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Abstract: A boundary value problem for a second-order system of "n' partially singularly perturbed delay differential equations
of reaction diffusion type is regarded in this article. This problem'’s solutions has boundary layers at x=0 and x=2 and inner
layers at x=1. To handle the problems, a computational analysis based on a finite element method generally accessible to a
piecewise-uniform Shishkin mesh is provided. It is shown that the procedure is almost second order convergent in the energy
norm uniformly in the perturbation parameters. The hypothesis is supported by numerical examples.
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1. Introduction

We consider a boundary value problems for a system of “n’ partially singularly perturbed delay differential
equations of reaction-diffusion type in this article. We developed a numerical method that resolves not only the
normal boundary layers but also the interior layers caused by the delay terms, using a finite element method on a
suitable Shishkin mesh.

The self-adjoint two-point boundary value problem that corresponds is

—E 7" (x) + AQ)U() + B)i(x —1) = f(x) on  (0,2), (1)

with
=@on[-1,0] and ©R) =1 (1.2)

where ¢ = (¢, P, ..., ¢)T is sufficiently smooth on [-1,0]. Forallx € [0,2],% = (uy, Uy, .., u,)" and f =
(fu, for o, f)T. E and A(x)aren X n matrices, E = diag (§), € = (g1,+,g,) With0 < g; < 1foralli =
1,..,n.

The parameters ¢;,i = 1, ..., m are assumed to be distinct and, for convenience, to have the ordering & <
L e < Eppr ==&, = 1

— n
Forall x € Q, iNsassumed that th components a;:(x) ofA(x) an b; (x) of B(x) satisfy the i |ne ualities
Gul)'s Y ) + b fort % S hand 4 GSbi G2 0 For T (ED

Ve
j=t

and, for some «, 0 <a< min Z|ai}-(x) + by(x)]. (1.4)
x€[0,2]

1<isn J=1

It is assumed that a;;, b, f; € CP(Q), for i,j = 1,...,n. Then (L.1) has a solution % € €(Q) N P (Q) n
CH@Q uQh.

It is also assumed that Jem < % (1.5)
Eu" u(x = F(x) —BxX)P(x —1) = G(x) on Q= (0,1) (1.6)
The p‘bﬁem = al’g%e rew? § M Bfg”?% ~D)=f® on Q=12 (17
u(O) =¢0), @)=L d1-)=u(1+) and WA -)=u(14). (1.8)
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The finite element method has been analysed. Let V represent a given Hilbert space with a norm of || |l, and
scalar product (-,+). V is usually a subspace of the Sobolev space H ().
Consider the weak formulation, find % € H}(Q)™ in particular u; € H3(Q~ U Q*) for i =1, ...,n such that

Bri(u: (), v;(x)) = g; W) (x) V¥ v;(x) € HF(Q) (1.9)

9:w)@) = (fi(0), vi(x)) = ((bi(X)Pi (x = 1)), vi(x))
where (ui(x),vi(x)) = folui(x)vi(x)dx.

Bai(ui(x), v;(x)) = fi(w) (x) V v;(x) € HE(QY) (1.10)
fiw) ) = (fi(x0), v;(x)).

where (w;(x), v;(x)) = flz u; (x)v; (x)dx.
Fori=1,..,m n
Bri(ui(0), 1;(x0)) = —&; (ui(x), v{ (%)) + (Z al.](x)u](x) Ui(x)>

j=1

3z,i(ui (x), Ui(x))
= —&,(uj (), v}(0) +

> (a5 vl(x)> + (b @w = 1, v(0).

j=1

Fori=m+1,.
[fu(u (), v(x)) = —(ui(x), v{(x)) + Z(au () (x), v;(x)

n

ﬁz,i(ui(x)'vi(x)) = —(uf(x),v{(x)) + (Z (aij(x)uj(x)) .Ui(x)> + (bi(x)ui(x -1), Ui(x))-

j=1

Bri(ui(x),v;(x)) and By, (w; (x), v;(x)) are bilinear forms on Hi (Q~ U Q)™ and g;(v;) (%), f;(v,) (x), given
continuous linear functionals on H(Q~ U Q*)™.

