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Abstract: A boundary value problem for a second-order system of `n' partially singularly perturbed delay differential equations 

of reaction diffusion type is regarded in this article. This problem's solutions has boundary layers at x=0 and x=2 and inner 

layers at x=1. To handle the problems, a computational analysis based on a finite element method generally accessible to a 

piecewise-uniform Shishkin mesh is provided. It is shown that the procedure is almost second order convergent in the energy 

norm uniformly in the perturbation parameters. The hypothesis is supported by numerical examples. 
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1. Introduction 

 

We consider a boundary value problems for a system of `𝑛′ partially singularly perturbed delay differential 

equations of reaction-diffusion type in this article. We developed a numerical method that resolves not only the 

normal boundary layers but also the interior layers caused by the delay terms, using a finite element method on a 

suitable Shishkin mesh.  

The self-adjoint two-point boundary value problem that corresponds is 

                −𝐸 �⃗� ′′(𝑥) + 𝐴(𝑥)�⃗� (𝑥) + 𝐵(𝑥)�⃗� (𝑥 − 1) = 𝑓 (𝑥)     on      (0,2),                                    (1.1) 

with 

                                             �⃗� = �⃗�  on [−1,0]  𝑎𝑛𝑑   �⃗� (2) = 𝑙                                                             (1.2)  

where �⃗� = (𝜙1, 𝜙2, … , 𝜙𝑛)
𝑇 is sufficiently smooth on [−1,0]. For all 𝑥 ∈  [0,2], �⃗� = (𝑢1, 𝑢2, … , 𝑢𝑛)

𝑇  and 𝑓 =
(𝑓1, 𝑓2, … , 𝑓𝑛)

𝑇 .     𝐸  and    𝐴(𝑥) are 𝑛 ×  𝑛  matrices, 𝐸 =  diag (휀 ) , 휀  =  (휀1, ⋯ , 휀𝑛) with 0 < 휀𝑖 ≤ 1 for all 𝑖 =
1,… , 𝑛.  

The parameters 휀𝑖, 𝑖 = 1, … ,𝑚 are assumed to be distinct and, for convenience, to have the ordering         휀1 <
⋯ < 휀𝑚 < 휀𝑚+1 = ⋯ = 휀𝑛 = 1.  

𝑎𝑖𝑖(𝑥) >∑|𝑎𝑖𝑗(𝑥) + 𝑏𝑖(𝑥)|

𝑛

𝑗≠ 𝑖
𝑗=1

 𝑓𝑜𝑟 1 ≤  𝑖 ≤  𝑛 𝑎𝑛𝑑   𝑎𝑖𝑗(𝑥), 𝑏𝑖(𝑥) ≤  0   𝑓𝑜𝑟  𝑖 ≠ 𝑗          (1.3) 
For all 𝑥 ∈ Ω , it is assumed that the components 𝑎𝑖𝑗(𝑥) of 𝐴(𝑥) and 𝑏𝑖(𝑥) of 𝐵(𝑥) satisfy the inequalities 

                                            0 < 𝛼 < min
𝑥∈[0,2]

1≤𝑖≤𝑛

∑|𝑎𝑖𝑗(𝑥) + 𝑏𝑖(𝑥)|

𝑛

𝑗=1

.                                                  (1.4) 
and, for some 𝛼, 

It is assumed that 𝑎𝑖𝑗 , 𝑏𝑖 , 𝑓𝑖 ∈ 𝐶
(2)(Ω), for 𝑖, 𝑗 =  1, … , 𝑛. Then (1.1) has a solution �⃗� ∈ 𝐶(Ω) ∩ 𝐶(1)(Ω) ∩

𝐶(4)(Ω− ∪ Ω+). 

                                                         √휀𝑚 ≤
√𝛼

6
.                                                                             (1.5) It is also assumed that 

  𝐿1⃗⃗  ⃗ �⃗�  = −𝐸 �⃗� 
′′(𝑥) + 𝐴(𝑥)�⃗� (𝑥) = 𝑓 (𝑥) − 𝐵(𝑥)�⃗� (𝑥 − 1) = 𝑔 (𝑥)    on    Ω− = (0,1)            (1.6) 

The problem can also be rewritten in the form 
   𝐿2⃗⃗⃗⃗  �⃗� = −𝐸 �⃗� 

′′(𝑥) + 𝐴(𝑥)�⃗� (𝑥) + 𝐵(𝑥)�⃗� (𝑥 − 1) = 𝑓 (𝑥)                    on    Ω+ = (1,2)            (1.7) 

  �⃗� (0) = �⃗� (0),   �⃗� (2) = 𝑙 ,         �⃗� (1 −) = �⃗� (1 +)       and    u⃗ ′(1 −) = �⃗� ′(1 +).              (1.8) 
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The finite element method has been analysed. Let 𝑉 represent a given Hilbert space with a norm of ∥. ∥𝑉  and 

scalar product (⋅,⋅). 𝑉 is usually a subspace of the Sobolev space 𝐻1(Ω).  

Consider the weak formulation, find �⃗� ∈  𝐻0
1(Ω)𝑛 in particular 𝑢𝑖 ∈ 𝐻0

1(Ω− ∪ Ω+)   for  𝑖 = 1,… , 𝑛 such that     

             𝛽1,𝑖(𝑢𝑖(𝑥), 𝑣𝑖(𝑥)) = 𝑔𝑖(𝑣𝑖)(𝑥) ∀ 𝑣𝑖(𝑥) ∈  𝐻0
1(Ω−)                                          (1.9) 

 

 𝑔𝑖(𝑣𝑖)(𝑥) = (𝑓𝑖(𝑥), 𝑣𝑖(𝑥)) − ((𝑏𝑖(𝑥)𝜙𝑖(𝑥 − 1)), 𝑣𝑖(𝑥)) 

where (𝑢𝑖(𝑥), 𝑣𝑖(𝑥)) = ∫0
1
𝑢𝑖(𝑥)𝑣𝑖(𝑥)𝑑𝑥. 

 
                  𝛽2,𝑖(𝑢𝑖(𝑥), 𝑣𝑖(𝑥)) = 𝑓𝑖(𝑣𝑖)(𝑥) ∀ 𝑣𝑖(𝑥) ∈ 𝐻0

1(Ω+)                                     (1.10) 

     𝑓𝑖(𝑣𝑖)(𝑥) = (𝑓𝑖(𝑥), 𝑣𝑖(𝑥)).                                             

where (𝑢𝑖(𝑥), 𝑣𝑖(𝑥)) = ∫ 𝑢𝑖 (𝑥)𝑣𝑖(𝑥)𝑑𝑥
2

1
. 

For 𝑖 = 1,… ,𝑚, 

𝛽1,𝑖(𝑢𝑖(𝑥), 𝑣𝑖(𝑥)) = −휀𝑖(𝑢𝑖
′(𝑥), 𝑣𝑖

′(𝑥)) + (∑(𝑎𝑖𝑗(𝑥)𝑢𝑗(𝑥)) , 𝑣𝑖(𝑥)

𝑛

𝑗=1

) 

  𝛽2,𝑖(𝑢𝑖(𝑥), 𝑣𝑖(𝑥)) 

= −휀𝑖(𝑢𝑖
′(𝑥), 𝑣𝑖

′(𝑥)) + (∑(𝑎𝑖𝑗(𝑥)𝑢𝑗(𝑥)) , 𝑣𝑖(𝑥)

𝑛

𝑗=1

) + (𝑏𝑖(𝑥)𝑢𝑖(𝑥 − 1), 𝑣𝑖(𝑥)). 

𝛽1,𝑖(𝑢𝑖(𝑥), 𝑣𝑖(𝑥)) = −(𝑢𝑖
′(𝑥), 𝑣𝑖

′(𝑥)) + (∑(𝑎𝑖𝑗(𝑥)𝑢𝑗(𝑥)

𝑛

𝑗=1

, 𝑣𝑖(𝑥))  

For 𝑖 = 𝑚 + 1,… , 𝑛, 

𝛽2,𝑖(𝑢𝑖(𝑥), 𝑣𝑖(𝑥)) = −(𝑢𝑖
′(𝑥), 𝑣𝑖

′(𝑥)) + (∑(𝑎𝑖𝑗(𝑥)𝑢𝑗(𝑥)) , 𝑣𝑖(𝑥)

𝑛

𝑗=1

) + (𝑏𝑖(𝑥)𝑢𝑖(𝑥 − 1), 𝑣𝑖(𝑥)). 

