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Abstract: In this article, necessary condition for existence of characteristic roots of Neutral Delay Differential equation to study 

the stability of a nonlinear system of a mass-spring-damper connected to a pendulum is derived from an real-time dynamic sub 

structuring model and illustrated with examples. 
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1. Introduction 

 

Numerous seismic testing approach for reviewing the engineering model complexity, for the earthquake 

turmoil is studied. Out of which the real-time dynamic sub-structuring [1, 2] is a specific type where its structure 

is been divided into two [3], substructure and its numerical part by an electrically driven actuator that induces delay 

which leads to destabilization [1]. The system examined in this article, has an auto parametric pendulum with a 

mass-spring-damper (MSD) [2]. We analytically show how to stabilize using the theorem to retrieve its stability. 

The concept of a Delay Differential Equations (DDEs) of the model for was presented in [4] to examine a single 

mass-spring oscillator. The delay acts as an important part in examining the stability of the simple linear system 

and to validate the outcomes is shown by the author. 

 

NDDEs are a special category of DDEs, where the delay appears in the highest derivative of the DDEs. 

Research has been done on the stability of one-dimensional wave equation using Lambert W function [5]. This 

article enhance on the stability of the solution by applying sufficient condition for the for a second order linear 

neutral delay differential equation. 

 

2. Mathematical Formulation of the Model 

 

The model consists of a mass M fastened with a linear spring, connected to a pendulum with a mass mpend of 

weightless rod of length 𝑙 is given by 

 

𝑀�̈�(𝑡) + 𝐶�̇�(𝑡) + 𝐾𝑦(𝑡) + 𝑚𝑝�̈�(𝑡 − 𝜏) + 𝑚𝑝𝑒𝑛𝑑𝑙[�̈�(𝑡 − 𝜏)𝑠𝑖𝑛𝜃(𝑡 − 𝜏) + �̇�2(𝑡 − 𝜏)𝑐𝑜𝑠𝜃(𝑡 − 𝜏)] = 𝐹𝑒𝑥𝑡 ,  (1) 

𝑚𝑝𝑒𝑛𝑑𝑙2�̈�(𝑡 − 𝜏) + 𝑘𝑝𝑒𝑛𝑑�̇�(𝑡 − 𝜏) + 𝑚𝑝𝑒𝑛𝑑𝑔𝑙𝑠𝑖𝑛𝜃(𝑡 − 𝜏) + 𝑚𝑝𝑒𝑛𝑑𝑙�̈�(𝑡 − 𝜏)𝑠𝑖𝑛𝜃(𝑡 − 𝜏) = 0   (2) 

 

Where τ denotes the time lag`. The force in the model is been named by the state delay for the MSD of the 

numerical system, where Fext is the external force used in the y direction, K and C are the coefficients of stiffness 

and damping respectively. The position, velocity and acceleration of MSD at time t are denoted by y(t), y˙(t) and 

y¨(t) respectively. The MSD attached to a pendulum is simulated, as a result Fext = 0, and this alters model (1) into 

an autonomous model of second order Neutral Delay Differential equation. 

 

3. Stability Analysis 

 

When the above model decouples, as θ (θ ≪1) tends to zero and the equation (2) associated to decaying 

oscillations of the pendulum. While we focus on the equation, that denotes the pendulum’s vertical motion in an 

MSD system, the above mathematical model is reduced as second order neutral delay differential equation given 

by 

𝑀�̈�(𝑡) +  𝐶�̇�(𝑡) +  𝐾𝑦(𝑡) + 𝑚𝑝𝑒𝑛𝑑�̈�(𝑡 − 𝜏) =  0. 
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The non-dimensionalized form for the above is described as 

 

𝑦′′(𝑡) + 𝑝𝑦′′(𝑡 − 𝜏) = −2𝜍𝑦′(𝑡) − 𝑦(𝑡), 𝑡 ≥ 0, (3) 

𝑦(𝑡) = 𝜙(𝑡), −𝜏 ≤ 𝑡 ≤ 0     (4) 

 

and the constraints are rescaled as �̂� = 𝑤𝑛𝑡, �̂� = 𝑤𝑛𝜏, 𝑤𝑛 = √
𝐾

𝑀
, 𝑝 =

𝑚𝑝𝑒𝑛𝑑

𝑀
 , 𝜍 =

𝐶

2√𝑀𝐾
. 

 

The solution of (3) of the form 𝑦(𝑡) = 𝑒𝜆𝑡for 𝑡 ∈ 𝐼𝑅,where 𝜆 is a root of the characteristic equation(3) 

 

𝜆2(1 + 𝑝) = −2𝜍𝜆 − 1      (5) 

 

Assume 𝑦 be the solution of (3), which is define as x(𝑡) = 𝑒−𝜆0𝜏𝑦(𝑡), for 𝑡 ∈ [−𝜏, ∞), 
 

where 𝜆0 is a real root of the characteristic equation (3). Therefore, for all 𝑡 ≥ 0, we get by [6] as 

 

𝑥′′(𝑡) + 2𝜆0𝑥′(𝑡) + 𝜆0
2𝑥(𝑡)  +  𝑝𝑒−𝜆0𝜏 (𝑥′′(𝑡 − 𝜏) + 2𝜆0𝑥′(𝑡 − 𝜏) + 𝜆0

2𝑥(𝑡 − 𝜏))

= −2𝜍𝑥′(𝑡) − 2𝜍𝑥(𝑡) − 𝑥(𝑡) 

 

Or 

 

𝑥′(𝑡) + 2𝜆0𝑥(𝑡) + 2𝜍𝑥(𝑡) + 𝑝𝑒−𝜆0𝜏(𝑥′(𝑡 − 𝜏) + 2𝜆0𝑥(𝑡 − 𝜏))

= 𝜆0
2𝑥(𝑡) − 2𝜍𝑥(𝑡) − 𝑥(𝑡) + 𝑝𝑒−𝜆0𝜏𝜆0

2𝑥(𝑡 − 𝜏) 

(𝑥′(𝑡) + (2𝜆0 + 2𝜍)𝑥(𝑡) + 𝑝𝑒−𝜆0𝜏𝑥′(𝑡 − 𝜏) + 𝑝𝑒−𝜆0𝜏2𝜆0𝑥(𝑡 − 𝜏))
′

= (−𝜆0
2 − 2𝜍 − 1)𝑥(𝑡) −

𝑝𝑒−𝜆0𝜏𝜆0
2𝑥(𝑡 − 𝜏)        (6) 