Lemmal.l
Suppose that the bilinear forms By ;(u;(x), vi(x)) and B ;(w;(x),v;(x)), i =1,...,n, is continuous on
Hg (Q7 U Q7B IS G0RRIMB (ERS] < vy 1wy 0) 111 v, (1.11)
Bri(vi (), v,(0)) 2 @ 1l v @) I2 (1.12)
|B2,i (i (), v (O)| < ¥2 1w G 1l v () (1.13)
Beay (v: (), v(x)) = a Il vy(x) 112 (1.14)

where @, y; and y, are constants that are indepentent of u; and v;. Then for any continuous linear functional
fi (), the problem (1.9) and (1.10) has a unique solution.

A natural norm on HZ(0,1)" assouﬁted v\gth the ll‘l)llln(Tgr fo u 1), v;(x)) and By (ui(x), v (%)), i =
1,...,n, isthe energy norm

where 1| v; = (v}, v}z, Il v; llo= (v, vl)ﬁ P o OdXy. v)
Lemma 1.2 A bilinear functional Bll(u (%), vl(xgjyand [5’2 l(u (x),v; (x)) i = 1,...,n, satisfies the coercive
property with respect to

Proof: Fori =1,..,m

Bri(vi,v) = —&(vi,vi) + (Z?:l(aijvj)'vi)
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n

Z(aijvj)- v; |dx
=1
> & v 134 all v 113
B2,i(vi,v)) = —&;(vi, vi) + (Z?:l(aijvj)' Ui) + (biui(X - 1),V1(X))

2 (& 1
=g v II%+J- Z(aijvj) - v; |dx +f (bju(x — 1), vi(x)) dx
1\ 0

=g v I3+ all v 113

1
=& Il v; ||%+f

0

Fori=m+1,..,n

n
B v) = =@l v + | ) (ayw). v
j=1

n

1
= v; ”%‘l‘f Z(auvj) * U dx
0

j=1
> v; I3+ a Il v; 115

B2,i(wi,vi) = —(vi,v)) + Z(aijvj)' v |+ (biui(X -1), Vi(X))
=

2 [ 1
=|| v; ”%‘l‘f Z(auvj) * U dx +f (biui(x - 1),Vi(X)) dx
1 : 0
Jj=1
>l v I3+ a ll v 113
2. The Shishkin mesh

A piecewise uniform Shishkin mesh with N mesh-intervals is now constructed on @~ U Q*. Let QY = QN u
ﬂ—l —N —N . . .
QN where Q7N = {x,}2_,, QN = {xk}i’__ﬁﬁ, Q = {x}¥_,and TV =T.Themesh Q is a piecewise uniform
=z

mesh on [0,2] that was generated by dividing [0,1] into 2m + 1 mesh-intervals as follows:
[0,0,]VU ..U (0jp_1, 0] V (O, 1 — 0, ] U (1 — 0, 1 — 011 U ... U (1 — 0y, 1].

The points separating the uniform meshes are determined by the m parameters a,. which are defined by g, =
1

0' Om+1 = El
1 2/em
0, = min {—, In N} (2.1)
4" \Ja
and, forr=m-1,..,1,
7041 2VE,
InN;. 2.2
"Tm{r+1'\/a“} 22
Clearly . 3

e 2S1-om<<l1l-0 <1

Then a uniform mesh of % mesh-points is placed on the sub-interval (¢,,, 1 — a,,,], and a uniform mesh of %

mesh-points is placed on each of the sub-intervals (o,,0,,,] and (1—-o0,44,1—0,], r=01,..,m—1,
respectively.
The remaining was generated by dividing [1,2] into 2m + 1 mesh-intervals as follows:

0<oy<<o, <

[L1+7]JU. U+ Ty, 1+7, U1+ 75,2 —T,,] U ..U (2 — 74, 2].
The points separating the uniform meshes are determined by the m parameters t,. which are defined by 7, =

(1 2em
Tmzmln{Z, Nr lnN} (2.3)

0, Trnsr = Iy
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and, forr=m-1,...,1,
T, = min {%,%lnN}. (24)
Clearly, .
0<Tl<---<rmSZ, ZSl—Tm<--~< 1-7 <1.