𝛽1,𝑖(𝑢𝑖(𝑥), 𝑣𝑖(𝑥)) and 𝛽2,𝑖(𝑢𝑖(𝑥), 𝑣𝑖(𝑥)) are bilinear forms on 𝐻0
1(Ω− ∪ Ω+)𝑛 and 𝑔𝑖(𝑣𝑖)(𝑥), 𝑓𝑖(𝑣𝑖)(𝑥), given 

continuous linear functionals on 𝐻0
1(Ω− ∪ Ω+)𝑛.  

 

Lemma 1.1  

Suppose that the bilinear forms 𝛽1,𝑖(𝑢𝑖(𝑥), 𝑣𝑖(𝑥)) and 𝛽2,𝑖(𝑢𝑖(𝑥), 𝑣𝑖(𝑥)), 𝑖 = 1,… , 𝑛, is continuous on 

𝐻0
1(Ω− ∪ Ω+)𝑛 is coercive, that  |𝛽1,𝑖(𝑢𝑖(𝑥), 𝑣𝑖(𝑥))| ≤ 𝛾1 ∥ 𝑢𝑖(𝑥) ∥ ∥ 𝑣𝑖(𝑥) ∥                                                                  (1.11) 

      𝛽1,𝑖(𝑣𝑖(𝑥), 𝑣𝑖(𝑥)) ≥ 𝛼 ∥ 𝑣𝑖(𝑥) ∥
2                                                                           (1.12) 

|𝛽2,𝑖(𝑢𝑖(𝑥), 𝑣𝑖(𝑥))| ≤ 𝛾2 ∥ 𝑢𝑖(𝑥) ∥ ∥ 𝑣𝑖(𝑥) ∥                                                               (1.13) 

𝛽(2,𝑖)(𝑣𝑖(𝑥), 𝑣𝑖(𝑥)) ≥ 𝛼 ∥ 𝑣𝑖(𝑥) ∥
2                                                                             (1.14) 

where 𝛼, 𝛾1 and 𝛾2 are constants that are indepentent of 𝑢𝑖 and 𝑣𝑖. Then for any continuous linear functional 

𝑓𝑖(⋅), the problem (1.9) and (1.10) has a unique solution. 

 

A natural norm on 𝐻0
1(0,1)𝑛 associated with the bilinear form 𝛽1,𝑖(𝑢𝑖(𝑥), 𝑣𝑖(𝑥)) and 𝛽2,𝑖(𝑢𝑖(𝑥), 𝑣𝑖(𝑥)), 𝑖 =

1,… , 𝑛,  is the energy norm  
∥ 𝑣𝑖 ∥𝜀𝑖

2 = (휀𝑖 ∥ 𝑣𝑖 ∥1
2+ 𝛼 ∥ 𝑣𝑖 ∥0

2) 

 

where  ∥ 𝑣𝑖 ∥1= (𝑣𝑖
′, 𝑣𝑖

′)
1

2, ∥ 𝑣𝑖 ∥0= (𝑣𝑖 , 𝑣𝑖)
1

2 on 𝐻0
1(0,1)𝑛. ∥ 𝑣𝑖 ∥𝜀𝑖
2 ≤ 𝛽𝑖(𝑣𝑖 , 𝑣𝑖) 

Lemma 1.2 A bilinear functional 𝛽1,𝑖(𝑢𝑖(𝑥), 𝑣𝑖(𝑥)) and 𝛽2,𝑖(𝑢𝑖(𝑥), 𝑣𝑖(𝑥)), 𝑖 = 1,… , 𝑛, satisfies the coercive 

property with respect to 

Proof: For 𝑖 = 1,… ,𝑚 

         𝛽1,𝑖(𝑣𝑖 , 𝑣𝑖) = −휀𝑖(𝑣𝑖
′, 𝑣𝑖

′) + (∑ (𝑎𝑖𝑗𝑣𝑗), 𝑣𝑖
𝑛
𝑗=1 )                                                         
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 = 휀𝑖 ∥ 𝑣𝑖 ∥1
2+∫ (∑(𝑎𝑖𝑗𝑣𝑗) ⋅  𝑣𝑖

𝑛

𝑗=1

)
1

0

𝑑𝑥                             

≥ 휀𝑖 ∥ 𝑣𝑖 ∥1
2+ 𝛼 ∥ 𝑣𝑖 ∥0

2.                                                         

         𝛽2,𝑖(𝑣𝑖 , 𝑣𝑖) = −휀𝑖(𝑣𝑖
′, 𝑣𝑖

′) + (∑ (𝑎𝑖𝑗𝑣𝑗), 𝑣𝑖
𝑛
𝑗=1 ) + (biui(x − 1), vi(x))                                              

 = 휀𝑖 ∥ 𝑣𝑖 ∥1
2+∫ (∑(𝑎𝑖𝑗𝑣𝑗) ⋅  𝑣𝑖

𝑛

𝑗=1

)
2

1

𝑑𝑥 +∫ (biui(x − 1), vi(x))
1

0

𝑑𝑥 

≥ 휀𝑖 ∥ 𝑣𝑖 ∥1
2+ 𝛼 ∥ 𝑣𝑖 ∥0

2.                                                      
For 𝑖 = 𝑚 + 1,… , 𝑛        

 𝛽1,𝑖(𝑣𝑖 , 𝑣𝑖) = −(𝑣𝑖
′, 𝑣𝑖

′) + (∑(𝑎𝑖𝑗𝑣𝑗), 𝑣𝑖

𝑛

𝑗=1

)                                                         

      = ∥ 𝑣𝑖 ∥1
2+∫ (∑(𝑎𝑖𝑗𝑣𝑗) ⋅  𝑣𝑖

𝑛

𝑗=1

)
1

0

𝑑𝑥                                   

≥ ∥ 𝑣𝑖 ∥1
2+ 𝛼 ∥ 𝑣𝑖 ∥0

2.                                                        

 

 𝛽2,𝑖(𝑣𝑖 , 𝑣𝑖) = −(𝑣𝑖
′ , 𝑣𝑖

′) + (∑(𝑎𝑖𝑗𝑣𝑗), 𝑣𝑖

𝑛

𝑗=1

) + (biui(x − 1), vi(x))                                              

  =∥ 𝑣𝑖 ∥1
2+∫ (∑(𝑎𝑖𝑗𝑣𝑗) ⋅  𝑣𝑖

𝑛

𝑗=1

)
2

1

𝑑𝑥 + ∫ (biui(x − 1), vi(x))
1

0

𝑑𝑥 

 ≥∥ 𝑣𝑖 ∥1
2+ 𝛼 ∥ 𝑣𝑖 ∥0

2.                                                      

 

2. The Shishkin mesh 

 

A piecewise uniform Shishkin mesh with 𝑁 mesh-intervals is now constructed on Ω− ∪ Ω+. Let Ω𝑁 = Ω−𝑁 ∪

Ω+𝑁 where  Ω−𝑁 = {𝑥𝑘}𝑘=1

𝑁

2
−1
, Ω+𝑁 = {𝑥𝑘}𝑘=𝑁

2
+1

𝑁−1 , Ω
𝑁
= {𝑥𝑘}𝑘=0

𝑁  and Γ𝑁 = Γ. The mesh Ω
𝑁

 is a piecewise uniform 

mesh on [0,2] that was generated by dividing [0,1] into 2𝑚 +  1 mesh-intervals as follows: 

 [0, 𝜎1] ∪ …∪ (𝜎𝑚−1, 𝜎𝑚] ∪ (𝜎𝑚, 1 − 𝜎𝑚] ∪ (1 − 𝜎𝑚, 1 − 𝜎𝑚−1] ∪ …∪ (1 − 𝜎1, 1]. 
The points separating the uniform meshes are determined by the m parameters 𝜎𝑟 which are defined by  𝜎0  =

0, 𝜎𝑚+1 =
1

2
,  

 

                                    𝜎𝑚 = min {
1

4
,
2√휀𝑚

√𝛼
ln𝑁}                                                      (2.1) 

and, for 𝑟 = 𝑚 − 1,… ,1, 

                                            𝜎𝑟 = min {
𝑟𝜎𝑟+1
𝑟 + 1

,
2√휀𝑟

√𝛼
ln𝑁}.                                              (2.2) 

 Clearly  

0 < 𝜎1 < ⋯ < 𝜎𝑚 ≤
1

4
,                    

3

4
≤ 1 − 𝜎𝑚 < ⋯ <  1 − 𝜎1  < 1. 