 

Furthermore, the initial state (4) can be identically described as 

 

𝑥(𝑡) = 𝑒−𝜆0𝜏𝜙(𝑡), for 𝑡 ∈ [−𝜏, ∞),             (7) 

 

By applying 𝜆0 is a characteristic roots of(5) and using (7), which confirms that (6) is equal to 

 

𝑥′(𝑡) + (2𝜆0 + 2𝜍)𝑥(𝑡) + 𝑝𝑒−𝜆0𝜏𝑥′(𝑡 − 𝜏) + 𝑝𝑒−𝜆0𝜏2𝜆0𝑥(𝑡 − 𝜏) = (−𝜆0
2 − 2𝜍 − 1) ∫ 𝑥(𝑠)𝑑𝑠

𝑡

0
−

𝑝𝑒−𝜆0𝜏𝜆0
2

∫ 𝑥(𝑠 − 𝜏)𝑑𝑠
𝑡

0
+ 𝑥′(0) + 𝑝𝑒−𝜆0𝜏𝑥′(−𝜏) +(2𝜆0 + 2𝜍)𝑥(0) + 𝑝𝑒−𝜆0𝜏2𝜆0𝑥(−𝜏) 

 

𝑥′(𝑡) + 𝑝𝑒−𝜆0𝜏𝑥′(𝑡 − 𝜏) = −(2𝜆0 + 2𝜍)𝑥(𝑡) − 𝑝𝑒−𝜆0𝜏2𝜆0𝑥(𝑡 − 𝜏) + (−𝜆0
2 − 2𝜍 − 1) ∫ 𝑥(𝑠)𝑑𝑠

𝑡

0
−

𝑝𝑒−𝜆0𝜏𝜆0
2

∫ 𝑥(𝑠 − 𝜏)𝑑𝑠
𝑡

0
+ 𝑥′(0) + 𝑝𝑒−𝜆0𝜏𝑥′(−𝜏) +(2𝜆0 + 2𝜍)𝑥(0) + 𝑝𝑒−𝜆0𝜏2𝜆0𝑥(−𝜏) 

 

𝑥′(𝑡) + 𝑝𝑒−𝜆0𝜏𝑥′(𝑡 − 𝜏) = −(2𝜆0 + 2𝜍)𝑥(𝑡) − 𝑝𝑒−𝜆0𝜏2𝜆0𝑥(𝑡 − 𝜏) + (−𝜆0
2 − 2𝜍 − 1) ∫ 𝑥(𝑠)𝑑𝑠

𝑡

0
−

𝑝𝑒−𝜆0𝜏𝜆0
2

∫ 𝑥(𝑠)𝑑𝑠
𝑡−𝜏

−𝜏
+ 𝜙′(0)−𝜆0𝜙(0) + 𝑝(𝜙′(−𝜏)−𝜆0𝜙(−𝜏)) +(2𝜆0 + 2𝜍)𝜙(0) + 𝑝2𝜆0𝜙(−𝜏) 

 

𝑥′(𝑡) + 𝑝𝑒−𝜆0𝜏𝑥′(𝑡 − 𝜏)

= −(2𝜆0 + 2𝜍)𝑥(𝑡) − 𝑝𝑒−𝜆0𝜏2𝜆0𝑥(𝑡 − 𝜏) + (−𝜆0
2 − 2𝜍 − 1) ∫ 𝑥(𝑠)𝑑𝑠

𝑡

0

− 𝑝𝑒−𝜆0𝜏𝜆0
2 ∫ 𝑥(𝑠)𝑑𝑠

𝑡−𝜏

0

+ 𝐿(𝜆0; 𝜙) 

 

𝑥′(𝑡) + 𝑝𝑒−𝜆0𝜏𝑥′(𝑡 − 𝜏)

= −(2𝜆0 + 2𝜍)𝑥(𝑡) − 𝑝𝑒−𝜆0𝜏2𝜆0𝑥(𝑡 − 𝜏) − 𝑝𝑒−𝜆0𝜏𝜆0
2 ∫ 𝑥(𝑠)𝑑𝑠

𝑡

0

− 𝑝𝑒−𝜆0𝜏𝜆0
2 ∫ 𝑥(𝑠)𝑑𝑠

𝑡−𝜏

0

+ 𝐿(𝜆0; 𝜙) 

𝑥′(𝑡) + 𝑝𝑒−𝜆0𝜏𝑥′(𝑡 − 𝜏) = −(2𝜆0 + 2𝜍)𝑥(𝑡) − 𝑝𝑒−𝜆0𝜏2𝜆0𝑥(𝑡 − 𝜏) − 𝑝𝑒−𝜆0𝜏𝜆0
2

∫ 𝑒−𝜆0𝜏𝑥(𝑠)𝑑𝑠
𝑡

𝑡−𝜏
+ 𝐿(𝜆0; 𝜙)  (8) 

 

where 
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𝐿(𝜆0; 𝜙) = 𝜙′(0)−𝜆0𝜙(0) + 𝑝(𝜙′(−𝜏)−𝜆0𝜙(−𝜏)) +(2𝜆0 + 2𝜍)𝜙(0) + 2𝑝𝜆0𝜙(−𝜏) −

𝑝𝑒−𝜆0𝜏𝜆0
2

∫ 𝑒−𝜆0𝑠𝜙(𝑠)𝑑𝑠
0

−𝜏
         (9) 

𝛽𝜆0
= −𝑝𝑒−𝜆0𝜏𝜆0

2𝜏 + (2𝜆0 + 2𝜍) + 𝑝𝑒−𝜆0𝜏2𝜆0 ≠ 0 

 

Define 𝑧(𝑡) = 𝑥(𝑡) −
𝐿(𝜆0;𝜙)

𝛽𝜆0

, 𝑓𝑜𝑟𝑡 ≥ −𝜏 

 

Then equation (6) diminishes to the subsequent form as 

 

𝑧′(𝑡) + 𝑝𝑒−𝜆0𝜏𝑧′(𝑡 − 𝜏) = −(2𝜆0 + 2𝜍)𝑧(𝑡) − 𝑝𝑒−𝜆0𝜏2𝜆0𝑧(𝑡 − 𝜏) − 𝑝𝑒−𝜆0𝜏𝜆0
2

∫ 𝑧(𝑠)𝑑𝑠
𝑡

𝑡−𝜏
   (10) 

 

If equation (8) has its solution of the form 𝑧(𝑡) = 𝑒𝛿𝑡 for 𝑡 ∈ 𝐼𝑅, then𝛿 is a root of the next characteristic 

equation 

 