Then a uniform mesh of % mesh-points is placed on the sub-interval (1 + t,,,, 2 — 7,,,], and a uniform mesh of

% mesh-points is placed on each of the sub-intervals (1 + z,,1 + 7,,4] and (2 —7,44,2—17,], r=0,1,...,m —
1, respectively.

In practice, it is convenient to take

N = 8ms5, 5= 3, (2.5)

where m denotes the number of distinct singular perturbation parameters involved in the experiment (1.1). This
—N
produces a class of 2™* piecewise uniform Shishkin meshes Q . When all of the parameters o,, 7,

-
=—,1r=
N 8N
1,...,m, are set to the left, the Shishkin mesh Q becomes a classical uniform mesh with the transformation
parameters o,., 7, and a scale N~ from 0 to 2.

The following inegualities hold for the mesh Q¥, s

=1,...m—-1

hkSN for 1<k<N

o] N_ 3N SN _ N

K=y o gSksgandgsks-g

by < 1 k<Y gna N pX 26
kSy for s k=g an g S k=53 (2.6)
oL N SN TN

kS for 7S k=— an g Sks=

B> Y N p< 2N d(l N )<k<<1 N)
k2gs Jor 8s= "8G+ 8+1)) == 8s
B > 1+ Y k14N d<2 N )<k<<2 N)
k=gg for 8s= "= T8+ T 8+1)/) == 8s
by < 1< ks d(l N><k<N

k<gs o = =86 8(s)) = =
b <Y N k<14 d<2 N><k<N

kSgy for s ksligrg an 8s)) = ="M

3. The discrete problem

In this segment, a numerical method for (1.9) and (1.10) are constructed using a finite element method with a
suitable Shishkin mesh. Let for i = 1,2,..,n and k = 1,2, ..., N\{N/2}, V;;, € H3(Q~ U Q*)" be the space of
piecewise linear functionals on Q~ U Q*, that vanish at x = 0,1 and 2.

The finite element approach is now established for the discrete two-point boundary value

problem, U El’%wi,kc(;%%zxg)ﬂ;)gi,k(Vi.k)(x)

V v € Vi © Hy(Q7)

gi,k(vi,k)(x) = (fi,k(x)'vi,k(x)) - ((bi,k(x)¢i,k—1(x)>:Ui,k(x)>
Bo,i (Ui ()13 (1)) = f(v16) ()

(3.1

V v € Vi € H3(Q1) (3.2)

Fuae (i) ) = (£ 00, v ()

Fori=1,..,m,
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Bui (i G, (0)) = =& (e (), v () + (Z (2w (), vi,koc))
j=1

Ba,i (ui,k (%), vik (X))

n

= —&; (uf (@), v}, () + (Z (2w, (0)), vi,k<x)> (b (U1 (), Ve (2))-

j=1
Fori=m+1,..,n
Bui (1400, () = = (i (), v} (@) <Z<“U (x)ujkoc)) v (1))

j=1
n

Ba,i (ui,k(x)' Vik (x)) =- (uf,k(x); V{,k(x)) + (Z (aij (ujk (x)) ) Ui,k(x)) + (bi,k(x)ui,k—l(x)' Vi,k(x))-

j=1

By Lax-Migram, Lemma implies that

1. The discrete problem has a unique solution,

2. The discrete problem is stable.

From (1.4) on A implies that for arbitrary x € (0,2)

§TAE > adTE V &on Vy
where V;, is dual space for V; .

Let{¢;r:k =1,--,N} be abasis for V; , where N = N(i, k) is the dimension of V; . Then Uy € HEQD),

——1

Lk - z Clk¢lk

where the unknowns C; ; satisfiy the linear systerH U=8

with 4 = By {(Pix,, i, ). U = Cir, B gtk%ﬁbtk)
The correspondin differeﬁté(s‘ehérﬂéllé) Pia(P11¢12) - Bia (‘l’l'l' ¢n,§—1>

.31 1(¢1 2'¢1 1) ,31 1(¢1 2;¢1 2) 31,1 (¢1,2'¢n_%_1>

Bun(®0 ¢11) Bin (¢n__1 bz) = Bun (B0 o0, )
Cl,l (gl’ (i)l,l)
Cip _ (91: ¢1,2)
Cn%_l (gn, Y ?_1)
b1k = P2 = = Pk
Fork=1,..,N Cip=Cop == Cpg-

The nonzero contribution from a particular element is

(f;:ld)lk 1-Pi-1dx fxik_l ¢i,k_1.¢l-ykdx>
ik = .