Then a uniform mesh of 
𝑁

4
 mesh-points is placed on the sub-interval (𝜎𝑚, 1 − 𝜎𝑚], and a uniform mesh of 

𝑁

8𝑚
 

mesh-points is placed on each of the sub-intervals (𝜎𝑟 , 𝜎𝑟+1]   and (1 − 𝜎𝑟+1, 1 − 𝜎𝑟], 𝑟 = 0,1, … ,𝑚 − 1, 
respectively.  

The remaining was generated by dividing [1,2] into 2𝑚 +  1 mesh-intervals as follows: 

 
[1,1 + 𝜏1] ∪ …∪ (1 + 𝜏𝑚−1, 1 + 𝜏𝑚] ∪ (1 + 𝜏𝑚 , 2 − 𝜏𝑚] ∪ …∪ (2 − 𝜏1, 2]. 

The points separating the uniform meshes are determined by the m parameters 𝜏𝑟 which are defined by  𝜏0  =

0, 𝜏𝑚+1 =
1

2
,  

                                    𝜏𝑚 = min {
1

4
,
2√휀𝑚

√𝛼
ln𝑁}                                                             (2.3) 
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and, for 𝑟 = 𝑚 − 1,… ,1, 

                                            𝜏𝑟 = min {
𝑟𝜏𝑟+1
𝑟 + 1

,
2√휀𝑟

√𝛼
ln𝑁}.                                              (2.4) 

 Clearly, 

0 < 𝜏1 < ⋯ < 𝜏𝑚 ≤
1

4
,                    

3

4
≤ 1 − 𝜏𝑚 < ⋯ <  1 − 𝜏1  < 1. 

Then a uniform mesh of 
𝑁

4
 mesh-points is placed on the sub-interval (1 + 𝜏𝑚, 2 − 𝜏𝑚], and a uniform mesh of 

𝑁

8𝑚
 mesh-points is placed on each of the sub-intervals (1 + 𝜏𝑟 , 1 + 𝜏𝑟+1]   and (2 − 𝜏𝑟+1, 2 − 𝜏𝑟], 𝑟 = 0,1, … ,𝑚 −

1, respectively.  

In practice, it is convenient to take 

 
                               𝑁 =  8 𝑚 𝛿,           𝛿 ≥  3,                                                                (2.5) 

where m denotes the number of distinct singular perturbation parameters involved in the experiment (1.1). This 

produces a class of 2𝑚+1 piecewise uniform Shishkin meshes Ω
𝑁

. When all of the parameters 𝜎𝑟 , 𝜏𝑟 =
𝑟

8𝑁
, 𝑟 =

1,… ,𝑚,  are set to the left, the Shishkin mesh Ω
𝑁

 becomes a classical uniform mesh with the transformation 

parameters 𝜎𝑟 , 𝜏𝑟  and a scale 𝑁−1 from 0 to 2.  

The following inequalities hold for the mesh Ω𝑁 ,   𝑠 = 1, … ,𝑚 − 1  
ℎ𝑘 ≤

2

𝑁
        𝑓𝑜𝑟             1 ≤  𝑘 ≤  𝑁                                                                                        

ℎ𝑘 ≥
1

𝑁
        𝑓𝑜𝑟              

𝑁

8
≤  𝑘 ≤

3𝑁

8
 𝑎𝑛𝑑 

5𝑁

8
≤  𝑘 ≤

7𝑁

8
                                                

ℎ𝑘 ≤
1

𝑁
         𝑓𝑜𝑟               1 ≤  𝑘 ≤

𝑁

8
   𝑎𝑛𝑑    

3𝑁

8
≤  𝑘 ≤

𝑁

2
                                          (2.6)   

ℎ𝑘 ≤
1

𝑁
         𝑓𝑜𝑟              

𝑁

2
≤  𝑘 ≤

5𝑁

8
   𝑎𝑛𝑑    

7𝑁

8
≤  𝑘 ≤ 𝑁                                              

ℎ𝑘 ≥
𝑁

8𝑠
       𝑓𝑜𝑟            

𝑁

8𝑠
≤  𝑘 ≤

𝑁

8(𝑠 + 1)
   𝑎𝑛𝑑   (1 −

𝑁

8(𝑠 + 1)
) ≤  𝑘 ≤  (1 −

𝑁

8𝑠
) 

ℎ𝑘 ≥
𝑁

8𝑠
   𝑓𝑜𝑟   1 +  

𝑁

8𝑠
≤  𝑘 ≤ 1 +

𝑁

8(𝑠 + 1)
   𝑎𝑛𝑑   (2 −

𝑁

8(𝑠 + 1)
) ≤  𝑘 ≤  (2 −

𝑁

8𝑠
) 

ℎ𝑘 ≤
𝑁

8𝑠
        𝑓𝑜𝑟             1 ≤  𝑘 ≤

𝑁

8(𝑠)
  𝑎𝑛𝑑  (1 −

𝑁

8(𝑠)
) ≤  𝑘 ≤  𝑁.                                 

ℎ𝑘 ≤
𝑁

8𝑠
        𝑓𝑜𝑟        

𝑁

2
≤  𝑘 ≤ 1 +

𝑁

8(𝑠)
  𝑎𝑛𝑑  (2 −

𝑁

8(𝑠)
) ≤  𝑘 ≤  𝑁.                                 

 

 

 

3. The discrete problem 

 

In this segment, a numerical method for (1.9) and (1.10) are constructed using a finite element method with a 

suitable Shishkin mesh. Let for 𝑖 = 1,2, … , 𝑛 and 𝑘 = 1,2, … , 𝑁\{𝑁/2}, 𝑉𝑖,𝑘 ⊂ 𝐻0
1(Ω− ∪ Ω+)𝑛 be the space of 

piecewise linear functionals on Ω− ∪ Ω+, that vanish at 𝑥 = 0, 1  and 2. 

The finite element approach is now established for the discrete two-point boundary value  

problem, 𝑈𝑖,𝑘 ∈  𝑉𝑖,𝑘 ⊂ 𝐻0
1(Ω− ∪ Ω+) 

         𝛽1,𝑖(𝑈𝑖,𝑘(𝑥)𝑣𝑖,𝑘(𝑥)) = 𝑔𝑖,𝑘(𝑣𝑖,𝑘)(𝑥)          ∀    𝑣𝑖,𝑘 ∈  𝑉𝑖,𝑘 ⊂ 𝐻0
1(Ω−)                   (3.1) 

 

𝑔𝑖,𝑘(𝑣𝑖,𝑘)(𝑥) = (𝑓𝑖,𝑘(𝑥), 𝑣𝑖,𝑘(𝑥)) − ((𝑏𝑖,𝑘(𝑥)𝜙𝑖,𝑘−1(𝑥)) , 𝑣𝑖,𝑘(𝑥))  

         𝛽2,𝑖(𝑈𝑖,𝑘(𝑥)𝑣𝑖,𝑘(𝑥)) = 𝑓(𝑣𝑖,𝑘)(𝑥)          ∀    𝑣𝑖,𝑘 ∈  𝑉𝑖,𝑘 ⊂ 𝐻0
1(Ω+)                   (3.2) 

 

𝑓𝑖,𝑘(𝑣𝑖,𝑘)(𝑥) = (𝑓𝑖,𝑘(𝑥), 𝑣𝑖,𝑘(𝑥)).             
 

 

For 𝑖 = 1,… ,𝑚, 
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𝛽1,𝑖 (𝑢𝑖,𝑘(𝑥)𝑣𝑖,𝑘(𝑥)) = −휀𝑖 (𝑢𝑖,𝑘
′ (𝑥), 𝑣𝑖,𝑘

′ (𝑥)) + (∑(𝑎𝑖𝑗(𝑥)𝑢𝑗,𝑘(𝑥)) , 𝑣𝑖,𝑘(𝑥)

𝑛

𝑗=1

) 

  𝛽2,𝑖 (𝑢𝑖,𝑘(𝑥), 𝑣𝑖,𝑘(𝑥)) 

 

= −휀𝑖 (𝑢𝑖.𝑘
′ (𝑥), 𝑣𝑖,𝑘

′ (𝑥)) + (∑(𝑎𝑖𝑗(𝑥)𝑢𝑗,𝑘(𝑥)) , 𝑣𝑖,𝑘(𝑥)

𝑛

𝑗=1

) + (𝑏𝑖,𝑘(𝑥)𝑢𝑖,𝑘−1(𝑥), 𝑣𝑖,𝑘(𝑥)). 