𝛿(1 + 𝑝𝑒−(𝜆0+𝛿)𝜏) = −(2𝜆0 + 2𝜍) − 2𝑝𝜆0𝑒−(𝜆0+𝛿)𝜏 + 𝑝𝑒−𝜆0𝜏𝜆0
2𝛿−1(1 − 𝑒−𝛿𝑡 )    (11) 

 

But, the initial condition (5) can be written as 

 

𝑧(𝑡) = ∅(𝑡)𝑒−𝜆0𝑡 −
𝐿(𝜆0;𝜙)

𝛽𝜆0

,𝑡 ∈ [−𝜏, 0]         (12) 

 

Let 𝐹(𝛿) is defined by the characteristic function of (9), i.e., 

 

𝐹(𝛿) =  𝛿(1 + 𝑝𝑒−(𝜆0+𝛿)𝜏) + (2𝜆0 + 2𝜍)+2𝑝𝜆0𝑒−(𝜆0+𝛿)𝜏 +  𝑝𝑒−𝜆0𝜏𝜆0
2𝛿−1(𝑒−𝛿𝑡 -1) 

 

Since removable singularity 𝛿 = 0 in 𝐹(𝛿), we consider 𝐹(𝛿) as an entire function with 

 

𝐹(0) = 2𝜆0 + 2𝜍+2𝑝𝜆0𝑒−𝜆0𝜏+𝑝𝑒−𝜆0𝜏𝜆0
2𝜏 ≡ 𝛽𝜆0

 

 

Since by the definition 𝛽𝜆0
≠ 0, a root of the characteristic equation (11) will have 𝛿0 ≠ 0 

 

Consider z be the solution of (10)-(12) and 𝛿0 be a real root of the characteristic equation (11).  

 

Express 𝛿0 ≠ 0, then 𝑣(𝑡) = 𝑒−𝛿0𝑡𝑧(𝑡),for all 𝑡 ∈ [−𝜏, ∞) 

 

Hence for every 𝑡 ≥ 0, we have  

 

𝑣′(𝑡) + 𝛿0𝑣(𝑡) +  𝑝𝑒−(𝜆0+𝛿0)𝜏𝑣′(𝑡 − 𝜏)  

= −(2𝜆0 + 2𝜍)𝑣(𝑡) − 𝑝𝑒−(𝜆0+𝛿0)𝜏2𝜆0𝑣(𝑡 − 𝜏) − 𝑝𝑒−𝜆0𝜏𝜆0
2 ∫ 𝑒−𝛿0𝑠𝑣(𝑡 − 𝑠)𝑑𝑠

𝑡

𝑡−𝜏

 

𝑣′(𝑡) +  𝑝𝑒−(𝜆0+𝛿0)𝜏𝑣′(𝑡 − 𝜏) = −(2𝜆0 + 2𝜍 − 𝛿0)𝑣(𝑡) − 𝑝𝑒−𝜆0𝜏(2𝜆0 + 𝛿0)𝑣(𝑡 − 𝜏) +

𝑝𝑒−𝜆0𝜏𝜆0
2

∫ 𝑒−𝛿0𝑠𝑣(𝑡 − 𝑠)𝑑𝑠
𝑡

𝑡−𝜏
         (13) 

 

Furthermore, the initial condition (10) can be written equivalently as 

 

𝑣(𝑡) = ∅(𝑡)𝑒−(𝜆0+𝛿0)𝑡 − 𝑒−𝛿0𝑡 𝐿(𝜆0;𝜙)

𝛽𝜆0

,𝑡 ∈ [−𝜏, 0]        (14) 

 

Moreover, by applying𝛿0 ≠ 0 is a real root of (9) and considering (14), we can prove that (13) is identical to 

 

𝑣(𝑡) +  𝑝𝑒−(𝜆0+𝛿0)𝜏𝑣(𝑡 − 𝜏)

= −(2𝜆0 + 2𝜍 − 𝛿0) ∫ 𝑣(𝑠)𝑑𝑠
𝑡

0

− 𝑝𝑒−(𝜆0+𝛿0)𝜏(2𝜆0 + 𝛿0) ∫ 𝑣(𝑠 − 𝜏)𝑑𝑠
𝑡

0

+ 𝑝𝑒−𝜆0𝜏𝜆0
2 ∫ 𝑒−𝛿0𝑠 {∫ 𝑣(𝑢 − 𝑠)𝑑𝑢

𝑡

0

} 𝑑𝑠
𝜏

0

+ 𝑣(0) +  𝑝𝑒−(𝜆0+𝛿0)𝜏𝑣(−𝜏) 
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𝑣(𝑡) +  𝑝𝑒−(𝜆0+𝛿0)𝜏𝑣(𝑡 − 𝜏)

= (−2𝜆0 − 2𝜍 − 𝛿0) ∫ 𝑣(𝑠)𝑑𝑠
𝑡

0

− 𝑝𝑒−(𝜆0+𝛿0)𝜏(2𝜆0 + 𝛿0) ∫ 𝑣(𝑠)𝑑𝑠
𝑡−𝜏

−𝜏

+ 𝑝𝑒−𝜆0𝜏𝜆0
2 ∫ 𝑒−𝛿0𝑠 {∫ 𝑣(𝑢)𝑑𝑢

𝑡−𝑠

−𝑠

} 𝑑𝑠
𝜏

0

+ 𝑣(0) +  𝑝𝑒−(𝜆0+𝛿0)𝜏𝑣(−𝜏) 

𝑣(𝑡) +  𝑝𝑒−(𝜆0+𝛿0)𝜏𝑣(𝑡 − 𝜏)

= +(−2𝜆0 − 2𝜍 − 𝛿0) ∫ 𝑣(𝑠)𝑑𝑠
𝑡

0

− 𝑝𝑒−(𝜆0+𝛿0)𝜏(2𝜆0 + 𝛿0) {∫ 𝑣(𝑠)𝑑𝑠
0

−𝜏

+ ∫ 𝑣(𝑠)𝑑𝑠
𝑡−𝜏

0

}

+ 𝑝𝑒−𝜆0𝜏𝜆0
2 ∫ 𝑒−𝛿0𝑠 {∫ 𝑣(𝑢)𝑑𝑢

0

−𝑠

+ ∫ 𝑣(𝑢)𝑑𝑢
𝑡−𝑠

0

} 𝑑𝑠
𝜏

0

+ 𝑣(0) +  𝑝𝑒−(𝜆0+𝛿0)𝜏𝑣(−𝜏) 