Xk+1 Xk+1
ik Vik i,k Vik+1
ka ik Dirdx ka Gir-d dx
Similarly, the local load vector is
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B ka+1 9i- ¢lkdx

',k = .
L ka+1 9i- ¢L k+1dx
For U;; € H3(Q%),

——1
lk - Z Clk¢lk + Z Clk¢lk

k——+1

where the unknowns C; ;, satisfiy the linear system
AU =B

With 4 = By i (Pije, Din, ) U = Cises B = fire(Dige)-
The corresponding difference scheme is

Bz (¢1-¥+1' ¢1g+1) Bz, (‘l’lgﬂn ¢1g+2) = Paa <¢1§+1' ¢n,N—1)
Bz (¢1 N, o ¢1 N+1) B2 (¢1,§+2' ¢1g+2) = Baa <¢1§+2' ¢n,N—1)

\ﬁZn ¢n1v 17 ¢n N+1> Ban <¢n,;v—1v ¢1'§+2) = B n(¢n N-1, ¢n,N—1)/
(CL%HW (fl' ¢1N+1)
C1,?+2 = <f1, ¢1 N+2)

Cn,N—l (fn' ¢n,N—1)

Fork=1,..,N
b1k = P2 = = Pk
Clk - Cz,k - - bYnk
The nonzero contribution from a particular element is
NP, = + Pig-1-Pirdx

Lo By Doty + Brir Puead [ 6,
f;‘k"“m_ Doy T Pise iseradx

Xk-1

Ai k Xk+1
g k+ t t t t :l)
fxl ik N. ik N ik Pik

Similarly, the local load vector is
Xk+1
| gt b+ fi i
Xk

By = Xk+1 :
f Jik+1- Pigs1 + fi- Pigsrdx
Xk

In the following lemmas, the proofs are given for Q~ and Q* separately. For Q~, the proofs are similar to

those in [12] and for Q™ the proofs are derived.

4. Interpolation error bounds

Lemma4.1. Letu;, be the Vlk interpolant of the solution u;; of (1.1) on the fitted mesh 2~. Then
P21 n 0< g < 11k IS COVHRN)2,

where C is a constant independent of the parameters «;.
Proof: The estimate is obtained separately on each subinterval Q;, = (x,_1,x,) € Q- U Q7

k=1,..,.N—1 \{%} Note that for an§: fuficior-gf: ok JikPiko

and so it is obvious that, on
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90| < g 191G, (4.1)
and it is easy to see that by using sufficient Taylor expansions

|glk(x) glk(x)| <Chk Q |g (x)|
From (4.2) and Lemma 3 in [11], on Q,

(4.2)

i () = u (0)| < ChE |u (0]
hZ

(4.3)
Also, (4.3) using Lemma 6 and Lemma 7 in [11], on €,

uiy () — ug e () Vi (x) + i (x)

< [wie) = v (0| + |W.*L(x)

max
< Ch Q, vl (x)|+Ch2
Fori=1,..,m Q,cQ,

— Vi () — wig (x)|
- WL-Lk(X)| + |W-*R(x) —wi ()]

|W Q) +Chk Q |Wlk(x)|

m m m
BL (x BR (x
<cC 1+Zqu(x) +Z 1':()+Z 1)
q=i

I3
q:i q q:i q
For i=1,..,m, Q; € QY,

(4.4)

<

<cC 1+§:Bl,q(x) +zqu(X)+iB1q(X)
q=i

q=i

q=i

re (14 pn )4 3 e, S0 )
q=i q=i

(4.5)
=i

. 2 InN 1 2 InN
The discussion now centres on whether "= SNEm DT

va 1
C(InN)? and the result follows at once from (2.6) and (4.3)

