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1. Introduction

Stochastic differential equation (SDEs) plays a vital role in many fields such as science, economics, finance,
population dynamics, biology, mechanics etc. Many of the researcher ignored stochastic effects because of the
difficulty in solution [1]. A Stochastic Differential Equation is comprised of differential equation that includes at
least one of the stochastic process the resulting solution is also stochastic process.

A stochastic initial value problems of the form,

av(e) _
{T =fr@®.n, o [to, T] (1.1)
Y(to) = Yo

Here, the stochastic process f(Y (t), t) defined on the probability space (2, F, Q) and Yo is a random variable.
J.C. Cortes et al., proved that the numerical solution of random Euler method converges under some specific
condition even though the exact solution are not satisfied [2]. J.C. Cortes et al., proved that when the approximation
are far from the initial condition, the numerical results become worst [3]. Khodabin and Rostami proved that the
mean square convergence using random Runge-Kutta method and illustrated numerical examples using different
types of methods and obtained more accuracy results using suitable method [4].

2. Preliminaries

Definition 2.1: The density functionf;, of second order random variables is defined as
E[Z?] = J z%f7(2)dz < o

where E indicates the expectation and it allows all second order random variable Banach space L, with the
norm

Izl = JVE[Z2].

Definition 2.2: For each t, g (t) is the second order random stochastic process defined on a same probability
space (Q, F, Q). Then, the mean square limit in L takes the form,

q(t) = 7‘1(”?_‘1@, as At = 0.

t
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Definition 2.3: The mean square bounded function f: I-L> and h > 0, then the function f is mean square
modulus if,

w(f,h) = Supe—rusnllf @) — fFE, titx€l
Definition 2.4: The mean square uniformly continuous function fin I, if
}llil’(l) w(f,h)=0

Lemma 2.1: Let the sequence {X,} and {Yn} is second order mean square convergent to the two random
variable X, Y if

Xn— X and Y,—Y as n—oo, Then
lim E[X,,] = E[X] and lim Var[Y,] = Var[Y]

n—-oo n—-oo

Theorem 2.1: One Dimensional Ito Formula
Let U; be an Ito processes given by dU;= A dt + B dW; and f (t, X) e C2([0,:0)xR), then
Vi=f (t, Xy) is an Ito process then,
of of 19?2

dv, = E(t;Xt)dt + &(t.xt)dxt + Eﬁ(tle)(dBf)zdt

where (dX,)? = (dX,)(dX,) is determine, according to the rules

ds.ds = ds.dB;= dB;.ds=0, dB; .dB; = ds
Theorem 2.2:

Let Y (t) be a second order stochastic process which is mean square differentiable and continuous in I = [t,, T]
. Then there exists nel such that

Y () =Y (to) =Y (n) (t-to)
Theorem 2.3:

Let f (Y (1), t): R x I — Ly, where R is a bounded set. Then it satisfies the following condition

i.  The function f (Y, t) is randomly bounded uniformly continuous
ii. It satisfies the mean square Lipschitz condition, then

IfY, ) —fEZONI<k®OIY-ZI
where
Jy k(®)dt < oo.
Then (1.1) is mean square convergent of the random fourth order Runge Kutta Scheme.
3. Mean Square Convergence for RL Circuit

By fourth order random Runge-Kutta method
Xne1 = Xn+ =(ky +2ky + 2ks + ks), n=123,.... (3.1)

where

ky = hf (xp, ty)

k, h
k, = hf(Xn+?,tn+ E)
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=h (X + = k2 y i + h)
f 2 2
k4 =hf(X,, + ks, t, + h)

Let us consider the RL circuit with constant parameters:

{L O LRI = V() + aW(t) t € [0,2]

(3.2)
100) = I
Error: e, = I, — I(t) (3.3)
where, equation (3.2) is the solution of the fourth order stochastic process.
From Theorem 2.2,
lesall < leall + % [1fCut) = FOX(E) )] + 5 ||F (Xa + 20 +5) = FX (&), 8 | +
: || f (Xn +2,t, + Z) — F(x(te), tf)” + 2|l (X + ks, ta + h) = F(X(te) )| (3.4)

Using Theorem-2.2 & Theorem 2.3
I|f X, tn) fx(ge). e )| < K(tn)uenu N K (t,)Mh + w(h)
If X t) = F(X(22), ts M < 1 V() + altdW Elllenll + ZV (E) + alt)W(t)}+w(h)  (3.5)
h 3Mh h
”f (Xn + 7,tn E) — f(x(t), tf)” <K (tn +§) lleall + TK(tn +5) +w(h)

It 505~ 100 = o2 w3 e e
o [V (tn + g) ta (tn + g) w (tn + %)] +w(h) (3.6)