𝑣(𝑡) +  𝑝𝑒−(𝜆0+𝛿0)𝜏𝑣(𝑡 − 𝜏)

= (−2𝜆0 − 2𝜍 − 𝛿0) ∫ 𝑣(𝑠)𝑑𝑠
𝑡

0

− 𝑝𝑒−(𝜆0+𝛿0)𝜏(2𝜆0 + 𝛿0) {∫ 𝑣(𝑠)𝑑𝑠
𝑡−𝜏

0

}

− 𝑝𝑒−𝜆0𝜏𝜆0
2 ∫ 𝑒−𝛿0𝑠 {∫ 𝑣(𝑢)𝑑𝑢

𝑡−𝑠

0

} 𝑑𝑠
𝜏

0

+ 𝑅(𝜆0, 𝛿0; ∅),  

𝑣(𝑡) +  𝑝𝑒−(𝜆0+𝛿0)𝜏𝑣(𝑡 − 𝜏)

= 𝑝𝑒−(𝜆0+𝛿0)𝜏(2𝜆0 + 𝛿0) ∫ 𝑣(𝑠)𝑑𝑠
𝑡

0

− 𝑝𝑒−𝜆0𝜏𝜆0
2 ∫ 𝑒−𝛿0𝑠𝑑𝑠 ∫ 𝑣(𝑠)𝑑𝑠 −

𝑡

0

𝑡

0

𝑝𝑒−(𝜆0+𝛿0)𝜏(2𝜆0 + 𝛿0) {∫ 𝑣(𝑠)𝑑𝑠
𝑡−𝜏

0

}

+ 𝑝𝑒−𝜆0𝜏𝜆0
2 ∫ 𝑒−𝛿0𝑠 {∫ 𝑣(𝑢)𝑑𝑢

𝑡−𝑠

0

} 𝑑𝑠
𝜏

0

+ 𝑅(𝜆0, 𝛿0; ∅),  

𝑣(𝑡) +  𝑝𝑒−(𝜆0+𝛿0)𝜏𝑣(𝑡 − 𝜏) = 𝑝𝑒−(𝜆0+𝛿0)𝜏(2𝜆0 + 𝛿0) ∫ 𝑣(𝑠)𝑑𝑠 −
𝑡

𝑡−𝜏
𝑝𝑒−𝜆0𝜏𝜆0

2
∫ 𝑒−𝛿0𝑠𝑑𝑠 ∫ 𝑣(𝑠)𝑑𝑠

𝑡

𝑡−𝑠

𝑡

0
+

𝑅(𝜆0, 𝛿0; ∅),            (15) 

 

Where 𝑅(𝜆0, 𝛿0; ∅) = ∅(0) + 𝑝∅(−𝜏) − 𝑒−𝛿0𝑡 𝐿(𝜆0;𝜙)

𝛽𝜆0

(1 + 𝑝𝑒−𝜆0𝜏) − 𝑝𝑒−(𝜆0+𝛿0)𝜏(2𝜆0 +

𝛿0) ∫ 𝑒−𝛿0𝑠 (∅(𝑠)𝑒−𝜆0𝑠 −
𝐿(𝜆0;𝜙)

𝛽𝜆0

) 𝑑𝑠 + 𝑝𝑒−𝜆0𝜏𝜆0
2

∫ 𝑒−𝛿0𝑠𝑑𝑠 {∫ 𝑒−𝛿0𝑢 (∅(𝑢)𝑒−𝜆0𝑢 −
𝐿(𝜆0;𝜙)

𝛽𝜆0

) 𝑑𝑢
0

−𝑠
}

𝜏

0

0

−𝜏
𝑑𝑠  (16) 

 

Then we define 

 

𝑤(𝑡) = 𝑣(𝑡) −
𝑅(𝜆0,𝛿0;∅)

𝜂𝜆0,𝛿0

 for 𝑡 ≥ −𝜏         (17) 

 

Where 𝜂𝜆0,𝛿0
≡ 1 + 𝑝𝑒−(𝜆0+𝛿0)𝜏 − 𝑝𝑒−(𝜆0+𝛿0)𝜏(2𝜆0 + 𝛿0)𝜏 + 𝛿−2(1 − 𝑒−𝛿0𝜏 − 𝛿0𝜏𝑒−𝛿0𝜏)𝑝𝑒−𝜆0𝜏𝜆0

2  (18) 

 

Then (13) reduces to the correspondent equation as 

 

𝑤(𝑡) +  𝑝𝑒−(𝜆0+𝛿0)𝜏𝑤(𝑡 − 𝜏) = −𝑝𝑒−(𝜆0+𝛿0)𝜏(2𝜆0 +

𝛿0) ∫ 𝑤(𝑠)𝑑𝑠 −
𝑡

𝑡−𝜏
𝑝𝑒−𝜆0𝜏𝜆0

2
∫ 𝑒−𝛿0𝑠 {∫ 𝑤(𝑢)𝑑𝑢

𝑡

𝑡−𝑠
} 𝑑𝑠

𝜏

0
,𝑡 ≥ 0                (19) 

 

Moreover, the initial condition (12) can be denoted as 

 

𝑤(𝑡) = ∅(𝑡)𝑒−(𝜆0+𝛿0)𝜏 −
𝐿(𝜆0;𝜙)

𝛽𝜆0

𝑒−𝛿0𝑡 −
𝑅(𝜆0,𝛿0;∅)

𝜂𝜆0,𝛿0

,for 𝑡 ∈ [−𝜏, 0].               (20) 

 

Theorem 1: let 𝜆0 and 𝛿0(𝛿0 ≠ 0)be real characteristic roots of the equations (5) and (11). Assume that the 

roots 𝜆0 and 𝛿0 have the resulting property 

 

𝜇𝜆0,𝛿0
≡ (−|𝑝| + |𝑝(2𝜆0 + 𝛿0)𝜏|)𝑒−(𝜆0+𝛿0)𝜏 + 𝛿−2(1 − 𝑒−𝛿0𝜏 − 𝛿0𝜏𝑒−𝛿0𝜏)| − 𝑝𝜆0

2|𝑒−𝜆0𝜏 < 1      (21) 

and 𝛽𝜆0
= −𝑝𝑒−𝜆0𝜏𝜆0

2𝜏 + (2𝜆0 + 2𝜍) + 𝑝𝑒−𝜆0𝜏2𝜆0 ≠ 0 

 