2 should be used. In the first case — <
va 4 &Em
In the second case t,, = - 83‘;”. Suppose that k satisfies 1+~ < k< 1+ % Then hy = @ and
therefore
ﬂ _ oyt 1- 2‘L'm,
Sm gm
< 1—x,and so
\/E(l_xk) \/ETm
e Vim < e Vem = gm2N — y-2 (4.5)
Using (4.5) and (2.6) in (4.5) gives the required result.
On the other hand, if k satisfies ﬂ < k< ?N and % < k<Nandr=m-—1,..,1, then the discussion now
centres on whether 2 Y2 > rrres or 2YE 1N TTre1 ghoild be used. In the first case — < C(In N)? and the
Va r+1 Va r+1
result follows at once from (2.6) and (4.3)
In the second case 7, = 2\/§lnN /\a and for s=1,.
1.

suppose that k satisfies

-1,
N N 8m(Ty41—17r)
( 1) < k< m and N (@) <k<N- (8(S+1)) Then hy, = —
and 7, < 1 — x;, therefore
hk Try1 — Tr
8mN ! 4.6
N . (+6)
Using (4.6) and (2.6) in (4.5) gives the required result
2. If ksatisfies~ < k < and N
2 8( +1)

( ) < k < N, then b, = 8m "™ and therefore
8(s+1) N
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h Tp1— T
—* — gmN-1 M’ 4.7
& &,

using (4.7) and (2.6) in (4.5) gives the required result.
Fori=m+1,..,n,Q, c Q™

|u;k - u(i,k)l <C (1 + Bl,m(x) + Cl Bf,m(x) + CZSm (1 - B%,m(x)) + Cl Bﬁm(x)

+ Coem (1 - Bgm(x)))
Fori=m+1,..,n,0, cQt
< C (1 + By (%) + Cy B (%) + Cotey (1 - Bf‘m(x)) +Cy BR, (%) + Gyt (1 - Bgﬁm(x)))

+C (1 + Bym(x) + Cy B (x) + Cotn (1= BSpn(2)) + €y B (x)
+ Coem (1 - B;jm(x))>

This gives the required result.
Fork = g the source terms are assumed by

(IXk gi(g—l)dx +fx“1fi<g+1>dx>/2

h hxk—1 Xk
k-1 T Ny
k= %. hy—q = (Xk—z — Xg—1), Pisr = (Xksz = Xpea1)
h _ 8m(opm—1 — o) h _ 8m(r, — 71)
k-1 T TNy 1 T TN
@ _ Pys1 + hyq _ 4nN_1((Um—1 —0p) + (15 — T1)) (4.8)
&; 28,: & ) ’

Using (4.8) and (2.6) in (4.3) gives the required result.

Lemma 4.2. Let u;, be the V; -interpolant of the solution u; of (1.1) on the fitted mesh 2". Then

max sup

i=1..,n0<¢g<1 It = Ui e, < C(N~'InN)?,

where C is a constant independent of ;.
Proof:
For i = 1,..., m from the definition of the energy norm

gy — w12, = si((u;ﬁk — ), (uix — ui,k)’)

+a ((uzk_g T u:‘k_% - ui‘k_%) + (Ul — o Uk — ui,k)>. (4.13)
Each term on the right is now treated separately. It is easy to see that the second term satisfies

(u* N—U, NU N—U N)<||u* N—
i i k——" i k—— i k—— i Jo——
L,k—; ik > Lk 2 ik 3 ik 2

2
|l (4.14)

(Uik = tiger Ui — i) SN utfpe — w17 (4.15)
Using integration by parts and noting that (u{k - ui,k)(xk) = 0, for each k, the first term can be bounded as

follows
N-1
* ! * ! o * ! ! 2
fi((ui,k — i) (wip — uix) ) =& Z (ui,k () — Ui (S)> ds

Xk—1
k=1k#Y

= =& z J-Xk (u;k”(s) - UE,’k(S)) (qu(s) —uk(s))ds

Xk—1
k=1,k==%
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Z [ s (wia5) = ) as

Xk—1
k= 1k¢ﬂ

= (gi ui,’k'uzk - ui,k)’
n
where the fact that u;,, = 0 on each Q; has been used.

