction functionand A = —1
16 8) = ) — 7 fi (e 0 — 2 (2, fre [ ()] +

(s (g, (1 [, - e ) s

(24)

When n = 0 and uy(x, t) = e*t, we have

uq(x,t) = up(x, t) — f(j‘ fot ((uo)xt(x, t)—-— [L ( { [ L (%)z]})] .
%{L;l (% Ly (Lt_l E Lt(uoz)]))} —e* dxdt)

(25)

u(x,t) = et — fox fot( — [L ( {Lt_l E L,(e%*t?) ]})] n

T {1 (3L (1 L e)]) )} - e dxae)

(26)

u,(x, t) = e*t n

Equation (30) represents the exact solution.

Note that this example cannot be solved by LS because the equation (14) is not linear, i.e. Ru(x,t) # 0,
the term u(x, t) appears in the both sides of the equation and cannot be combined in a single side. The
proposed LS-VIM overcomes this limitation efficiently. The exact solution of the given equation is obtained
in one iteration, while it was obtained after substituting all values of u,, (x, t) by using the method of Laplace
substitution combined with the Adomian decomposition method [15].

Example (3.2): [22] consider the following nonlinear partial differential equation which involving mixed
derivatives,

%u

ﬁ + + u= 6x t (28)

subject to the initial conditions u(x,0)=1, u(0,t)=t, u,(0,t) = 0. (29)

with exact solution u (x,t) = 1 — tx + t2x3. (30)
ou __

Let i U

W L% u=6x2

ax+ax+u—6xt (31)

Taking Laplace transform with respect to x of both sides of equation (35) and apply the differentiation
property of Laplace transform, we get

L, ("") +L, ( %) + Le(u) = Ly(62%¢) (32)
sU(s,£) — U(0,8) + su(s, t) —u(0,) + Ly (u) = (33)

Dividing equation (37) by s and substitution the initial conditions given in equation (33), we have
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UGs,t) = 0+ u(s,t) — <t +- Ly(u) = 5 (34)
Now, applying the inverse Laplace transform with respect to x of both sides of equation (38), yields

a _ 12

2puo - e+ L (CL) = 12 () (35)
X4 ux,t) — t+ Lt (1 Lx(u)) = 2tx3 (36)

Taking Laplace transform with respect to t of both sides of equation (40) and apply the differentiation
property of Laplace transform, we get

u(,s) 1 + 1L (u(x ) - 1(5) +1 Lt< HE x(u))) =11,@ex%) 37
Applying the inverse Laplace transform with respect to t of both sides of equation (41), we get

u(x,t) —1 + L (%Lt(u(x, t))) R ( Lt< ( x(u)))) = 253 (38)
w(x,t) = 1— ;1 (%Lt(u(x, t))) oo ( Lt< ( x(u)))) + 223 (39)

T 1) = 2= 2 ) = - e (e 0) - Tt (2 (17 () 4
(40)

Now using correction functionand A = —1

tnar (%, ) = (3, 6) — ff((un)xt(x 0 + g1 (2L ) )| +

a2 _ 1 (1

2ot (1 () ) - o o
(41)

Taking n=0 and Uy = 1.

w; (x,t) = ug(x,t) — ;) Jy ((uo)xt(x t) + L (iLt(uo(x. t)))] +

axat
1 _ 1
ﬁl’t 1 (;Lt (Lxl <;Lx(u0))>) — 6tx? dth>
(42)
u,(x,6) = 1— [ (0 + 0 + 1 — 6tx? dxdt) (43)
2
u(x,t) =1- f f (6x6t ﬁ “ (xt) — 6tx dxdt) (44)
u,(x,6) = 1- [ [[(1 - 6tx? dxdt) (45)
u.(x,t) = 1 — tx + t>x® which is the exact solution u(x, t). (46)

The exact solution was obtained after two iterations by using other existing methods such as Laplace
substation method, the Adomian decomposition method, and the homotopy perturbation method [22].
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Example (3.3): [23] consider the nonlinear partial differential equation which involving mixed derivatives
U, +u=0 47)

with exact solution

u(x,t) = cosh(x — t) (48)

subject to the initial conditions

u(x,0) = cosh(x), u,(0,t) =sinh(t). (49)
du __

Let P U

Ztu=0 (50)

Taking Laplace transform with respect to x of both sides of equation (54) and apply the differentiation
property of Laplace transform, we get

sU(s,6) - U0,8) +L,(u) =0 (51)

Dividing equation (55) by s and substitution the initial conditions given in equation (53), we have

U(s,t) — Zsinh (t) + < L,(u) = 0 (52)
Now, applying the inverse Laplace transform with respect to x of both sides of equation (56), yields

U(x, ) - sinh (1) + L [ L,w)| = 0 (53)
du . 11

5 (6 t) —sinh () + Lt [; Lx(u)] =0 (54)

Applying the inverse Laplace transform with respect to t of both sides of equation (58), we get
su(x,s) — u(x,0) — sinh (t) + L, [L;l E Lx(u)” =0 (55)
Dividing equation (59) by s and substitution the initial conditions given in equation (53), we have
1 1 . 1,11
u(x,s) — ~cosh (x) — ;Lt[smh ®] + N [Lx [;Lx(u)” =0 (56)