Then, for any ∅ ∈ 𝐶1([−𝜏, 0], 𝑅), the solution y of (1)-(2) satisfies 
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|𝑦(𝑡)𝑒−(𝜆0+𝛿0)𝜏 −
𝐿(𝜆0;𝜙)

𝛽𝜆0

𝑒−𝛿0𝑡 −
𝑅(𝜆0,𝛿0;∅)

𝜂𝜆0,𝛿0

| ≤ 𝑀(𝜆0, 𝛿0; ∅), for all 𝑡 ≥ 0,   (22) 

 

where 𝐿(𝜆0; 𝜙), 𝑅(𝜆0, 𝛿0; ∅) and 𝜂𝜆0,𝛿0
 were given in (9),(16) and (18), respectively and 

 

𝑀(𝜆0, 𝛿0; ∅) = max
−𝜏≤𝑡≤0

|∅(𝑡)𝑒−(𝜆0+𝛿0)𝜏 −
𝐿(𝜆0;𝜙)

𝛽𝜆0

𝑒−𝛿0𝑡 −
𝑅(𝜆0,𝛿0;∅)

𝜂𝜆0,𝛿0

|   (23) 

 

Proof: The property (21) assures that 𝜂𝜆0,𝛿0
> 0. 

 

By using the descriptions of x, z, v and w, we get that (22) is equal to 

 

|𝑤(𝑡)| ≤ 𝑀(𝜆0, 𝛿0; ∅)𝜇𝜆0,𝛿0
, ∀𝑡 ≥ 0.       (24) 

 

Hence we conclude (24) 

 

From (20) and (23) it trails that  

 
|𝑤(𝑡)| ≤ 𝑀(𝜆0, 𝛿0; ∅), 𝑓𝑜𝑟 𝑡 ∈ [−𝜏, 0]                  (25) 

 

To prove𝑀(𝜆0, 𝛿0; ∅) is a bound of w on the entire interval [-𝜏, ∞]. 
 

Specifically|𝑤(𝑡)| ≤ 𝑀(𝜆0, 𝛿0; ∅), 𝑓𝑜𝑟 𝑡 ∈ [−𝜏, ∞]      (26) 

 

Assume an arbitrary constant 휀 > 0. We define that 

 
|𝑤(𝑡)| < 𝑀(𝜆0, 𝛿0; ∅) + 휀, for every 𝑡 ∈ [−𝜏, ∞)       (27) 

 

otherwise, by (23) there exists a 𝑡∗ > 0,where |𝑤(𝑡)| < 𝑀(𝜆0, 𝛿0; ∅) + 휀,  
 

when 𝑡 < 𝑡∗ and |𝑤(𝑡∗)| < 𝑀(𝜆0, 𝛿0; ∅) + 휀. 

 

Then by applying (19), we get 

 

𝑀(𝜆0, 𝛿0; ∅) + 휀 = |𝑤(𝑡∗)|

≤ |𝑝|𝑒−(𝜆0+𝛿0)𝜏|𝑤(𝑡∗ −  𝜏)|

+ |𝑝(2𝜆0 + 𝛿0)|𝑒−(𝜆0+𝛿0)𝜏 ∫ |𝑤(𝑠)|𝑑𝑠 + | −
𝑡

𝑡−𝜏

𝑝 𝜆0
2|𝑒−𝜆0𝜏 ∫ 𝑒−𝛿0𝑠 {∫ |𝑤(𝑢)|𝑑𝑢

𝑡

𝑡−𝑠

} 𝑑𝑠
𝜏

0

 

≤ {|𝑝| + |𝑝(2𝜆0 + 𝛿0)𝜏|𝑒−(𝜆0+𝛿0)𝜏 + 𝛿0
−2(1 − 𝑒−𝛿0𝜏 − 𝛿0𝜏𝑒−𝛿0𝜏)| − 𝑝 𝜆0

2|𝑒−𝜆0𝜏}[𝑀(𝜆0, 𝛿0; ∅) + 휀]

< [𝑀(𝜆0, 𝛿0; ∅) + 휀] 
 

But this contradicts, which we assume in equation (21). So, our assumption is correct. 

 

Therefore (27) is true for all 휀 > 0 ,it trails that (26) is confirm invariably. 

 

By applying (26) and (19), we derive 

 

|𝑤(𝑡)| ≤ |𝑝|𝑒−(𝜆0+𝛿0)𝜏|𝑤(𝑡 −  𝜏)|

+ |𝑝(2𝜆0 + 𝛿0)|𝑒−(𝜆0+𝛿0)𝜏 ∫ |𝑤(𝑠)|𝑑𝑠 + | −
𝑡

𝑡−𝜏

𝑝 𝜆0
2|𝑒−𝜆0𝜏 ∫ 𝑒−𝛿0𝑠 {∫ |𝑤(𝑢)|𝑑𝑢

𝑡

𝑡−𝑠

} 𝑑𝑠
𝜏

0

 

|𝑤(𝑡)| ≤ |𝑝|𝑒−(𝜆0+𝛿0)𝜏|𝑤(𝑡 −  𝜏)| + |𝑝(2𝜆0 + 𝛿0)|𝑒−(𝜆0+𝛿0)𝜏 ∫ |𝑤(𝑠)|𝑑𝑠 +
𝑡

𝑡−𝜏

| 𝑝 𝜆0
2|𝑒−𝜆0𝜏 ∫ 𝑒−𝛿0𝑠 {∫ |𝑤(𝑢)|𝑑𝑢

𝑡

𝑡−𝑠
} 𝑑𝑠

𝜏

0
 ≤ {|𝑝| + |𝑝(2𝜆0 + 𝛿0)𝜏|𝑒−(𝜆0+𝛿0)𝜏 + 𝛿0

−2(1 − 𝑒−𝛿0𝜏 −

𝛿0𝜏𝑒−𝛿0𝜏)| − 𝑝 𝜆0
2|𝑒−𝜆0𝜏}𝑀(𝜆0, 𝛿0; ∅) = 𝑀(𝜆0, 𝛿0; ∅)𝜇𝜆0,𝛿0

, for all 𝑡 ≥ 0.that means (24) holds. 