The estimate for the second derivative of the components of wu;;, are contained in [11], using lemma 6 and
lemma 7 in [11] then gives

1 2
|(es i g = wipe)| I ugpe — e |l f &rfuil|ds +f &i|u|ds
|(e: i i — wi)| <Uufp — ugp | 0 1
wf,;” |) ds

1 ” L R d 2 " L
€i|vi,k| + &; Wi,k + &; Wi,k s + €i|vi,k| + &; Wi,k + &;
0

B B
< Clufp — e [ ((1 + 3 Byg(s)) + C XN, “I(” +Cxn 1';“)) ds

&q

2 = BE (s BR (s
+f 1 +ZBLq(s) +CZ—1’“( )+CZ—1’“( )\ as
! q=i = €

q=i 1

2 n n L s n R s
+f 1+ E qu(s) +C E —Z'q( )+C E —Z’q() ds
1 — ' — gq — Sq
q=i q=i q=i

S Cllufp —upl,
and so ) ,
e (uise = win) s (i — i) ) < € atfye = wige . (4.16)
Combining (4.13) — (4.16) leads to

gy — e 12, C gy — e Il (1 + @) Iy —uge )

and the proof is completed using the estimate of || u;; — u; Il from Lemma 4.1.
Lemma 4.3. Letu;, be the V;, -interpolant of the solution u;; of (1.1) on the fitted mesh 2~. Then

max sup . ) X
i=1..,n0<g<1l k= tipll_gvsCNT N

Proof: Since u;j, (x) — u;x(x,) = 0, it follows from the definitions of the norms that

* ! * ! * 2
e = g I = (e = i) s (i = wise) ) <N wip = g 12,
Using the estimate in Lemma 4.2 completes the proof.

5. Interpolation error estimate

Lemma 5.1. Let u;, be the solution of (1.1) and U;, the solution of (3.1) and (3.2). Suppose that V;, c
HE Q™). Then
max
= BV = ] S € O RN Wi Ny
max -
i=1, ...,n|BZi(Ui'k — Uy, v;)| < C(NTHIRN)? 1l vy ||lz(Q+N),

where the constant C is independent of ;.
Proof: Sincev; isinV;, € HL(Q™™), the proof resembles that of Lemma 7.1 in [12].

i =1l Ui =0 v)] < € VRN 1 v o),
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Since v; isinV;,, H(}(Q”’), it can be written in the form

N

771 N-1
v = Z VikPix Z VikPik

=1 F

k—f‘l‘l
and so
Ny
2 N-1
Boi (Ui —uip,vi) = Z Vi Bri(Uig — Uije Pix) + Z ViBai(Uik — Ui dix)-  (5.1)
k=1 k=N +1
2

Then, for each k, 1< k < N—1\{§}, using (1.1), (3.1) and (3.2) and the fact that (1,¢x),v =

_ hethgyq
(1; (pi,k—g) - 2 )

n n
Boi(Uik — i i) = ) (aijUisr die) + (DU, N iy ) — (aijwjj dix) + (b, N Pk
ik > i,k 7
j=1 j=1

n n
= (aijuj,k (), Pipe + biu,, N (xk_ﬁ> , ¢i,k> - Z( @i Pix) + (biu,, N, Pij)
e T2 2 = T2
j=1 Jj=
n
= ((aij(uj,k(xk) — i), Pige) + (bi (Ul.k_ﬁ <xk_ﬂ> —u k_g) , ¢i,k))
- 2 2 2
j=1
Since X
|uj,k(xk) — uj‘k| = f wjp(s)ds| < I,
X
where X1
Iy =j |u]'-‘k(s)|ds,
Xk—1
it follows from (2.6) that
(hi + hyy1) _
Boi(Uik = igo i)l S C———= (e + N7, (5.2)
Assume for the moment that I, < CN"'InN. (5.3)

Then (5.1)-(5.3) and the Cauchy-Schwarz inequalityngive
|B2,:(Uix — i vi)| < CN'InN

N
k—Lk¢7

< -1 ;
< CN7 ' InN ll vy ”lz(ﬁN),

1
(hi + hyy1)?
2

1
(hi + hyy1)?
2

|Vi.k|

as required.
It remains therefore to verify (5.3). From the estimate are contain Lemma 3 in [11], for the first derivative of

the solution, it is clear that S ﬁ
I < cf g (N7 e+ f Nlg)dxx .

