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1. Introduction

Let us consider the following equation.

w(®) =up + @) hy+ 5 Jy (¢ = ) [Au(s) + g()]ds + o fy (6 =)L [F(s, B(s)u(s) +

b(s)h, ]ds , 1)
where 0 < a < 1,0 < y; < 1, uq and hyare given elements in Banach space E, A is a linear closed

operator defined on a dense set S1 < E and with values in E, g(.) is a map defined on the closed interval [0, T]
and with valuesin E , T > 0, b is a real function defined on J,

_ t@-o-y) 0 <1

o) = rereEmyvet <y <

14

h2=zciu(ti), 0<t; <t <--<t, <T,

i=1

C1; .. 5 Cp are real numbers, B(t) , t € Jis a family of linear closed operators defined on S2 > S1, Fis
map defined on J x E and with values in E . It is assumed that F satisfies the following Lipchitz condition

|F(t2, Vo) — F(t, VDIl < Mt — t4| + IV, — V4l ) 2
forallt,, t;, € J, V;,V, € E, where M is a positive constant and | . || is the norm in E .It is supposed that

the operator A generates 8 — times integrated semi groups Q(t):t = 0, where Q(t): t € [0,1) is a family of linear
bounded operators on E to E , with the following properties:

(1) Q(¢) is strongly continuous on [0; 1) ,
(I1) There exist positive constants, M, and M, such that
I Q(®) < Mye™et|, t=0

The interval [M,, ) is contained in the resolvent of A and (A —A)~* = A# f0°° forall A > M, where I is
the identity operator definedon E,0 < 8 < 1,

() 1AQ(0)RIl < Zlikll  foralle > 0, h € E,
(V) IB(&)Q(t)RI < Gl hll t; € ], 6,>0,0 <8 <1, h€E,

(V) B@)he (), for every h € S, , where Cg(J) is the set of all continuous functions f on J , with
respect to the norm in E such that f(t)eS  for every t €]
Notice that Q (t)h satisfies the following representation:

tPn
r(1+p)

Q(Oh = + [, Q(s)Ahds | h € Sy, ®3)
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(See [1],[2].[3].[4].[5])

In section 2 , we shall study a special case, when (¢, B(t)u(t)) = 0, (the zero element in E) and b(t) =0 . In
section 3, we shall solve the general nonlinear case. Some properties are also studied under suitable conditions.
The results in this paper can be considered as a generalization of our previous results in ([4],[5]). There are many
important applications of the nonlocal Cauchy problems for Hilfer fractional differential equations with integrated
semi groups, (see [6],[71,[8],[9],[10],[11].[22],[13],[24]).

(Times New Roman 10)
2. Strong solutions
Consider the following linear fractional Hilfer abstract differential equation

w(t) = Uy + P(Ohy + s [ (£ = ) [Au(s) + g()]ds. @

Equation (4) can be written in the form

u(®) = o + @Oy + 75 [y (¢ = )77 [Au(s) + g2 ()]ds + o mg(O) ®)
where g,(t) = g(t) — g(0). Consequently,
u(t) = tra )f (t — )™ g3(s)ds, (6)
Where
92(0) = (—aﬁ) & €= autoas
- 7“1 > fo (t — )% g, (s)ds
g3(t) = g2(t) + d1(Duy + ¢, (t)g(0)
T +y)tren
PO = TG =7
t=
¢, (t) = rd—ap) )
Y1 =af + a,

r2=0-a)-y),

ys=y(l-a)+a,

Itissupposed that af < y,.Thusy, —y; + a > 0,aB8 + a < 1.

Theorem 2.1 Suppose that dgd;t(t) €Cs,(J), g€Cs (E)ifug,Auq,hy €Sy, then there exists a unique
function u € Cs, (J) such that u satisfies equation (4)

Proof: It easy to get from (6):

u*(s) = s¥ (% — A)uy + s (s — A) 71 g*(s), @)

Where u*(s) and g*(s) are the Laplace transform of u(t) and g5 (t) respectively. From (7) and property (3),
one gets:

w(s) = "7 [7e B Q(Dugdt + [ e QD) g7 (s)dt (8)
From (3):
Q(0)h =0, foreveryh € S5;. 9

Using the results in [4], we get from (8), (9) and the simple facts about the Laplace transform of fraction of
derivatives, the following representation
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u(t) = 25 [ £(0)Q(t%0)uodd + [ [ af(t — D)1 £,(0)Q((t — 1)*0)gs(t)dodr  (10)

Where &, (t) is a probability function defined on (0, c0) and satisfies the following identity:

Iy %5€,(6)d6 = Eq(s), (1)

Where E,(s) is the Mittag-Loffler function defined by

s/
)= ) v ap

Using (3) and (10), we get

u(t) = V1 (O, + f, Y2t — Dgs(D)dr, (12)
where
=1+ F(1iaﬁ) fotr_aﬁlpz (t — 1)Adr,

Y, (t) = [ abt™E,(6)Q(t6)ds.
From property Il and (11), we can find a constant M > 0, such that,
lu(®) = uoll < Me“@=P[llg(O)I + lAugll] + Me¥2=Y1+e luy |
(See [[15]-[22]]). Itis clear from (12) that u € C5, (J) .
3. Nonlinear equations

Consider the following equation:

1t .
u(®) = o + 9O + s [ (€= 974U + g(0)]ds
+ %ﬁ) [yt = )" [F (s, B(s)u(s)) + b(s)h,]ds (13)

We can write (13) in the form

u(t) = ug + % Jy (t = )% Au(s)ds + %y) Jy @t =) F (s, B()u(s)) + b(s)hy + gs(s)]ds ~ (14)

Set:
V() = F(t, B@®u(t,)) + b(t)h, (15)

Thus we can write formally:

u(t) =¥, (Do + [, Yo (t — D)[gs(0) + V(D)ldr (16)
If equation (15) has a solution V € Cg(J), we call formula (16) a mild solution of equation (13).