For 𝑖 = 𝑚 + 1,… , 𝑛, 

𝛽1,𝑖 (𝑢𝑖,𝑘(𝑥), 𝑣𝑖,𝑘(𝑥)) = − (𝑢𝑖,𝑘
′ (𝑥), 𝑣𝑖,𝑘

′ (𝑥)) + (∑(𝑎𝑖𝑗(𝑥)𝑢𝑗,𝑘(𝑥)

𝑛

𝑗=1

) , 𝑣𝑖,𝑘(𝑥))  

𝛽2,𝑖 (𝑢𝑖,𝑘(𝑥), 𝑣𝑖,𝑘(𝑥)) = −(𝑢𝑖,𝑘
′ (𝑥), 𝑣𝑖,𝑘

′ (𝑥)) + (∑(𝑎𝑖𝑗(𝑥)𝑢𝑗.𝑘(𝑥)) , 𝑣𝑖,𝑘(𝑥)

𝑛

𝑗=1

) + (𝑏𝑖,𝑘(𝑥)𝑢𝑖,𝑘−1(𝑥), 𝑣𝑖,𝑘(𝑥)). 

By Lax-Migram, Lemma implies that  

1. The discrete problem has a unique solution,  

2. The discrete problem is stable. 

From (1.4) on 𝐴 implies that for arbitrary 𝑥 ∈ (0,2)     

   𝜉𝑇𝐴𝜉 ≥ 𝛼𝜉𝑇𝜉    ∀   𝜉 𝑜𝑛  𝑉𝑖,𝑘
∗   

where  𝑉𝑖,𝑘
∗   is dual space for 𝑉𝑖,𝑘. 

Let {𝜙𝑖,𝑘: 𝑘 = 1,⋯ ,𝑁}  be a basis for 𝑉𝑖,𝑘, where 𝑁 = 𝑁(𝑖, 𝑘) is the dimension of 𝑉𝑖,𝑘. Then 𝑈𝑖,𝑘 ∈ 𝐻0
1(Ω−), 

 𝑈𝑖,𝑘 = ∑𝐶𝑖,𝑘𝜙𝑖,𝑘

𝑁
2
−1

𝑘=1

 

 

where the unknowns 𝐶𝑖,𝑘 satisfiy the linear system  
𝐴𝑈 = 𝐵 

 

with 𝐴 = 𝛽1,𝑖(𝜙𝑖,𝑘1 , 𝜙𝑖,𝑘2), 𝑈 = 𝐶𝑖,𝑘 , 𝐵 = 𝑔𝑖,𝑘(𝜙𝑖,𝑘). 

(

 
 
 
 

𝛽1,1(𝜙1,1, 𝜙1,1)  𝛽1,1(𝜙1,1, 𝜙1,2)  ⋯ 𝛽1,1 (𝜙1,1, 𝜙𝑛,𝑁
2
−1
)

𝛽1,1(𝜙1,2, 𝜙1,1)  𝛽1,1(𝜙1,2, 𝜙1,2)  ⋯ 𝛽1,1 (𝜙1,2, 𝜙𝑛,𝑁
2
−1
)

⋮                        ⋮                                 ⋮

 𝛽1,𝑛 (𝜙𝑛,𝑁
2
−1
, 𝜙1,1)  𝛽1,𝑛 (𝜙𝑛,𝑁

2
−1
, 𝜙1,2)  ⋯ 𝛽1,𝑛 (𝜙𝑛,𝑁

2
−1
, 𝜙

𝑛,
𝑁
2
−1
)
)

 
 
 
 

 

The corresponding difference scheme is 

 

(

 
 

𝐶1,1
𝐶1,2
⋮

𝐶
𝑛,
𝑁
2
−1
)

 
 
 =

(

  
 

(𝑔1, 𝜙1,1) 

(𝑔1, 𝜙1,2)

⋮

(𝑔𝑛 , 𝜙𝑛,𝑁
2
−1
)
)

  
 
. 

 𝜙1,𝑘 = 𝜙2,𝑘 = ⋯ = 𝜙𝑛,𝑘        
𝐹𝑜𝑟 𝑘 = 1,… , 𝑁  𝐶1,𝑘 = 𝐶2,𝑘 = ⋯ = 𝐶𝑛,𝑘 .        

The nonzero contribution from a particular element is 

 𝐴𝑖,𝑘 = (
∫ 𝜙𝑖,𝑘−1. 𝜙𝑖,𝑘−1𝑑𝑥
𝑥𝑘
𝑥𝑘−1

          ∫ 𝜙𝑖,𝑘−1. 𝜙𝑖,𝑘𝑑𝑥
𝑥𝑘
𝑥𝑘−1

∫ 𝜙𝑖,𝑘 . 𝜙𝑖,𝑘𝑑𝑥
𝑥𝑘+1
𝑥𝑘

                ∫ 𝜙𝑖,𝑘 . 𝜙𝑖,𝑘+1𝑑𝑥
𝑥𝑘+1
𝑥𝑘

) . 

Similarly, the local load vector is 
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 𝐵𝑖,𝑘 = (
∫ 𝑔𝑖 . 𝜙𝑖,𝑘𝑑𝑥
𝑥𝑘+1
𝑥𝑘

∫ 𝑔𝑖 . 𝜙𝑖,𝑘+1𝑑𝑥
𝑥𝑘+1
𝑥𝑘

).  

For 𝑈𝑖,𝑘 ∈ 𝐻0
1(Ω+), 

𝑈𝑖,𝑘 = ∑𝐶𝑖,𝑘𝜙𝑖,𝑘

𝑁
2
−1

𝑘=1

+ ∑ 𝐶𝑖,𝑘𝜙𝑖,𝑘

𝑁

𝑘=
𝑁
2
+1

 

where the unknowns 𝐶𝑖,𝑘 satisfiy the linear system  

 
𝐴𝑈 = 𝐵 

with 𝐴 = 𝛽2,𝑖(𝜙𝑖,𝑘1 , 𝜙𝑖,𝑘2), 𝑈 = 𝐶𝑖,𝑘 , 𝐵 = 𝑓𝑖,𝑘(𝜙𝑖,𝑘). 

The corresponding difference scheme is 

 

(

 
 
 
 
𝛽2,1 (𝜙1,𝑁

2
+1
, 𝜙
1,
𝑁

2
+1
)  𝛽2,1 (𝜙1,𝑁

2
+1
, 𝜙
1,
𝑁

2
+2
)  ⋯ 𝛽2,1 (𝜙1,𝑁

2
+1
, 𝜙𝑛,𝑁−1)

𝛽2,1 (𝜙1,𝑁
2
+2
, 𝜙
1,
𝑁

2
+1
)  𝛽2,1 (𝜙1,𝑁

2
+2
, 𝜙
1,
𝑁

2
+2
)  ⋯ 𝛽2,1 (𝜙1,𝑁

2
+2
, 𝜙𝑛,𝑁−1)

⋮                        ⋮                                 ⋮

 𝛽2,𝑛 (𝜙𝑛,𝑁−1, 𝜙𝑛,𝑁
2
+1
)  𝛽2,𝑛 (𝜙𝑛,𝑁−1, 𝜙1,𝑁

2
+2
)  ⋯ 𝛽2,𝑛(𝜙𝑛,𝑁−1, 𝜙𝑛,𝑁−1))

 
 
 
 

 

(

 
 

𝐶
1,
𝑁
2
+1

𝐶
1,
𝑁
2
+2

⋮
𝐶𝑛,𝑁−1)

 
 
 =

(

 
 
 
(𝑓1, 𝜙1,𝑁

2
+1
) 

(𝑓1, 𝜙1,𝑁
2
+2
)

⋮
(𝑓𝑛, 𝜙𝑛,𝑁−1))

 
 
 

. 

