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Abstract:

This paper proposed a new fuzzy transform that based on Aboodh transform and using this new fuzzy transform to
calculate the exact solutions of first order fuzzy differential equations. To explain this approach, a related theorems
and properties are proved in detail associated with some examples. In addition, this approach has been applied on
physical application of an electrical circuit system.
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Introduction:

In the last decades, fuzzy differential equations have been used in many fields due to their numerous and
important applications in a wide range of fields. In order to keep pace with the rapid development and
progress in the field of fuzzy differential equations, we presented this paper that contains a new method
for solving this type of equations, and our research will be limited to solving fuzzy differential equations
of the first order. Fuzzy derivative was first introduced by Chang and Zadeh (1972) [1], then the concept
of fuzzy differential equations was introduced by Kandel and Byatt (1978-1980) [2], after a while over
time, the method of numerical solution was introduced for solving fuzzy differential equations by
Abbasbandy and Allahviranloo (2002) [3]. Seikkala (1987) defined the fuzzy derivative which is a
generalization of the Hukuhara derivative [4]. Generalized differential is strongly introduced in Bede and
Gal (2005) [5] and studied by Bede et al (2006) [6]. This paper will construct a new fuzzy transform
based on Aboodh transform, which for solving this type of equations and a circuit system is showed as an
application for this technique.

Definition 1 [7]
A fuzzy number in parametric form is an ordered pair(s,s) of functions s (x), s (x) , k € [0,1],which
satisfies the following requirements:

e s (x)is a bounded non-decreasing, right Continuous at 0 and left continuous function in (0,1].

e 5 (x) isabounded non- increasing, right Continuous at 0 and left continuous function in (0,1].

e s(k)<s(x) ,xk€[0,1].

Definition 2 [8]
Let n and ¢ are fuzzy numbers, where n = (n (¥),1 (), = (¢ (), 7(x),0<x<1 and o >0 we
define
« Addition @7 = (n () + (0,7 () + ().
e Subtraction N0 ¢=00) =30, () =)
(an, on ,a=0 }

e Scalar multiplication oa®n =
P " {(aﬁ,an),a<0

Definition 3 [9]
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Let n and ¢ are fuzzy numbers then the distance between fuzzy numbers in the Hausdorff is given by
I': Re X Re = [0, +oo],where K¢ be the set of all fuzzy numbers on R:

(M9 = supgepo,y max{|n () =3 (O], [ 60 =T (9| Jwhere 1 = (0 (0,7 ()3 = (§ (), ())
and (R, T') is a complete metric space and following properties are well known:

e I'(MBW, Bw) =TM,0,Yn,{w€E R¢.

e I'(xON,KOT) =|k|T(M,),VN,,E R,k ER.

e I(MBPW,®V)<T(M,) +T'(w,v),Vn,{,w,vER.

Definition 4 [6]

Suppose thatx,y € R¢. If there exists z € R; such that x = y + zthen z is called the H-differential of
xandy and it is denoted by x © y.

Note that in this work, the sign © always meant the H-difference aswellasx © y # x + (—1)y .

Definition 5 [10]
Let continuous fuzzy - valued functionv: (a,b): — R¢ and x, € (a,b) . We say that a mapping v is
strongly generalized differentiable at x, if there exists an element v (x,) € R, such that

i.  Forall T > 0 sufficiently small, 3u(xy, + 1) © V(X ), V(Xy ) B v(xy — T),

where lim Yo tDOV&Ee) _ i VEo)OV(e —D) V' (Xo)
0 T T—0 T

or
ii.  Forall t> 0 sufficiently small, 3u(xy) S v(xy + 1),v(xg —T) S V(Xp )

where lim 230)S0C0 +D -y D00 TDOV) iy
0 T T—0 T
or

iii.  Forall T > 0 sufficiently small, Ju(xy + 1) © vV(Xg), V(Xy — T) B V(Xg)