Notice that
p

h, = Z ¥ (t)Huy + Zp: Ci ftilpz(ti -V (t)dr + zp: Ci ftikpz(ti —1)gs(t)dr. a7n
i=1 0 i=1 0

i=1
Theorem 3.1 Equation (13) has a unique mild solution

Proof: Let us prove the uniqueness of the mild solution. Let u; and u, be two mild solutions of equation (13)
and
p
h©) = F (6 BOw®) + Y cyt),  j=12 (18)
i=1

From properties (2), (5) and (2), (16), (17), (18) one can find a constant M > 0 such that
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uwm—n@m<MZmJ(wwVWMﬂ—w@MHWJ@—nﬂWMﬂ—nmwra%

i=1

Where Ya=a(l — &)
Let

H = max [e™IVi(t) — V2(Oll]
whered > 0

t—l t
1
e’ dr +Hf e’ (t — Ty ldr <( )V4 [1 +y —]He?**
= 4
7

t
[ - o=@ - n@ilar < 2o
0

(20)

LI t p
> [ led [t =net i@ - vaollde < ZWM”“' Hel" (21)
i=17° 0 =

From (19), (20), (21), we get

e V() — V@)l < (_)74[1 +_] [1+ Z |c;| e2T-25]

i=1

For sufficiently large A, one gets

Ly 1
(I) [ +ﬁ]<_

Now if ¥F_.lc;| < e . we get

1
Where c € (0, 5).
Thus
H =max [e7[IV(t) = Va(@)ll] =0

(See [23]-[30]).

To prove the existence, we define a sequence {V, (t)} where

Vewr(8) = F(t, B(Duy(0)) + Z g (t), k=12 ...

i=1

So

Viesa (6 = Vie @Il < MZIQI[ (t = O HIVi () = Vi1 (O)ldt

i=1
t
+Mf(n—o%wway—mﬂamm
0
where M > 0is a constant. Thus
max [e ™ [Vis () = V@Ol < ¢ max [e V() = Vieea (O]

By induction, one gets

max [e |Viers (©) = Ve (OII] < * max EaalAGERAG]

Where V, (t) is the zero approximation, which can be taken the zero element in E.
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Thus Yro [Vis1(8) = Vi (®)|| uniformly converges on J. Thus the sequence V. q(t) = Ypeo(Vis1 () —
Vi (t)) is uniformly convergent to an element Cz(J) .

Consequently u € Cg(J). Where

ut) = ¥ (Ouy + fwz(t—r)V(t)dHf W, (t — 1) gs(t)dt
0 0

Hence the required result.

Let us prove now the stability of solutions. Consider the following equations

9,() = Lft(tt —5)*7149,(s)ds + ! ft(t — )Y F (s, B(S)un(s)) + b(s)hyn|ds
@l " (1) Jo e o
75 Jo (€ = )" gsn(s)ds (22)
Where

Up () = up(t) — Upp
hon = XL ci0n(t)

p
gSn(t) = an(t) + ¢2(t)gn(0) + ¢2 (t)Auon + ¢1(t)h1n + (b(t) Z Ci) Uon

i=1

— 1 t _ —aﬁdgln(s)
Ion(®) = oo [y (¢ — )76 4022,

91n(t) = gn(®) — g(0),

9.(0) = [y Vo (t =DV @dr + [[ Vot~ Dgsn(Ddr  (23)

Where

Va(t) = F(t, B(t)un(t)) + b(t)hzy (24)

Theorem 3.2 Suppose that the sequence dd% € Cg(J) uniformly converges on J to % € Cg(J) . Suppose also
that the sequences {u,,, € E}, {Bu,, € E}, {Au,, € E}and {h;, € E} are convergent such that

lim u,, =u, €5;

n—oo

lim Bu,, = Bu, €E

n-oo

lim Au,, = Au, €E

n—oo
llm hln = h1 (S E
n—oco
Then the sequence u,, € Cx(J) of mild solutions of equation (22) uniformly converges on J to the mild solution
{u € Cx(J)} of equation (13)
Proof: From (4), (23) and (24), one gets

t
V() — V(DI < M f (t = D" V(@) = U (@)l + M [[Bitgn, — Butgnl
0

P 4
wu Y el [ 6= 0 IR ® ~ @l

i=1

Where M > 0 is a constant. Since E is a complete space, it follows that for every &> 0, we can find a
positive integer N suchthat n > N, m > N implies

V. (@® = Va®Oll < (A = o)e

Since E is a complete space, it follows that the sequence { V, (t) } is uniformly convergent onj . From (23),
we find that the sequence 9,,(t) € Cgz(J) is uniformly convergent . Hence the required result, comp [[31]-[34]].
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