 

Theorem 2: Let 𝜆0 and 𝛿0(𝛿0 ≠ 0)be real roots of the characterisitic equations (5) and (11). Consider 𝛽𝜆0
 as 

in theorem 1. Then, for any ∅ ∈ 𝐶1([−𝜏, 0], 𝑅),the solution y of (3)-(4) satisfies 
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lim
𝑛→∞

{𝑦(𝑡)𝑒−(𝜆0+𝛿0)𝜏 −
𝐿(𝜆0;𝜙)

𝛽𝜆0

𝑒−𝛿0𝑡} =
𝑅(𝜆0,𝛿0;∅)

𝜂𝜆0,𝛿0

, 

Where 𝐿(𝜆0; 𝜙), 𝑅(𝜆0, 𝛿0; ∅) 𝑎𝑛𝑑𝜂𝜆0,𝛿0
 were given in (9),(16) and (18) respectively. 

 

Proof: By the definitions of x,z,v and w, we have to prove that 

 

lim
𝑛→∞

𝑤(𝑡) = 0.            (28) 

 

In the end of the proof we will establish (28). By using (19) and taking into account (24) and (26), one can 

show, by an easy induction, that w satisfies 

 

|𝑤(𝑡)| ≤ (𝜇𝜆0,𝛿0
)𝑛 𝑀(𝜆0, 𝛿0; ∅), For all 𝑡 ≥ 𝑛𝜏 − 𝜏, (𝑛 = 0,1, . . )     (29) 

 

But, (20) guarantees that 0 < 𝜇𝜆0,𝛿0
< 1. thus from (29) it follows immediately that w tends to zero as 𝑡 →

∞,i.e (28) holds. 

 

The proof of the theorem 2 is completed. 

 

Theorem 3: Let 𝜆0 and 𝛿0(𝛿0 ≠ 0)be real roots of the characterisitic equations (5) and (11) and also the 

conditions in theorem 1 𝛽𝜆0
 and 𝜇𝜆0,𝛿0

be provided. Then, for any ∅ ∈ 𝐶1([−𝜏, 0], 𝐼𝑅), the solution y of (3)-(4) 

satisfies for all 𝑡 ≥ 0 

 

|𝑦(𝑡)| ≤
𝑘𝜆0

|𝛽𝜆0|
𝑁(𝜆0, 𝛿0; ∅)𝑒𝜆0𝑡 + [

ℎ𝜆0,𝛿0

𝜂𝜆0,𝛿0

+ (1 +
𝑘𝜆0𝑒𝛿0

|𝛽𝜆0|
+

ℎ𝜆0,𝛿0

𝜂𝜆0,𝛿0

) 𝜇𝜆0,𝛿0
] 𝑁(𝜆0, 𝛿0; ∅)𝑒(𝜆0+𝛿0)𝑡 ,      (30) 

 

Where 𝜂𝜆0,𝛿0
 was given in (18), 

 

𝑘𝜆0
= 1 + |𝜆0| + |𝑝|(1 + |𝜆0|) + |(2𝜆0 + 2𝜍)| + |2𝑝𝜆0|𝑒−𝜆0𝜏 + | − 𝑝 𝜆0

2|𝑒−𝜆0𝜏𝜏       (31) 

ℎ𝜆0,𝛿0
= 1 + |𝑝| +

𝑘𝜆0

|𝛽𝜆0|
(1 + |𝑝|𝑒−𝜆0𝜏) + 𝛿0

−1(𝑒−𝛿0𝜏 − 1)|𝑝(−2𝜆0 − 𝛿0)|𝑒−(𝜆0+𝛿0)𝜏 (1 +
𝑘𝜆0

|𝛽𝜆0|
) +

𝛿0
−2(𝛿0𝜏 + 𝑒−𝛿0𝜏 − 1)|𝑝 𝜆0

2|𝑒−𝜆0𝜏 (1 +
𝑘𝜆0

|𝛽𝜆0|
)                       (32) 

𝑒𝛿0
= max

−𝜏≤𝑡≤0
{𝑒−𝛿0𝑡}                          (33) 

 

And 

 

𝑁(𝜆0, 𝛿0; ∅) = max { max
−𝜏≤𝑡≤0

|𝑒− 𝜆0𝑡∅(𝑡)| , max
−𝜏≤𝑡≤0

|𝑒−(𝜆0+𝛿0)𝑡∅(𝑡)| , max
−𝜏≤𝑡≤0

|∅′(𝑡)| , max
−𝜏≤𝑡≤0

|∅(𝑡)| }  (34) 

 

Furthermore, when 𝜆0 ≤ 0, 𝜆0 + 𝛿0 ≤ 0, the trivial outcome of (1)is stable ,when 𝜆0 < 0, 𝜆0 + 𝛿0 < 0 ,it is 

asymptotically stable and when 𝜆0 > 0, 𝜆0 + 𝛿0 > 0,we say that it is unstable. 

 

Proof: By theorem 1, equation (22) is proved, where𝑀(𝜆0, 𝛿0; ∅) and 𝐿(𝜆0; ∅) are described by (23) and (9) 

correspondingly. 

 

Equation (22) leads that 𝑒−(𝜆0+𝛿0)𝑡|𝑦(𝑡)| ≤
|𝐿(𝜆0;𝜙)|

|𝛽𝜆0|
𝑒−𝛿0𝑡 +

|𝑅(𝜆0,𝛿0;∅)|

𝜂𝜆0,𝛿0

+ 𝑀(𝜆0, 𝛿0; ∅)𝜇𝜆0,𝛿0
          (35) 

 

Furthermore, by using (31), (32), (33) and (34), from (9), (16) and (23), we obtain 

 

|𝐿(𝜆0; 𝜙)| ≤ |𝜙′(0)| + |𝜆0||𝜙(0)| + |𝑝|(|𝜙′(−𝜏)|+|𝜆0||𝜙(−𝜏)| ) +|2𝜆0 + 2𝜍||𝜙(0)| + |𝑝2𝜆0||𝜙(−𝜏)| + | −

𝑝 𝜆0
2|𝑒−𝜆0𝜏 ∫ 𝑒−𝜆0𝑠|𝜙(𝑠)|𝑑𝑠

0

−𝜏
 

≤ (1 + |𝜆0| + |𝑝|(1 + |𝜆0|) + |(2𝜆0 + 2𝜍)| + |2𝑝𝜆0|𝑒−𝜆0𝜏 + |−𝑝 𝜆0
2|𝑒−𝜆0𝜏𝜏)𝑁(𝜆0, 𝛿0; ∅) = 𝑘𝜆0

𝑁(𝜆0, 𝛿0; ∅) 

 



Turkish Journal of Computer and Mathematics Education    Vol.12 No.11 (2021), 5395-5403 