where !%w = l%w — U\(XO),
or

iv.  Forall t> 0 sufficiently small, 3u(xy) © v(xq + 1), V(X0) © V(X9 — T)
V(X0)OV(Xp+T) _ .. V(X)Ou(Xe—-T) _ -~
————— = lim ————— = v (X()-

where lim
T—0 —-T —0 T

Theorem 1 [11]
Assume that T': [a, b] — [0,1], be a function such that [T'(y)]. = [V, V), (¥)] for each we [0,1]. Then:
(i) If I is differentiable of the first form (i), then v,, and m, are differentiable functions and

M'Mle = '), T(M].

(if) If Fis differentiable of the second form (ii), then f, and g, are differentiable functions and

Mo = [T'(m,v'()]

Theorem 2 [12]
Let v(x) be a fuzzy valued function on [a, o) represented by((v(x, k),v(x,k)) .For any fixed x € [0,1] ,
let (u(x,%),0(x,k) are Riemann-integrals on [a, b]. For every b >a, if there exists two positive functions
M(x) and M(x) such that[.’| u(x,19)|dx <M(x) and [.’| 5(x k) |dx < M(x) for every b >a, then v(x) is
said to be improper fuzzy Riemann-Liouville integrals function on [a,), i.e.

Lo dx =[x ©)dx, [ 0(x, k)dx].

Definition 6 [14]
Let u(x) be a fuzzy valued function on [a, b]. Suppose that v(x, k) and v(x, k) are improper Riemman-

integrable on [a, b], then v(x) is an improper on [a, b] and (ffu(r,lc)dr) = (f;u(r,}c)dr),
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(P ot dy) = () o(nd).

Definition 7 [14]
If v :(a,b) — R¢ is a continuous fuzzy valued function, then m(x) = fju(r)d‘r is differentiable with
derivative
m'(X) =u(x) .
Theorem 3 [15]
Let u(x): [a,b] — R be a function and denote v(x) = ((u(x, k),v(x,x)) for each x € [0,1] . Then:

e If v is differentiable of the first form (i), then (v(x, k) and v(x, k) are differentiable functions

and
V(0= (VX K), U (%K) .

e If v is differentiable of the second form (ii), then v(x, x) and v(x,x) are differentiable functions
and v (x) = (V' (%1),V (%K) .

Definition 8 [16]

Consider functions in the set H defined by H = {u(x):3I M,, k1, k; > 0, [u(x)| < Me™5*}, for a given
function in the set H, the constant M must be finite number, k,, x, may be finite or infinite. The Aboodh
transform denoted by the operator A and defined by the integral equations

Au(x)] = H(s) = %fowu(x)e‘sxdx ,X = 0,x; < s < x,, the variable s in this transform is used to
factor the variable x in the argument of the function v .

Theorem 4 [17]
Let v(x) is a continuous function in [0, k] and A[u(x)] = H(s),then
e Au(ax)] = %H G) , for any constant a.
e For any functions v(x) and mt(x) and any constants a, b then:
Alav(x) + b n(x)] = a(A[v(x)]) + b(A[(x)])
e AQME]= s"H(s) - TIh S
 IFAE)] = H(s) and L{u(x)] = F(s), then H(s) = £ F(s)
Where F(s)is Laplace transformation of v(x).

Definition 9
Let v(x) be a continuous fuzzy-valued function. Suppose that iu(x)e‘SX is an improper fuzzy Rimann-

integrable on [0, o), then %fom
Alv(®)] = ifooou(x)e‘sx dx, (s > 0 and integer). For theorem (2),we have.

Iy uee ™ dx = (3 ;7 vl e dx s [ B(x e dx) .