𝐹𝑜𝑟 𝑘 = 1,… , 𝑁  
𝜙1,𝑘 = 𝜙2,𝑘 = ⋯ = 𝜙𝑛,𝑘        

𝐶1,𝑘 = 𝐶2,𝑘 = ⋯ = 𝐶𝑛,𝑘 .        

The nonzero contribution from a particular element is 

  𝐴𝑖,𝑘 = (
∫ 𝜙

𝑖,𝑘−
𝑁

2
−1
. 𝜙

𝑖,𝑘−
𝑁

2
−1
+ 𝜙𝑖,𝑘−1. 𝜙𝑖,𝑘−1𝑑𝑥

𝑥𝑘
𝑥𝑘−1

 ∫ 𝜙
𝑖,𝑘−

𝑁

2
−1
. 𝜙

𝑖,𝑘−
𝑁

2

+ 𝜙𝑖,𝑘−1. 𝜙𝑖,𝑘𝑑𝑥
𝑥𝑘
𝑥𝑘−1

∫ 𝜙
𝑖,𝑘−

𝑁

2

. 𝜙
𝑖,𝑘−

𝑁

2

+ 𝜙𝑖,𝑘. 𝜙𝑖,𝑘𝑑𝑥
𝑥𝑘+1
𝑥𝑘

             ∫ 𝜙
𝑖,𝑘−

𝑁

2

. 𝜙
𝑖,𝑘−

𝑁

2
+1
+ 𝜙𝑖,𝑘. 𝜙𝑖,𝑘+1𝑑𝑥

𝑥𝑘+1
𝑥𝑘

) . 

 

Similarly, the local load vector is 

 

𝐵𝑖,𝑘 =

(

 
 
∫ 𝑔𝑖,𝑘 . 𝜙𝑖,𝑘 + 𝑓𝑖. 𝜙𝑖,𝑘𝑑𝑥
𝑥𝑘+1

𝑥𝑘

        

∫ 𝑔𝑖,𝑘+1. 𝜙𝑖,𝑘+1 + 𝑓𝑖 . 𝜙𝑖,𝑘+1𝑑𝑥
𝑥𝑘+1

𝑥𝑘 )

 
 
. 

In the following lemmas, the proofs are given for Ω− and Ω+ separately. For Ω−, the proofs are similar to 

those in [12] and for  Ω+ the proofs are derived.  

 

 

4. Interpolation error bounds 

 

Lemma 4.1.  Let 𝑢𝑖,𝑘
∗  be the 𝑉𝑖,𝑘-interpolant of the solution 𝑢𝑖,𝑘  𝑜𝑓 (1.1) on the fitted mesh 𝛺𝑁. Then 

𝑚𝑎𝑥
𝑖 = 1,… , 𝑛  

𝑠𝑢𝑝
0 < 휀𝑖 ≤  1

∥ 𝑢𝑖,𝑘
∗ − 𝑢𝑖,𝑘 ∥𝛺𝑁≤  𝐶(𝑁

−1𝑙𝑛𝑁)2 ,  

 where 𝐶 is a constant independent of the parameters 휀𝑖. 
Proof: The estimate is obtained separately on each subinterval Ω𝑘 = (𝑥𝑘−1, 𝑥𝑘) ⊂ Ω

− ∪ Ω+ 

𝑘 = 1,… ,𝑁 − 1 \ {
𝑁

2
} Note that for any function 𝑔𝑖,𝑘 on Ω𝑘 𝑔𝑖,𝑘

∗ = 𝑔𝑖,𝑘−1𝜙𝑖,𝑘−1 + 𝑔𝑖,𝑘𝜙𝑖,𝑘, 

and so it is obvious that, on Ω𝑘 , 
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                       |𝑔𝑖,𝑘
∗ (𝑥)| ≤

max
Ω𝑘
|𝑔𝑖,𝑘(𝑥)| ,                                                             (4.1) 

and it is easy to see that by using sufficient Taylor expansions 

 

         |𝑔𝑖,𝑘
∗ (𝑥) − 𝑔𝑖,𝑘(𝑥)| ≤ 𝐶ℎ𝑘

2
max
Ω𝑘
|𝑔𝑖,𝑘
′′ (𝑥)|.                                                (4.2) 

From (4.2) and Lemma 3 in [11], on Ω𝑘,  

                                       |𝑢𝑖,𝑘
∗ (𝑥) − 𝑢𝑖,𝑘(𝑥)| ≤ 𝐶ℎ𝑘

2
max
Ω𝑘
|𝑢𝑖,𝑘
′′ (𝑥)|                                                  

                                      ≤  𝐶
ℎ𝑘
2

휀𝑖
.                                                                                 (4.3) 

Also, (4.3) using Lemma 6 and Lemma 7 in [11], on Ω𝑘, 

 
 |𝑢𝑖,𝑘

∗ (𝑥) − 𝑢𝑖,𝑘(𝑥)|  =  |𝑣𝑖,𝑘
∗ (𝑥) + 𝑤𝑖,𝑘

∗ (𝑥) − 𝑣𝑖,𝑘(𝑥) − 𝑤𝑖,𝑘(𝑥)|  

 ≤ |𝑣𝑖,𝑘
∗ (𝑥) − 𝑣𝑖,𝑘(𝑥)| + |𝑤𝑖,𝑘

∗𝐿(𝑥) − 𝑤𝑖,𝑘
𝐿 (𝑥)| + |𝑤𝑖,𝑘

∗𝑅(𝑥) − 𝑤𝑖,𝑘
𝑅 (𝑥)| 

                      ≤  𝐶ℎ𝑘
2
max
Ω𝑘
|𝑣𝑖,𝑘
′′ (𝑥)| + 𝐶ℎ𝑘

2
max
Ω𝑘

|𝑤𝐿𝑖,𝑘
′′ (𝑥)| + 𝐶ℎ𝑘

2
max
Ω𝑘
|𝑤𝑖,𝑘

𝑅′′(𝑥)| 

For  𝑖 = 1,… ,𝑚, Ω𝑘 ⊂ Ω
−,  

 

        ≤  𝐶 ((1 +∑𝐵1𝑞(𝑥)

𝑚

𝑞=𝑖

) +∑
𝐵1,𝑞
𝐿 (𝑥)

휀𝑞

𝑚

𝑞=𝑖

+∑
𝐵1,𝑞
𝑅 (𝑥)

휀𝑞

𝑚

𝑞=𝑖

)                                  (4.4) 

For  𝑖 = 1,… ,𝑚, Ω𝑘 ∈ Ω
+,  

 

            ≤  𝐶 ((1 +∑𝐵1,𝑞(𝑥)

𝑚

𝑞=𝑖

) +∑
𝐵1,𝑞
𝐿 (𝑥)

휀𝑞

𝑚

𝑞=𝑖

+∑
𝐵1,𝑞
𝑅 (𝑥)

휀𝑞

𝑚

𝑞=𝑖

)                               

            + 𝐶 ((1 +∑𝐵2,𝑞(𝑥)

𝑚

𝑞=𝑖

) +∑
𝐵2,𝑞
𝐿 (𝑥)

휀𝑞

𝑚

𝑞=𝑖

+∑
𝐵2,𝑞
𝑅 (𝑥)

휀𝑞

𝑚

𝑞=𝑖

).                        (4.5) 

The discussion now centres on whether 
2√𝜀𝑚 ln𝑁

√𝛼
≥
1

4
 or 

2√𝜀𝑚 ln𝑁

√𝛼
≤
1

4
 should be used. In the first case 

1

𝜀𝑚
≤

 𝐶(ln𝑁)2  and the result follows at once from (2.6) and (4.3).  

In the second case 𝜏𝑚 =
2√𝜀𝑚 ln𝑁

√𝛼
 . Suppose that 𝑘 satisfies 1 +

𝑁

8
≤  𝑘 ≤ 1 +

3𝑁

8
. Then ℎ𝑘 =

2(1−2𝜏𝑚)

𝑁
 and 

therefore ℎ𝑘
휀𝑚
= 2𝑁−1

1 − 2𝜏𝑚
휀𝑚

,  

𝜏𝑚 ≤  1 − 𝑥𝑘, and so 

 

                       𝑒
−
√𝛼(1−𝑥𝑘)

√𝜀𝑚 ≤ 𝑒
−
√𝛼𝜏𝑚
√𝜀𝑚 = 𝑒−2 ln𝑁 =  𝑁−2.                                                 (4.5)  

 Using (4.5) and (2.6) in (4.5) gives the required result. 