”f (Xn + % t, + g) — F(X(¢e), t;)” <K (tn + g) llell + #K (tn + g) +w(h)

I (a+ 2ot 45) = f ()| < 2 (1= )V (0 +5) +a(ta+ )W (60 + S lleall
2 f(1- ZhL) % (t + ) +a(ta + )W (6 +5)} + win) 3.7)
I fQn + ks, tn +h) — F(X(te) te) < K(tn + Plleyll + 2MRK (8, + h) + w(h)

1

I F X + ks, tn + 1) — F(X(te), 8 ) < T [V(tn + h) + alty, + W (t, + W)]llenll + 2M"{V(t +h)+

L

alt, + W, + B} + w(h) (3.8)

Substitute equation (3.5), (3.6), (3.7) & (3.8) in equation (3.4),

6L2

Jewrall < el [1 4500 + W) + (5= Z) 1 (6 )+ (e + 2w (14 )]+
h
2

LVt +h) + alty + Wt + W]+ 2 V() + altdW () + (M= L) v (6, +2) +
a (tn + g) w (tn + g)} + MS—ZZ{V(tn +h) +a(t, + DW(t, + B)} + hw(h) (3.9)
Setting
= [1+ W) +altdWt) + (2= )y (ta+ D)+ a(ta +2)w (6 +2)) +
LW (ta+h)+ a(tn + W (t, + )} (3.10)
b, < MG—ZZ{ V(t,) + a(t,)W(t,)} + (MT"Z - “:—if) V(tw+3)+ a(ta+s)w (e +5)}+
WV (b + ) + a(ty + DW (6, + B} + hw(h) (3.11)

Equation (3.10) has the following form,
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lepsill < aglleqll + b, n=0,1,2,.. (3.12)

By using the successive substitution of equation (13),
lensall < (Mo adlleoll + Xioo(ITfois1 )by n=10,1,2, ... (3.13)

Equation (3.11) can be rewrite as,

Moa; < exp [(n +1) i{V(ti) + a(t)W(t) + (% - 6L2) (V(t + ) ta (ti + g) w (ti + %)} +
Wt + B + alt; + Wt + ) (3.14)

By using Geometric Progression, equation (3.14) can be written as

B e ralt)w(tn)} + (%—%)[V(ti+g)+a(ti+§)W(ti+§)}+

Ly t+h)+altyrh)W(t+h))
Fvcnsaeomten + Gl

E{V(tL+h)+a(tL+h)W(ti+h)}

exp(n+1) -1

oMo ) < (3.15)

Substitute the equation (3.11), (3.14), (3.15) in equation (3.13), hence

B Wt +alt)W () + (%—%){V(ti+§)+a(ti+g)w(ti+g)}+ .

exp(n+1) A
a{V(ti+h)+a(ti+h)W(ti+h)}

lensall < X M (7 (t) + a(t)W (6)) +

B Wt +alt)wien)} + (%—%)[V(ti+§)+a(ti+§)w(ti+g)}+

L () +at+ D)W (L +h)}
Mh3

(M—h2 - —) {V (tn + g) +a (tn + g) w (tn + g)} + MS—T{V(tn +h) + a(t, + W, + )} + hw(h)(3.16)

L 412

By theorem 2.3, the inequality of equation (3.16), the sequence {en} is mean square convergent to zero as w
(h) -0, h—0.

4. Numerical Example

Consider the RL Circuit,

{ Ldl_(f) +RIL) =V()+ B)B() (4.1)

1(0) = I

Here, lp is an exponential random variable which is independent of W (t) with parameter X = % I(t) is the
current at time t, for each te[0,2] ,V(t) and B(t) indicates the non-randomized functions and intensity of noise at
timet, B(t) = d“t) and {(t) are the 1-dimensional white noise and Brownian motion.

By solving the equation (4.1) we have,

R Rt V(t)

eLdI(t) + e LI(t)dt = eTdt+ & eLdB(t) (4.2)
Assume g (t, x) and using Theorem-2.1, we get,
Rt R Rt Rt
d(et 1(1;)) = 2 eTI(t)dt + eTdI(t) (4.3)

By using equation (2) & equation (3),

I(t) = e_% [10 + %fot e%V(s)ds + %fot/}(s)e%dW(s)] (4.4)
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To find Mean & Variance:

ElI(®)] = e L [2+ f eLV(s)ds] (4.5)

t 2Rs

E[2(0)] = E[e & (4 +— f eT V() + = f B2(s)e T (AW (5))?
0

E[2(®)] = e L [4+—ftezfsﬂ (s)ds]
Var[I(t)] = E[I*(t)] — E[I1()]?
[Varl(t)] = e%m[4+L1—2 fotﬁz(s)esz ds (4.6)