Xk—1
he +h
It follows that I, < C(kzikﬂ)/@, 5.4
and that Ja )
hy +h B
< et en TR (5.5)

k= 2
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2/emInN > 1 or 2,/enInN <
Va 4 Va

Fori=1,.. mk= g + 1, ..., N — 1, then the discussion now centers on whether

In the first case \/% < C(InN)? and the result follows at once from (2.6) and (5.5).

In the second case 7, = 2 E;"_lnN Suppose that k satlsfles < k< Then h, = = 20-20m) and therefore
hk 2N 1 ( - Zrm)’
gm Sm

T < 1— 2,44, and so
Va(l—xg41) Vaty,
e Vem <o Vem = g-2InN - N2, (5.6)
Using (5.6) and (2.6) in (5.5) gives the required result.
On the other hand, if k satisfies g < k< % and % < k<N and r =m—1,...,1 then the argument now

2VerInN _ 7Tpr4q 2VerInN _ 7741
depends on whether N = or N =
In the first case F < CIn N and the result follows at once from (2.6) and (5.5).
In the second case T, = 2‘/?_]“' andfors =1,..,m — 2.\Za\Za
(1) Suppose that k satlsfles )s k< m and N — ( 56 ) <k< N- (8( +1)) Then
(Tr+1 —Tr )
h, = 8n—m
k n N
and 7, < 1 — x;, therefore
hk Try1 — Tr
— =8mN ! ——, (5.7)

6.

Using (5.7) and (2. 6) in (5.5) gives the required result.
) Ifk satisfies ;S ks +1) and N — ( ) <k < N, then h;, = %‘”1”) and therefore

8(s+1)
hk (Tr+1 - Tr)
=g8gnN 11— (5.8)
Ver Ver
Using (5.8) and (2.6) in (5.5) gives the required result.
. N N N N N
(3) Finally, suppose thats = 1,...,m, k = {8(5) - (@); + 'z (g)} Then
k K+1
I, < (f +f >|u§‘k|dx < lyoq + s
k-1 k
< CN'InN
For k = ~, the source terms are assumed by
2 Xk N Xk+1 N
U gi(——1)+f ﬁ-(—+1>>/2
Xk—1 2 Xk 2
hi = (hyg—1 + hies1)/2, hk8—1 (= (k-2 — x)k—l) %nd( )
m(O0m—-1 — O, m(7, — T
hisr = (g1 — Xies2), hy1 = $, hieyr = +
he  (hgoq 4 hisr) AN (01 — 0m) + (T — 71))
— = = (5.9)
&; 2£i &;

Using (5.9) and (2.6) in (5.5) gives the required result.

Discretization error

Lemma 6.1. Let u;, be the V; ,-interpolant of the solution u; ; of (1.1) and U;  the solution of (3.1) and (3.2).

Then
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max N
. PR T < -1 2
i = 1' e, n " Ul,k ul,k ”&‘L‘,EN = C(N In N) )

where the constant C is independent of the parameters &;.
Proof: From the coercivity of 8, ;(,) in Lemma 1.1 and since U; ,, — u;, € V4,

* 2 * *
I Ui — i I v = € Ba,i(Uije = i Ui e — ui)
12

< C[B2i(Uike = uiper Usge = uine) + Boi(uine — i Upie — ui)]
Using Lemma 5.1, with v; = U;, — u;,, then gives

I U —ufp 1P w< CINTHINN)Z Il Upge — iy I .
’ ’ “':i'Q ’ ! Ei,Q.
Cancelling the common factor gives
Il Upre — Uik ||£_51v < C(N7'InN)?
o

as required.

Theorem 6.2. Letu;, be the solution of (1.1) and U; ; the solution of (3.1) and (3.2). Then

max

i=1,..,n I Ui,k — Uik ”Ei.ﬁN < C(N_l In N)z,

where the constant C is independent of the parameters «;.