Using the definition of classical Aboodh transform, we have.
Au(x )] = ifooo v(x,K)e S¥dx and A[V(x, k)] = gfooo U (%, K)e X dx ,then

Av()] = (Afux 9], ALV, 1) -

v(x)e~*dx is called fuzzy Aboodh transform and it is denoted by

Definition 10
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The integral transform A[u(x)] = = f v(x)e *dx is said to be absolutely convergent integral if

= 11m f [u(x)e™S*dx| exists, that is mean:

; 11m f lu(x, K)e™*dx| and = llm f [0(x, k)e~SXdx| are exist.

X—00

Theorem 5

Let u(x), m(x) be continuous fuzzy-valued functions assume that c; and c, are constants then
@ Alc;v(®)] = c;Alv(®)] .
(b) Alc; (V) Bez ()] = AL E]BCA()]

Proof
(@ _ _
. _ 1 1 _
Alc;u(®)] = (A[c1 u(x, K)],A[Clv(X, K] = (—f ¢, u(x, K)e X dx,—f c1 V(% k)e S* dx)
0
= (?1 u(x, K)e ¥ dx, —J v(x,K)e ¥ dx) = c;(— f v(x, K)e 3*dx, 1f v(x, K)e 3* dx)
0
K[U(X)]
(b)

Suppose v(x) = (L(x, k), V(x,K)), Tt(x) = (T(x, K), T(x, ¥)
Ale;(v(X®)Bcy ()] = (A, L& K) + ¢ (m(x, )], Al ﬁ(x,;f) + ¢, T(x,1)])

1 1
= (gf e SX ( V(X ) + com(x, K)) ,gf e ¥ (cl v(x,x) + (X, K)))

0 0
17 17 10 _ 17 _
= (;J e ¥ cu(x, k) + gf e X c,m(x,K)), (gf e SXc, u(x,x) + gf e ¥ c,m(X,K))
0 0 0 0

= ( %fooo e X c;u(x, ), 2 fooo e SXc; U(x, K)) +
(LJy e com(x 1), f e T(x, 1))
=c (%fooo e S¥y(x, K),ifooo e™SX U(x, K)) +
(2 e 10,2 f)7 e T (x19)
= A (g(x, K), (X, K)) + c,A (E(X, K), (X, K))
= 1A LRI coA [n()]

Theorem 6
Let u(x) is the primitive of u (x) on [0, ) and p(x) be an integrable fuzzy-valued function then

a) if pis (i)-differentiable then A[u (x) | = sA[u(x)] © iu(O) .

b) if wis (ii)-differentiable then A[u (x) | = (—iu(O)) O (-sA[px)] .
Proof (a)
For arbitrary fixed k € [0,1]
SALUGO] © 71(0) = (sA [ 1 (%10 = 7 p(0, 10, SALR (%, 101 — 3 T(0,10)
Since
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sA[E (%, K)] —% 1(0,x) = A[E(x, K) ] and sA[ 1 (x,x)] —% 10,x) =A [E (%, K)]

ALe]=@[reo]. Al @)

sAlGO] © ;u(0) = A | W], Al ]

Al ] = sAlux)] ©<u(0).

Proof (b)

(=3 1(0) © (=sAM()] = (— (O, 1) + (~sA[AC6 ], — 7 (0,10 + (~sA [n(x W)

Since (—EE(O, k) + (—sAlux, )] =A [E (%, K)] and (—%E(O, K)) + (—sA [E(X, K)] = A[E(X, K) ]

ALe ] =@ &o]alke])

(=$1(0) © (—sAnX)] = A1 0|, A[ K 0)])

Al ] = (—<n0)) © (~sAlE)] .

Example 1

Consider a fuzzy initial value problem v (x) = v(x), v(0,x) = (k— 1,1 — ), 0<k<1.
Solution:

Using fuzzy Aboodh transform on both sides, to get

A[U\(X)] =Av®)].