                                                                                                                         Research Article 

5401 
 

|𝑅(𝜆0, 𝛿0; ∅)| ≤ |∅(0)| + |𝑝||∅(−𝜏)| −
|𝐿(𝜆0; 𝜙)|

|𝛽𝜆0
|

(1 + |𝑝|𝑒−𝜆0𝜏)

+ |𝑝(−2𝜆0 − 𝛿0)|𝑒−(𝜆0+𝛿0)𝜏 ∫ 𝑒−𝛿0𝑠 (|∅(𝑠)|𝑒−𝜆0𝑠 +
|𝐿(𝜆0; 𝜙)|

|𝛽𝜆0
|

) 𝑑𝑠
0

−𝜏

+ |𝑝 𝜆0
2|𝑒−𝜆0𝜏 ∫ 𝑒−𝛿0𝑠𝑑𝑠 {∫ 𝑒−𝛿0𝑢 (|∅(𝑢)|𝑒−𝜆0𝑢 +

|𝐿(𝜆0; 𝜙)|

|𝛽𝜆0
|

) 𝑑𝑢
𝑡

−𝑠

}
𝑡

0

𝑑𝑠 

≤ [1 + |𝑝| +
𝑘𝜆0

|𝛽𝜆0|
(1 + |𝑝|𝑒−𝜆0𝜏) + 𝛿0

−1(𝑒−𝛿0𝜏 − 1)|𝑝(−2𝜆0 − 𝛿0)|𝑒−(𝜆0+𝛿0)𝜏 (1 +
𝑘𝜆0

|𝛽𝜆0|
) +

𝛿0
−2(𝛿0𝜏 + 𝑒−𝛿0𝜏 − 1)|𝑝 𝜆0

2|𝑒−𝜆0𝜏 (1 +
𝑘𝜆0

|𝛽𝜆0|
)] 𝑁(𝜆0, 𝛿0; ∅)=ℎ𝜆0,𝛿0

𝑁(𝜆0, 𝛿0; ∅), 

 

𝑀(𝜆0, 𝛿0; ∅) ≤ max
−𝜏≤𝑡≤0

{𝑒−(𝜆0+𝛿0)𝑡|∅(𝑡)|} +
|𝐿(𝜆0; 𝜙)|

|𝛽𝜆0
|

max
−𝜏≤𝑡≤0

{𝑒− 𝛿0𝑡} +
|𝑅(𝜆0, 𝛿0; ∅)|

𝜂𝜆0,𝛿0

 

≤ {1 +
𝑘𝜆0𝑒𝛿0

|𝛽𝜆0
|

+
ℎ𝜆0,𝛿0

𝜂𝜆0,𝛿0

} 𝑁(𝜆0, 𝛿0; ∅)    (36) 

 

For every 𝑡 ≥ 0.since 
𝑘𝜆0

|𝛽𝜆0|
> 1, by taking into account the fact that 

𝑘𝜆0

|𝛽𝜆0|
+ (1 + 

𝑘𝜆0𝑒𝛿0

|𝛽𝜆0|
) 𝜇𝜆0,𝛿0

+

 (1 + 𝜇𝜆0,𝛿0
)

ℎ𝜆0,𝛿0

𝜂𝜆0,𝛿0

> 1,we have 

 

|𝑦(𝑡)| ≤ {
𝑘𝜆0

|𝛽𝜆0|
+ (1 +  

𝑘𝜆0𝑒𝛿0

|𝛽𝜆0|
) 𝜇𝜆0,𝛿0

+ (1 + 𝜇𝜆0,𝛿0
)

ℎ𝜆0,𝛿0

𝜂𝜆0,𝛿0

} 𝑁(𝜆0, 𝛿0; ∅),for all 𝑡 ∈ [−𝜏, ∞), 

 

Which implies that equation (3) has stable trivial solution (at 0). 

 

Next, if 𝜆0 < 0 and 𝜆0 + 𝛿0 < 0, implies that (30) proves that lim
𝑡→∞

𝑦(𝑡) = 0 and equation (3) has 

asymptotically stable trivial solution (at 0). 

 

Finally, if 𝛿0 > 0, 𝜆0 + 𝛿0 > 0. then the trivial solution of (3) is unstable (at 0). Otherwise, there exists a 

number 𝑙 ≡ 𝑙(1) > 0 such that, for any ∅ ∈ 𝐶1([−𝜏, 0], 𝑅)with ‖∅‖ < 𝑙,the solution y of problem (3)-(4) satisfies 

 

|𝑦(𝑡)| < 1 for all 𝑡 ≥ −𝜏       (37) 

 

Define ∅0(𝑡) = 𝑒(𝜆0+𝛿0)𝑡 − 𝑒𝜆0𝑡 for 𝑡 ∈ [−𝜏, 0] 
 

Furthermore, by the definition of 𝐿(𝜆0; ∅) and 𝑅(𝜆0, 𝛿0; ∅), by using (11), we have 

 

𝐿(𝜆0; 𝜙) =  𝛿0+ 𝑝𝛿0𝑒−(𝜆0+𝛿)𝜏 + 2𝑝𝜆0(𝑒−(𝜆0+𝛿)𝜏 − 𝑒𝜆0𝜏) −  𝑝𝑒−𝜆0𝜏  𝜆0
2(∫ 𝑒𝛿𝑠ds − τ) 

0

−𝜏
 

= −(2𝜆0 + 2𝜍) − 2𝑝𝜆0𝑒−𝜆0𝜏 + 𝑝𝑒−𝜆0𝜏 𝜆0
2𝜏 = −𝛽𝜆0

 

𝑅(𝜆0, 𝛿0; ∅) = ∅(0) + 𝑝∅(−𝜏) − 𝑒−𝛿0𝑡
𝐿(𝜆0; 𝜙)

𝛽𝜆0

(1 + 𝑝𝑒−𝜆0𝜏)

− 𝑝𝑒−(𝜆0+𝛿0)𝜏(2𝜆0 + 𝛿0) ∫ 𝑒−𝛿0𝑠 (∅(𝑠)𝑒−𝜆0𝑠 −
𝐿(𝜆0; 𝜙)

𝛽𝜆0

) 𝑑𝑠
0

−𝜏

+ 𝑝𝑒−𝜆0𝜏  𝜆0
2 ∫ 𝑒−𝛿0𝑠𝑑𝑠 {∫ 𝑒−𝛿0𝑢 (∅(𝑢)𝑒−𝜆0𝑢 −

𝐿(𝜆0; 𝜙)