On the other hand, if 𝑘 satisfies 
𝑁

2
≤  𝑘 ≤

5𝑁

8
 and 

7𝑁

8
≤  𝑘 ≤ 𝑁 and 𝑟 = 𝑚 − 1,… ,1, then the discussion now 

centres on whether 2 √
𝜀𝑟 ln𝑁

√𝛼
≥
𝑟𝜏𝑟+1

𝑟+1
 or 2 √

𝜀𝑟 ln𝑁

√𝛼
≤
𝑟𝜏𝑟+1

𝑟+1
  should be used. In the first case 

1

𝜀𝑟
≤ 𝐶(ln𝑁)2 and the 

result follows at once from (2.6) and (4.3). 

In the second case 𝜏𝑟 = 2√휀𝑟 ln𝑁 /√𝛼 and for 𝑠 = 1,… ,𝑚 − 1,  

1. suppose that 𝑘 satisfies 
5𝑁

8(𝑠+1)
≤  𝑘 ≤

5𝑁

8(𝑠)
 and 𝑁 − (

𝑁

8(𝑠)
) ≤  𝑘 ≤  𝑁 − (

𝑁

8(𝑠+1)
). Then ℎ𝑘 =

8𝑚(𝜏𝑟+1−𝜏𝑟)

𝑁
   

and 𝜏𝑟 ≤ 1 − 𝑥𝑘   therefore  

 
          

ℎ𝑘

√휀𝑟
= 8𝑚𝑁−1

𝜏𝑟+1 − 𝜏𝑟
휀𝑟

 .                                                                               (4.6)  

Using (4.6) and (2.6) in (4.5) gives the required result. 

2. If 𝑘 satisfies 
𝑁

2
≤  𝑘 ≤

5𝑁

8(𝑠+1)
 and N−(

𝑁

8(𝑠+1)
) ≤  𝑘 ≤  𝑁, then ℎ𝑘 = 8𝑚

(𝜏𝑟+1−𝜏𝑟)

𝑁
, and therefore 
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ℎ𝑘
휀𝑟
= 8𝑚𝑁−1

(𝜏𝑟+1 − 𝜏𝑟)

휀𝑟
,                                                                                         (4.7) 

using (4.7) and (2.6) in (4.5) gives the required result. 

For 𝑖 = 𝑚 + 1,… , 𝑛, Ω𝑘 ⊂ Ω
− 

|𝑢𝑖,𝑘
∗ − 𝑢(𝑖,𝑘)|   ≤  𝐶 (1 + 𝐵1,𝑚(𝑥) + 𝐶1 𝐵1,𝑚

𝐿 (𝑥) + 𝐶2휀𝑚 (1 − 𝐵1,𝑚
𝐿 (𝑥)) + 𝐶1 𝐵1,𝑚

𝑅 (𝑥)

+ 𝐶2휀𝑚 (1 − 𝐵2,𝑚
𝑅 (𝑥)))       

For 𝑖 = 𝑚 + 1,… , 𝑛, Ω𝑘 ⊂ Ω
+   

   ≤   𝐶 (1 + 𝐵1,𝑚(𝑥) + 𝐶1 𝐵1,𝑚
𝐿 (𝑥) + 𝐶2휀𝑚 (1 − 𝐵1,𝑚

𝐿 (𝑥)) + 𝐶1 𝐵1,𝑚
𝑅 (𝑥) + 𝐶2휀𝑚 (1 − 𝐵2,𝑚

𝑅 (𝑥)))

+  𝐶 (1 + 𝐵2,𝑚(𝑥) + 𝐶1 𝐵2,𝑚
𝐿 (𝑥) + 𝐶2휀𝑚 (1 − 𝐵2,𝑚

𝐿 (𝑥))  + 𝐶1 𝐵2,𝑚
𝑅 (𝑥)

+ 𝐶2휀𝑚 (1 − 𝐵2,𝑚
𝑅 (𝑥)))       

This gives the required result.  

For 𝑘 =
𝑁

2
, the source terms are assumed by   

(∫ 𝑔𝑖 (
𝑁

2
− 1)

𝑥𝑘

𝑥𝑘−1

𝑑𝑥 + ∫ 𝑓𝑖 (
𝑁

2
+ 1) 𝑑𝑥

𝑥𝑘+1

𝑥𝑘

) /2  

ℎ𝑘 =
ℎ𝑘−1 + ℎ𝑘+1

2
, ℎ𝑘−1 = (𝑥𝑘−2 − 𝑥𝑘−1), ℎ𝑘+1 = (𝑥𝑘+2 − 𝑥𝑘+1), 

ℎ𝑘−1  =
8𝑚(𝜎𝑚−1 − 𝜎𝑚)

𝑁
, ℎ𝑘+1  =

8𝑚(𝜏2 − 𝜏1)

𝑁
 

           
ℎ𝑘
휀𝑖
=
ℎ𝑘+1 + ℎ𝑘−1

2휀𝑖
 =
4𝑛𝑁−1((𝜎𝑚−1 − 𝜎𝑚) + (𝜏2 − 𝜏1))

휀𝑖
.                                    (4.8) 

Using (4.8) and (2.6) in (4.3) gives the required result. 

 

Lemma 4.2. Let 𝑢𝑖,𝑘
∗  be the 𝑉𝑖,𝑘  -interpolant of the solution 𝑢𝑖,𝑘 of (1.1) on the fitted mesh 𝛺𝑁. Then  

 
 
𝑚𝑎𝑥

𝑖 = 1,… , 𝑛 
𝑠𝑢𝑝

0 < 휀𝑖 ≤ 1
∥ 𝑢𝑖,𝑘

∗ − 𝑢𝑖,𝑘 ∥𝜀𝑖 ≤  𝐶(𝑁
−1 𝑙𝑛 𝑁)2, 

where 𝐶 is a constant independent of 휀𝑖. 
Proof:  

For 𝑖 = 1,… ,𝑚 from the definition of the energy norm  

 
∥ 𝑢𝑖,𝑘

∗ − 𝑢𝑖,𝑘 ∥𝜀𝑖
2   = 휀𝑖((𝑢𝑖,𝑘

∗ − 𝑢𝑖,𝑘)
′
, (𝑢𝑖,𝑘

∗ − 𝑢𝑖,𝑘)
′
)                                                                                                               

+ 𝛼 ((𝑢
𝑖,𝑘−

𝑁
2

∗ − 𝑢
𝑖,𝑘−

𝑁
2
, 𝑢
𝑖,𝑘−

𝑁
2

∗ − 𝑢
𝑖,𝑘−

𝑁
2
)  + (𝑢𝑖,𝑘

∗ − 𝑢𝑖,𝑘 , 𝑢𝑖,𝑘
∗ − 𝑢𝑖,𝑘)).                                (4.13)  

Each term on the right is now treated separately. It is easy to see that the second term satisfies 

 

 (𝑢
𝑖,𝑘−

𝑁

2

∗ − 𝑢
𝑖,𝑘−

𝑁

2

, 𝑢
𝑖,𝑘−

𝑁

2

∗ − 𝑢
𝑖,𝑘−

𝑁

2

) ≤ ||𝑢
𝑖,𝑘−

𝑁

2

∗ −

𝑢
𝑖,𝑘−

𝑁

2

  ||2                                                                                     (4.14) 

  

 (𝑢𝑖,𝑘
∗ − 𝑢𝑖,𝑘 , 𝑢𝑖,𝑘

∗ − 𝑢𝑖,𝑘) ≤∥ 𝑢𝑖,𝑘
∗ − 𝑢𝑖,𝑘 ∥

2 .                                                                                       (4.15)  

Using integration by parts and noting that  (𝑢𝑖,𝑘
∗ − 𝑢𝑖,𝑘)(𝑥𝑘) = 0, for each 𝑘, the first term can be bounded as 

follows 

 휀𝑖((𝑢𝑖,𝑘
∗ − 𝑢𝑖,𝑘)

′
, (𝑢𝑖,𝑘

∗ − 𝑢𝑖,𝑘)
′
) = 휀𝑖 ∑ ∫ (𝑢𝑖,𝑘

∗ ′(𝑠) − 𝑢𝑖,𝑘
′ (𝑠))

2

𝑑𝑠
𝑥𝑘

𝑥𝑘−1

𝑁−1

𝑘=1,𝑘≠
𝑁
2

                                      
 

                                                           = −휀𝑖 ∑ ∫ (𝑢𝑖,𝑘
∗ ′′(𝑠) − 𝑢𝑖,𝑘

′′ (𝑠)) (𝑢𝑖,𝑘
∗ (𝑠) − 𝑢𝑖,𝑘(𝑠))𝑑𝑠

𝑥𝑘

𝑥𝑘−1

𝑁−1

𝑘=1,𝑘≠
𝑁
2
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                               = 휀𝑖 ∑ ∫ 𝑢𝑖,𝑘
′′ (𝑠) (𝑢𝑖,𝑘

∗ (𝑠) − 𝑢𝑖,𝑘(𝑠)) 𝑑𝑠 
𝑥𝑘

𝑥𝑘−1

𝑁−1

𝑘=1,𝑘≠
𝑁
2

 

= (휀𝑖 𝑢𝑖,𝑘
′′ , 𝑢𝑖,𝑘

∗ − 𝑢𝑖,𝑘),               

where the fact that 𝑢𝑖,𝑘
∗′′ = 0 on each Ω𝑘 has been used. 