Now, applying the inverse Laplace transform with respect to t of both sides of equation (60), we get

u(x,t) — cosh(x) —cosh(®)—1+1L;* [% L, [L; ! E Lx(u)” =0 (57)
u(x,t) = [cosh(x) +cosh(t) +1— L;! [}Lt [L;1 E Lx(u)]] (58)
2% = sinh(t) - XL [iLt [L;1 ELx(u)]] (59)
=i [iLt |t ELx(u)]]] (60
St gt [ Pl < o ®

Using correction functionand 1 = -1,
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U1 (0, 8) = w0, 8) = [ fo ((un)xt(x 0+ 28| [1 L, [L E Lx<u,.)]]] dxdt) (62)
Now taking n = 0 and u, = cosh(x) + cosh(t) — 1

wy(6,0) = uo(x,0) - [ J} ((u(,)xt(x B+ 2u ) [iLt |12 [ o) dxdt) (63)
u4(x,t) = cosh(x) + cosh(t) — 1 —%(—e‘xt +e*t—e'x + e'x — 2tx) (64)
u (x,t) = cosh(x — t) (65)
ul(x! t) = u(x, t) (66)

Note that the exact solution of equation (51) was obtained in u, by using multi-Laplace transform method
[23] comparing to the proposed LS-VIM.

Example (3.4): [20] Let us consider the nonlinear equation which reads

2
Uy — Uy + (u?)x =0 (67)
with the initial conditions u(x,0) = x, u,(0,t) =0 (68)
and xt(O t) m (69)
The exact solution u(x,t) = 1—+t —0 < x <0 t=>0 (70)

Let a—” = U, then
a%u u? _
U—W+(?)x—0 (71)

Taking Laplace transform with respect to x of the both sides of equation (75) and apply the differentiation
property of Laplace transform, we get

L(0) — L (2 + L. (% ) =0 (72)
L(U) - [s20(s,0) + o] + Lo (%) = (73)
"(U) u(s ) + 5 2 (1+t)2 + slzl‘x (uz_z)x ol (74)

Now, applying the inverse Laplace transform with respect to x of both sides of equation (78), yields

L_ [512 L (?;;)] - 3_1: + [(1:1‘)2] + L;l SlzLx (uz_z)x] =0 (75)

Applying the inverse Laplace transform with respect to t of both sides of equation (79), we get

L [L;l 1Lx(z—‘t‘)”—(su(x,s)—u(x,O))+Lt [(1+t)2]+Lt [L 2L (5 )J]:o (76)

1 e (3] - i) 2 4 ] 2 1 [ (5) ]| = o @

Now, applying the inverse Laplace transform with respect to t of both sides of equation (81), we get
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[ e ) - o -0+ e (f [ (€) ]]) =0 @
G0 =1 P12 [ ) e (e e (5, 9
)= gt (a1 e G+ (o e ()] )

By substituting in the correction function and using Lagrange multiplier A = —1 also continuing by selecting
Uy = x —xt

U1 (0,0 = u, (0, 0) = [0 [o t + xt? dxdt (81)

Taking ug(x,t) =x —xtandn =0

2 2:3
u(x,t) =x—xt+%+% (82)

Table (1) shows the results of u, (x, t) obtained by using LS-VIM comparing to the Exact solution and the
other existing methods such as VIM, and HPM, while table (2) showing the absolute error for LS-VIM, VIM,
and HPM compared to the exact solution. Figure (1) depicts the results of u, obtained by the proposed LS-
VIM, the exact solution, the VIM, and the HPM when t = 0.1.

Table (1) The results of u, obtained by LS-VIM comparing to the exact solution, the VIM, and the HPM
when t = 0.1.

« Exact LS-VIM VIM HPM
Ul Ul U1
0.1 0.091 0.091 0.09 -0.021
0.2 0.182 0.181 0.18 -0.04
0.3 0.273 0.272 0.27 -0.06
0.4 0.364 0.362 0.36 -0.08
0.5 0.455 0.453 0.45 -.105

M Exact
H LS-VIM
VIM

H HPM

Figure (1) The result of u; obtained by LS-VIM, the exact solution , the VIM, and the HPM when t = 0.1
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Table (2) The absolute error of solution u, (x, t) by using the LS-VIM, the VIM, and the HPM at the values
of x and t used in table (1).

Error of LS-VIM Error of VIM Error of HPM
0 0.01 0.112

0.001 0.002 0.222

0.001 0.003 0.333

0.002 0.004 0.444

0.002 0.005 0.56

Conclusions

The combined form of the Laplace substitution method together with the variational iteration method
presented in this paper has been successfully implemented to solve nonlinear evolution partial differential
equations including mixed derivatives. Illustrative examples show the efficiency of the proposed method
throughout getting the exact and/or the numerical solutions from the first iteration. The method gives accurate
results comparing with some of the existing techniques such as the variational iteration method and the
homotopy perturbation method, as shown in table (1), and it is capable to solve several different types of
nonlinear partial differential equations including mixed derivatives.
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