𝛽𝜆0

) 𝑑𝑢
𝑡

−𝑠

}
𝑡

0

𝑑𝑠 

𝑅(𝜆0, 𝛿0; ∅) = 1 + 𝑝𝑒−(𝜆0+𝛿0)𝜏

+ (𝑝𝑒−(𝜆0+𝛿0)𝜏(−2𝜆0 − 𝛿0) ∫ 𝑒−𝛿0𝑠(𝑒−𝜆0𝑠(𝑒−(𝜆0+𝛿)𝜏 − 𝑒𝜆0𝜏) + 1)𝑑𝑠
0

−𝜏

+ 𝑝𝑒−𝜆0𝜏  𝜆0
2 ∫ 𝑒−𝛿0𝑠𝑑𝑠 {∫ 𝑒−𝛿0𝑢(𝑒−𝜆0𝑢(𝑒−(𝜆0+𝛿)𝜏 − 𝑒𝜆0𝜏) + 1)𝑑𝑢

0

−𝑠

}
𝜏

0

𝑑𝑠 

=1 + 𝑝𝑒−(𝜆0+𝛿0)𝜏 + (𝑝𝑒−(𝜆0+𝛿0)𝜏(−2𝜆0 − 𝛿0)𝜏 + 𝛿0
−2(1 − 𝑒−𝛿0𝜏−𝛿0𝜏𝑒−𝛿0𝜏) 𝑝 𝜆0

2𝑒−𝜆0𝜏 ≡ 𝜂𝜆0,𝛿0
> 0. 

 

Let ∅ ∈ 𝐶1([−𝜏, 0], 𝑅) be defined by ∅ =
𝑙1

‖∅0‖
∅0, 
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Where 𝑙1 is a number with 0 < 𝑙1 < 𝑙. Moreover, let 𝑦 be the solution of (3)-(4). From theorem 2 it follows 

that 𝑦 satisfies 

 

lim
𝑡→∞

{𝑒−(𝜆0+𝛿0)𝑡𝑦(𝑡) −
𝐿(𝜆0; 𝜙)

𝛽𝜆0

𝑒−𝛿0𝑡} = lim
𝑡→∞

{𝑒−(𝜆0+𝛿0)𝑡𝑦(𝑡) −
𝑙1

‖∅0‖
𝑒−𝛿0𝑡} =

𝑅(𝜆0, 𝛿0; ∅)

𝜂𝜆0,𝛿0

 

=
(

𝑙1
‖∅0‖

)𝑅(𝜆0,𝛿0;∅)

𝜂𝜆0,𝛿0

=
𝑙1

‖∅0‖
> 0. 

 

But, we have ‖∅0‖ = 𝑙1 < 𝑙 and hence from (37) and conditions 𝛿0 > 0, 𝜆0 + 𝛿0 > 0 it follows that 

 

lim
𝑡→∞

{𝑒−(𝜆0+𝛿0)𝑡𝑦(𝑡) −
𝐿(𝜆0; 𝜙)

𝛽𝜆0

𝑒−𝛿0𝑡} = 0 

 

This is a contradiction. The proof of theorem 3 is completed. 

 

Example 1: 

 

Consider 𝑦′′(𝑡) − (
1

6
)𝑦′′ (𝑡 −

1

2
) = −2𝑦′(𝑡) − 𝑦(𝑡), 𝑡 >  0,  (38) 

 

𝑦(𝑡) = ∅(𝑡), − 1/2 <  𝑡 < 0, 
 

where ∅(𝑡) is an arbitrary continuously differentiable initial function on the interval [−
1

2
, 0]. In this example 

we apply the characteristic equations (5) and (11). 

 

That is, the characteristic equation (5) is 

 

𝜆2 (1 −
1

6
𝑒

−𝜆0
2 ) = −2𝜆 − 1    (39) 

 

and using Newton Raphson method λ = -0.7101 is a root of (39). Then, for 𝜆0  =  −0.7101 the characteristic 

equation (11) is 

 

𝛿 (1 −
1

6
𝑒−(−0.7101+𝛿)

1

2) = −(2(−0.7101) + 2) −
1

3
0.7101𝑒−(−0.7101+𝛿)

1

2 + (−
1

6
)𝑒+

0.7101

2 (−0.7101)2𝛿−1(1 −

𝑒−𝛿(−0.7101)) ) 

 

Therefore, 𝛿 =  𝛿0 = −0.3524 is a root, and the conditions of Theorems 3 are satisfied. 

 

That is, 𝜇𝜆0,𝛿0
= 𝜇−0.7101,−0.3524 = 0.6016 < 1 

 

𝛽𝜆0
= 𝛽−0.7101 = 0.9773 ≠ 0 

 

Since 𝜆0= - 0.7101 <0 and 𝜆0 + 𝛿0=-1.0625 <0, the zero solution of (38) is asymptotically stable. 

 

Example 2: Consider 

 

𝑦′′(𝑡) + (
1

2𝑒
)𝑦′′ (𝑡 −

1

2
) = 4𝑦′(𝑡) − 𝑦(𝑡) 𝑡 >  0, (40) 

𝑦(𝑡) = ∅(𝑡), − 1/2 <  𝑡 < 0, 
 

where ∅(𝑡) is an arbitrary continuously differentiable initialfunction on [−
1

2
 ,0]. The characteristic equation 

(5) is 

 

𝜆2 (1 +
1

2𝑒
𝑒

−𝜆0
2 ) = +4𝜆 − 1   (41) 

 

and we see easily that λ = 0.2719 is a root of (41). Taking 𝜆0 = 0.2719, the characteristic equation (11) is 
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𝛿 (1 −
1

2𝑒
𝑒−(0.2719+𝛿)

1

2)

= −(2(0.2719) − 4) +
1

𝑒
0.2719𝑒−(0.2719+𝛿)

1

2 + (−
1

2𝑒
)𝑒+

0.2719

2 (0.2719)2𝛿−1(1

− 𝑒−𝛿(0.2719)) 

 

Therefore, we find that 𝛿 =  𝛿0 = 0.3279 is a root. 

 

Corresponding to the roots 𝜆0  =  0.2719 and 𝛿0 = 0.3279, the conditions of Theorem 3 are satisfied. Since 

𝜆0> 0 and 𝜆0 + 𝛿0>0, the zero solution of (38) is unstable. 
 

4. Conclusion 

 

The stability is examined for the real-time sub-structuring testing method to a mass-spring-damper system 

attached with a pendulum. Numerically, the system is modeled and necessary conditions are derived through 

Neutral Delay Differential Equations (NDDEs). 
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