The estimate for the second derivative of the components of 𝑢𝑖,𝑘  are contained in [11], using lemma 6 and 

lemma 7 in [11] then gives 

|(휀𝑖 𝑢𝑖,𝑘
′′ , 𝑢𝑖,𝑘

∗ − 𝑢𝑖,𝑘)| ≤∥ 𝑢𝑖,𝑘
∗ − 𝑢𝑖,𝑘 ∥ ∫ 휀𝑖|𝑢𝑖,𝑘

′′ |𝑑𝑠
1

0

+∫ 휀𝑖|𝑢𝑖,𝑘
′′ |𝑑𝑠

2

1

 

 |(휀𝑖 𝑢𝑖,𝑘
′′ , 𝑢𝑖,𝑘

∗ − 𝑢𝑖,𝑘)| ≤∥ 𝑢𝑖,𝑘
∗ − 𝑢𝑖,𝑘 ∥ 

 ∫ (휀𝑖|𝑣𝑖,𝑘
′′ | + 휀𝑖 |𝑤𝑖,𝑘

𝐿,′′| + 휀𝑖 |𝑤𝑖,𝑘
𝑅,′′|) 𝑑𝑠

1

0

+∫ (휀𝑖|𝑣𝑖,𝑘
′′ | + 휀𝑖 |𝑤𝑖,𝑘

𝐿,′′| + 휀𝑖 |𝑤𝑖,𝑘
𝑅,′′|) 𝑑𝑠

2

1

 

 ≤ 𝐶 ∥ 𝑢𝑖,𝑘
∗ − 𝑢𝑖,𝑘 ∥ ∫ ((1 + ∑ 𝐵1,𝑞(𝑠)

𝑛
𝑞=𝑖 ) + 𝐶 ∑

𝐵1,𝑞
𝐿 (𝑠)

𝜀𝑞

𝑛
𝑞=𝑖 + 𝐶 ∑

𝐵1,𝑞
𝑅 (𝑠)

𝜀𝑞

𝑛
𝑞=𝑖 )

1

0
𝑑𝑠 

+∫ ((1 +∑𝐵1,𝑞(𝑠)

𝑛

𝑞=𝑖

) + 𝐶∑
𝐵1,𝑞
𝐿 (𝑠)

휀𝑞

𝑛

𝑞=𝑖

+ 𝐶∑
𝐵1,𝑞
𝑅 (𝑠)

휀𝑞

𝑛

𝑞=𝑖

)
2

1

𝑑𝑠 

+∫ ((1 +∑𝐵2,𝑞(𝑠)

𝑛

𝑞=𝑖

) + 𝐶∑
𝐵2,𝑞
𝐿 (𝑠)

휀𝑞

𝑛

𝑞=𝑖

+ 𝐶∑
𝐵2,𝑞
𝑅 (𝑠)

휀𝑞

𝑛

𝑞=𝑖

)
2

1

𝑑𝑠 

≤  𝐶 ∥ 𝑢𝑖,𝑘
∗ − 𝑢𝑖,𝑘 ∥,                                                 

and so 

                                휀𝑖((𝑢𝑖,𝑘
∗ − 𝑢𝑖,𝑘)

′
, (𝑢𝑖,𝑘

∗ − 𝑢𝑖,𝑘)
′
) ≤  𝐶 ∥ 𝑢𝑖,𝑘

∗ − 𝑢𝑖,𝑘 ∥ .                             (4.16) 

Combining (4.13) − (4.16) leads to   

 
 ∥ 𝑢𝑖,𝑘

∗ − 𝑢𝑖,𝑘 ∥𝜀𝑖
2 ≤  𝐶 ∥ 𝑢𝑖,𝑘

∗ − 𝑢𝑖,𝑘 ∥ (1 + 𝛼) ∥ 𝑢𝑖,𝑘
∗ − 𝑢𝑖,𝑘 ∥) 

and the proof is completed using the estimate of ∥ 𝑢𝑖,𝑘
∗ − 𝑢𝑖,𝑘 ∥ from Lemma 4.1. 

Lemma 4.3.  Let 𝑢𝑖,𝑘
∗  be the 𝑉𝑖,𝑘 -interpolant of the solution 𝑢𝑖,𝑘 of (1.1) on the fitted mesh  𝛺𝑁. Then  

 

 max
𝑖 = 1,… , 𝑛 

𝑠𝑢𝑝
0 < 휀𝑖 ≤ 1

∥ 𝑢𝑖,𝑘
∗ − 𝑢𝑖,𝑘 ∥𝜀𝑖,Ω

𝑁 ≤ 𝐶 (𝑁−1 𝑙𝑛 𝑁)2. 

Proof: Since  𝑢𝑖,𝑘
∗ (𝑥𝑘) − 𝑢𝑖,𝑘(𝑥𝑘) = 0, it follows from the definitions of the norms that  

 

 
∥ 𝑢𝑖,𝑘

∗ − 𝑢𝑖,𝑘 ∥
𝜀𝑖 ,Ω

𝑁
2 = 휀𝑖((𝑢𝑖,𝑘

∗ − 𝑢𝑖,𝑘)
′
, (𝑢𝑖,𝑘

∗ − 𝑢𝑖,𝑘)
′
) ≤∥ 𝑢𝑖,𝑘

∗ − 𝑢𝑖,𝑘 ∥𝜀𝑖
2 . 

Using the estimate in Lemma 4.2 completes the proof. 

 

5. Interpolation error estimate 

 

Lemma 5.1. Let 𝑢𝑖,𝑘 be the solution of (1.1) and 𝑈𝑖,𝑘 the solution of (3.1) and (3.2). Suppose that    𝑉𝑖,𝑘 ⊂

𝐻0
1(Ω+

𝑁
).  Then  

 max
𝑖 = 1,… , 𝑛|𝛽1,𝑖(𝑈𝑖,𝑘 − 𝑢𝑖,𝑘 , 𝑣𝑖)| ≤ 𝐶 

(𝑁−1 𝑙𝑛 𝑁)2
 
∥ 𝑣𝑖,𝑘 ∥𝑙2(Ω−𝑁), 

max
𝑖 = 1,… , 𝑛|𝛽2,𝑖(𝑈𝑖,𝑘 − 𝑢𝑖,𝑘 , 𝑣𝑖)| ≤ 𝐶 

(𝑁−1 𝑙𝑛 𝑁)2
 
∥ 𝑣𝑖,𝑘 ∥𝑙2(Ω+𝑁), 

where the constant 𝐶 is independent of 휀𝑖. 