Case (1)

v(x) be (i)-differentiable ,

A (@] =sAvE] © £v(0) ,AE)] = sAuE)] © su(0)

Using upper and lower functions, to have

A[g (%, K)] = SA[Q (%, K)] —§ v(0,%) , A[V (x,¥)] = sA[V (x,Kx)] —§ v(0,x)
sA[g (%, K)] - A[g (%, K)] = § v(0,x),sA[V (x,K)] —A[V (x,¥)] = § v(0,x)
Alv 9] = 1) = £ v(0,1) , A[T (% 1)](s — 1) = £ (0, %)

Al (9] = 5= 00,1, ALT (%9 = 5 5(0,1)
[0 0] = A= |u0,9, [B (x10] = A 5
v(x,K) =(k—-1eX5v (K =1 —-Kke*.

10(0,%)

Case (2)
v(x) be (ii)-differentiable,

Ay 9] = (—(0)) © (~sAl(9] Alu(9] = (~<v(0)) © (~sAR()

Using upper and lower functions, to have

A[D (x,1)] = —% v(0,K) +sA[ v (x W], Alv(x K] = —% 0(0,x) + sA[ U (x, k)]
AV (x,K)] = —% (k— 1) +sA[v x| AlvxK)]= —% (1—x) +sA[V (x,%)]
Using Cramer's rule to get

Alv(x,K)] =1 —-x)

+(x-1)

Alv &) = (c— 1)

+(1-x)

s3—s s2—1" s3—s s2—1
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B (%10 = (1— 1A [ﬁ] + - DA 5| w &

1
= (k- 1)A_1[m] +(1 - K)A‘1[52 — 1]
U (x,k) = (1 —x)(sinhx — coshx),v (x,x) = (k—1) (sinhx — coshx) .

Example 2 (Application of A-transform of first-order differential equation)

Consider an RL circuit with R =10,L = 2,E, = 0 Suppose that the initial charge on the capacitor is
1(0,k) =(k—1,1—x),0 <k <1.Findthe charge I(t) fort > 0.

Solution:

e
A48
L]

ULy

1@

T

LI (t) + RI(t) = Eo, 21 (t) + 10I(t) = 0

Using fuzzy Aboodh transform on both sides, to get
Al21 (t) + 101(t) | = A[0], 2A[1 (t) | + 10A[I(D ] = 0.
Case (1)

I(t) be (i)-differentiable

Al ®] =sAl®] © <1(0)

Using upper and lower functions, to have
1 - 1- -
sA[l (6 ®)] - 51(0, K) + 5A[I (6 x)] =0,sA[1(t W] — EI(O' K) + 5A[I(tx)] =0

1 - 1
Al W](s+5) = E(K -DA[I(tW](s+5) = g(l )

_ 1 - B 1
All(tw] = GrY (x—1D,A[l (4] = Gro) (1-x)
J— 1 T J—
A[l (t, K)] = m (K - 1),A[I (t, K)] = m(l - K)
1(tx) = (k—1e LT (tk) = (1 —K)e St.
Case (2)

I(t) be (ii)-differentiable:
Al ® ] = (—<1(0) © (—sAl®)]

Using upper and lower functions, to have
1 - - 1._
sA[I (t W] — ;1(0, K) + 5A[I (6 )] = 0,sA[ T (t K] — ;I(O, K) +5A[I (6 )] =0

_ 1 - 1
sA[I(t )] + 5A[I (L w)] = ;(K —1),sA[ 1 (t®)] +5A[l (£ ®)] = S (1-%)
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Using Cramer's rule to get

A[l(th)] = (K_ 1)

1 5 1 5

52—25_(1_K)s3—253 ’A[I(t’K)] =(1_K)sz—25_(K_1)s3—255

I (t,x) = (k — 1)( cosh5t + sinh5t),1 (t,%x) = (1 — k)(cosh5t + sinh5t) .

Conclusion:
The main aim of the paper is to solve first -order linear fuzzy differential equations using proposed fuzzy
Aboodh transform. Two numerical examples are given to illustrate the efficiency of the proposed method.
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