Table 1. Expectation of Mean & Variance of | (t):
When R=1, L=1,and V(¢) = et a(t) = <=

t E[I()] Varl(®)
0 20000 4.0000
02 1.8387 26814
0.4 21391 1.7975
0.6 25872 1.2051
0.8 3.2556 0.8079
1.0 4.2528 0.5417
12 57404  0.3632
14 79507 0.2436
16 112704 0.1634
18 16.2095 0.1098
20 235778 0.0737

Using random Runge Kutta fourth order method,

1
In+1 = ITL + g(kl + 2k2 + 2k3 + k4)

where
= S I-RIQ) + V() + pew e
k, = }Ll —R (1 - —) I(t) — (V(tn) +BEIW () +V (tn + g) +B (tn + g) w (tn +
ks = % —R (1 —%+ %)Kt) + :Lzz [V(tn) + B(EIW (t,]
(1——)[ (60t )+B(t #5)W (e 3)
k, = %[—R (1 -— ) ) — 4L3 (V(t )+ a(t,)W(t,)

L 2L

By setting

1 hR+h2R h3R+h4R
=TT T 63 T 2art

h h  h? h3
by = —(1 ~ Tt o E) (V(t) + a(E)W ()

L 2I?

: %(H(l—%)z)(V(w 5 e 5w (e 5)

4 6_L(V(tn + 1) + alty, + DW(t, +h)

h

2

Research Article

h(1 - —) [V( 2) (tn + g) w (tn + g)] FV(t, +R) + alt, + DW(E, + )
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Inyy=al, + b, n=0,1,2..
where
L, = a'ly + Yta™ b, n=1,23,.... 4.7

The expectation of equation (4.7) is,

E[I]—2"+n_1 nei-1 (P 1-— h L V(t;) + h 1+(1 h)z V(t +h)+ th
nl = 2@ Zoa oL\ Tz 2 " a) W T3 2L ity) eV
i=

+ h))

Var[l,] = 4a®™ + Yo X1 a®* 772 Cov[b;, bj] (4.8)

where,

Cov[by, bj] = Ay;v(t; — t;) + Byjv (ti —t - —) + B; ly( —t+ Z) + Cyy(ti—t;—h) +
2

hy= (1 2 B ara) + i+ (1) | e+ B) e D)
b 3612 L 212 43 . J 912 2L L2 72
h?
+ 36 a(t; + Wa(t; + h)
= (114 g [+ (1-31) |acoa(y+ 3)
1812 L 212 413 2L ¢ 72
h? hy?
+ 812 [1+(1—ﬂ) (t + )a(t +h)

h? h  h* h3 -
Cj=|1-—+ 75 a(tda(ti+h) ij=0123....n—1

=
|

36L? L' 212 43

cost

Here, L=1,R=1,V(t) = et & a(t) = s

Table 2. Expectation of Mean & Variance of I, (1):

t h_1 h_1 h_1 h_1 b 1
10 ~ 20 ~ 30 40 50

Mean Variance Mean Variance Mean Variance Mean Variance Mean Variance

0 1.8504 3.2748 1.9538 3.6192 1.9677 3.7420 1.9756 3.8048 1.9804 3.8432
0.2 1.6999 2.6809 1.8707 3.2744 1.9117 3.5008 1.9330 3.6192 1.9461 3.6924
0.4 15580 2.1948 1.7959 2.9628 1.8594 3.2744 1.8928 3.4428 1.9134 3.5476
0.6 14339 1.7968 1.7284 2.6808 1.8110 3.0632 1.8552 3.2748 1.8827 3.4084
0.8 1.3250 1.4708 1.6687 2.4256 1.7671 2.8656 1.8205 3.1152 1.8543 3.2748
1.0 1.2368 1.2040 1.6173 2.1944 1.7279 2.6808 1.7892 2.9432 1.8282 3.1464
12 1.1633 0.9856 1.5752 1.9856 1.6943 2.5080 1.7618 2.6816 1.8051 3.0230
1.4 1.1064 0.8068 1.5431 1.7964 1.6669 2.3460 1.7387 2.5508 1.7854 2.9047
1.6 1.0670 0.6604 1.5227 1.6252 1.6465 2.1948 1.7208 2.4264 1.7696 2.7909
1.8 1.0460 0.5408 1.5154 1.4704 1.6345 2.0532 1.7086 2.3080 1.7586 2.6814
2.0 1.0446 0.4428 1.5231 1.3306 1.6322 1.9205 1.7038 2.3073 1.7528 2.5762

5. Conclusion

In this paper, the random stochastic initial value problem for a RL circuit is considered whose mean square
convergence is proved. Numerical examples show that, even though the sufficient convergence conditions are not
satisfied, the random Runge Kutta fourth order of RL circuit gives good results.
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