Proof: Since
” Uik_uik”é._QNS” Uik_uz(k " —N +|I u;k_uik" —N,
! ! v ! ! £, ’ ! £i,Q

the result follows by combining Lemmas (4.1) and (6.1).
Theorem 6.3. Let u;,, be the solution of (1.1) and U;,, the solution of (3.1) and (3.2). Then the following
parameter uniform error estimgtgholds  sup

i=1..,n0<g<1 Ui = Uik "Ei,ﬁN s CINTHnN)®

where the constant C is independent of the parameters «;.
Proof: Since 7, < Z@HN, r=m,..,1, consider k satisfies,
1,...,m — 1 on aneighbourhood of the boundary layers.

< k<= and N—( )5 k<N, s=

N 5N N
2 8s

S

Using the Cauchy Schwarz inequality and Theorem 6.2,
j (Uik — uii)(s)ds
Qp

|(Uige — wipe) )| =

1 1
1 . \2 o2 \?
< —f 1%ds srf |(Ui,k —ui,k) (s)| ds
&rlay Q
TT
< | Ui,k — Uk ||£r'QN
T
< CN72(InN)2. 6.1)

On the other hand, suppose that k satisfies % < k< % outside the boundary layers, h;, > %and o)
2 2
|(Uike = ui) )|” < N by (Uire — wige) (i)

A

8
<N Z hk|(Ui,k_ui,k)(xk)|2
S
k==

2
< NI Ui,k — Uk "lZ(QN)-

Using Theorem (6.2) then leads to
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I (Uige = wi0e) (ai) 1 U = e Nz gy

1
< CN7z (InN)2 (6.2)
Fork = ﬂ,
2
(hN + hy )
hn = 27 7' hn =(x1v — XN ) and hy <x1v — XN )
7 2 e 772 372 7 ¥ T2
2 2
o)) =0y 5) o)
2 b2/ \ 7 2 2z Y2/ \ 32
(h%_l + th) 2
<N <UN_u.N><XN>
2 bz /N7
2
<N |<U,N —-u N) (x1v>
Lz 2 2/ 112Ny
Using Theorem (6.2) then leads to
|<U.N _u.N> (Jﬂv) <|I|WU.~n—un
bz W/ \ 3 S Al RN

Combining (6.3) and (6.4) completes the proof.
7. Numerical Illustrations

Example 7.1. Consider the BVP
—EW(x) + AU (x) + B()i(x — 1) = f(x), for x € (0,2), #(x) =1, forx€ [-1,0], ©(2) =1

6 -1 0 -0.5
Where E = diag (&;,&5,83), A = ( -1 5(1+x) -1 ),B = <_0_5>
-1 -(1+x*) 6+x -0.5

f = (e*, 2,1+ x2)T. For various values of &,&,, &5, N = 8k, k = 2", r = 3,--,8, and a = 1.9.

Using the general methods from [6], the £-uniform order of convergence and the £-uniform error constant are
computed by applying fitted mesh, method, to the example 7,1. The following table outlines the conclusions.

P Vzlu%%%ngy, DIR’, pq’, v an% cN = ming h 0

p for e 32’ £2=1—6, & = 1.0.
Number of mesh points N
] 64 128 256 512 1024
20 0.7544E-03 0.1717E-03 0.6677E-04 0.2797E-04 0.1303E-04
22 0.1786E-02 0.2975E-03 0.1115E-03 0.4510E-04 0.2050E-04
24 0.3974E-02 0.7429E-03 0.1842E-03 0.7169E-04 0.3064E-04
26 0.8120E-02 0.1769E-02 0.3029E-03 0.1139E-03 0.4607E-04
2°10 0.1492E-01 0.3948E-02 0.7378E-03 0.1837E-03 0.7132E-04
2°10 0.2426E-01 0.8082E-02 0.1761E-03 0.3010E-02 0.1129E-03
212 0.2426E-01 0.8082E-02 0.1761E-03 0.3010E-02 0.1129E-03
214 0.2426E-01 0.8082E-02 0.1761E-03 0.3010E-02 0.1129E-03
DN 0.2426E-01 0.8082E-02 0.1761E-03 0.3010E-02 0.1129E-03
PN 0.1293E+01 0.1389E+01 0.1453E+01 0.1573E+01
cy 0.8233E+00 0.8053E+00 0.7898E+00 0.5031E+00 0.5032E+00
Computed order of £ uniform convergence, p* = 1.293
Computed &-uniform error constant, ). = 0:8233
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