Proof:  Since 𝑣𝑖 is in 𝑉𝑖,𝑘 ∈ 𝐻0
1(Ω−𝑁), the proof resembles that of Lemma 7.1 in [12].    

 max
𝑖 = 1,… , 𝑛|𝛽1,𝑖(𝑈𝑖,𝑘 − 𝑢𝑖,𝑘 , 𝑣𝑖)| ≤ 𝐶 

(𝑁−1 𝑙𝑛 𝑁)2
 
∥ 𝑣𝑖,𝑘 ∥𝑙2(Ω−𝑁), 
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Since 𝑣𝑖 is in 𝑉𝑖,𝑘 ⊂ 𝐻0
1(Ω+

𝑁
), it can be written in the form 

𝑣𝑖 = ∑𝑣𝑖,𝑘𝜙𝑖,𝑘

𝑁
2
−1

𝑘=1

+ ∑ 𝑣𝑖,𝑘𝜙𝑖,𝑘

𝑁−1

𝑘=
𝑁
2
+1

 

and so 

𝛽2,𝑖  (𝑈𝑖,𝑘 − 𝑢𝑖,𝑘 , 𝑣𝑖) = ∑ 𝑣𝑖,𝑘𝛽1,𝑖(𝑈𝑖,𝑘 − 𝑢𝑖,𝑘, 𝜙𝑖,𝑘) + 

𝑁
2
−1

𝑘=1

 ∑ 𝑣𝑖,𝑘𝛽2,𝑖(𝑈𝑖,𝑘 − 𝑢𝑖,𝑘 , 𝜙𝑖,𝑘).

𝑁−1

𝑘=
𝑁
2
+1

      (5.1)  

Then, for each 𝑘, 1 ≤  𝑘 ≤  𝑁 − 1\ {
𝑁

2
}, using (1.1), (3.1) and (3.2) and the fact that (1, 𝜙𝑖,𝑘)Ω𝑁 =

(1, 𝜙
𝑖,𝑘−

𝑁

2

) =
ℎ𝑘+ℎ𝑘+1

2
, 

 

𝛽2,𝑖(𝑈𝑖,𝑘 − 𝑢𝑖,𝑘 , 𝜙𝑖,𝑘) =∑(𝑎𝑖𝑗𝑈𝑗,𝑘, 𝜙𝑖,𝑘)

𝑛

𝑗=1

+ (𝑏𝑖𝑈𝑖,𝑘−𝑁
2
, 𝜙𝑖,𝑘) − (∑(𝑎𝑖𝑗𝑢𝑗,𝑘, 𝜙𝑖,𝑘) + (𝑏𝑖𝑢𝑖,𝑘−𝑁

2
, 𝜙𝑖,𝑘) 

𝑛

𝑗=1

) 

=∑(𝑎𝑖𝑗𝑢𝑗,𝑘(𝑥𝑘), 𝜙𝑖,𝑘 + 𝑏𝑖𝑢𝑖,𝑘−𝑁
2
(𝑥
𝑘−
𝑁
2
) , 𝜙𝑖,𝑘)

𝑛

𝑗=1

− (∑( 𝑎𝑖𝑗𝑢𝑗,𝑘, 𝜙𝑖,𝑘) + (𝑏𝑖𝑢𝑖,𝑘−𝑁
2
, 𝜙𝑖,𝑘) 

𝑛

𝑗=1

) 

=∑((𝑎𝑖𝑗(𝑢𝑗,𝑘(𝑥𝑘) − 𝑢𝑗,𝑘), 𝜙𝑖,𝑘) + (𝑏𝑖 (𝑢𝑖𝑘−𝑁
2
(𝑥
𝑘−
𝑁
2
) − 𝑢

𝑖,𝑘−
𝑁
2
) , 𝜙𝑖,𝑘))

𝑛

𝑗=1

 

  Since  

 |𝑢𝑗,𝑘(𝑥𝑘) − 𝑢𝑗,𝑘|  = |∫ 𝑢𝑗,𝑘
′ (𝑠)𝑑𝑠

𝑥𝑘

𝑥

| ≤  𝐼𝑘 , 

 

where  

 𝐼𝑘 = ∫ |𝑢𝑗,𝑘
′ (𝑠)|𝑑𝑠

𝑥𝑘+1

𝑥𝑘−1

, 

it follows from (2.6) that  

 
                                                𝛽2,𝑖(𝑈𝑖,𝑘 − 𝑢𝑖,𝑘, 𝜙𝑖,𝑘)| ≤  𝐶

(ℎ𝑘 + ℎ𝑘+1)

2
(𝐼𝑘 + 𝑁

−1).                     (5.2) 

Assume for the moment that                                                                        𝐼𝑘 ≤  𝐶𝑁
−1 ln𝑁.                                                             (5.3) 

Then (5.1)-(5.3) and the Cauchy-Schwarz inequality give 

 |𝛽2,𝑖(𝑈𝑖,𝑘 − 𝑢𝑖,𝑘, 𝑣𝑖)| ≤ 𝐶𝑁
−1 ln𝑁 ∑

(ℎ𝑘 + ℎ𝑘+1)

2

1
2

|𝑣𝑖,𝑘|
(ℎ𝑘 + ℎ𝑘+1)

2

1
2

𝑁−1

𝑘=1,𝑘≠
𝑁
2

  

 ≤  𝐶𝑁−1 ln𝑁 ∥ 𝑣𝑖,𝑘 ∥𝑙2(Ω
𝑁
)
 , 

as required. 

It remains therefore to verify (5.3). From the estimate are contain Lemma 3 in [11], for the first derivative of 

the solution, it is clear that  
 𝐼𝑘 ≤  𝐶 ∫ 휀

𝑖

−
1
2(∥ �⃗� ∥Γ +∥ 𝑓 ∥Ω)𝑑𝑥 .

𝑥𝑘+1

𝑥𝑘−1

 

                                                𝐼𝑘 ≤  𝐶
(ℎ𝑘 + ℎ𝑘+1)

2
/√휀𝑖 ,                                                                (5.4) 

It follows that 

and that  

             𝐼𝑘 ≤  𝐶
ℎ𝑘 + ℎ𝑘+1

2
+ 𝑒

−
√𝛼(1−𝑥𝑘+1)

√𝜀𝑛 .                                                                                   (5.5) 
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For 𝑖 = 1,… ,𝑚, 𝑘 =
𝑁

2
+ 1,… ,𝑁 − 1, then the discussion now centers on whether 

2√𝜀𝑚 ln 𝑁

√𝛼
≥
1

4
 or 

2√𝜀𝑛 ln𝑁

√𝛼
≤

1

4
.  

In the first case 
1

√𝜀𝑚
≤ 𝐶(ln𝑁)2  and the result follows at once from (2.6) and (5.5).  

In the second case 𝜏𝑚 =
2√𝜀𝑚 ln𝑁

√𝛼
. Suppose that 𝑘 satisfies 

5𝑁

8
≤  𝑘 ≤

7𝑁

8
. Then ℎ𝑘  =

2(1−2𝜏𝑚)

𝑁
 and therefore  

  
ℎ𝑘
휀𝑚
= 2𝑁−1

(1 − 2𝜏𝑚)

휀𝑚
,  

𝜏𝑚 ≤  1 − 𝑥𝑘+1, and so  

                                              𝑒
−
√𝛼(1−𝑥𝑘+1)

√𝜀𝑚 ≤ 𝑒
−
√𝛼𝜏𝑚
√𝜀𝑚 = 𝑒−2 ln𝑁 = 𝑁−2.                                     (5.6) 

Using (5.6) and (2.6) in (5.5) gives the required result. 

On the other hand, if 𝑘 satisfies 
𝑁

2
≤  𝑘 ≤

5𝑁

8
 and 

7𝑁

8
≤  𝑘 < 𝑁 and 𝑟 = 𝑚 − 1,… ,1 then the argument now 

depends on whether 
2√𝜀𝑟 ln𝑁

√𝛼
≥
𝑟𝜏𝑟+1

𝑟+1
  or  

2√𝜀𝑟 ln𝑁

√𝛼
≤
𝑟𝜏𝑟+1

𝑟+1
 . 

In the first case 
1

√𝜀𝑟
≤ 𝐶 ln𝑁 and the result follows at once from (2.6) and (5.5).  

In the second case           𝜏𝑟 =
2√𝜀𝑟 ln𝑁

√𝛼
 and for 𝑠 = 1,… ,𝑚 − 2. \Za\Za 

(1) Suppose that 𝑘 satisfies 
5𝑁

8(𝑠+1)
≤  𝑘 ≤

5𝑁

8(𝑠)
  and 𝑁 − (

𝑁

8(𝑠)
) ≤ 𝑘 ≤  𝑁 − (

𝑁

8(𝑠+1)
). Then 

 

ℎ𝑘 =  8𝑛
(𝜏𝑟+1 − 𝜏𝑟  )

𝑁
   

and 𝜏𝑟 ≤ 1 − 𝑥𝑘 therefore    

 

 

                                
ℎ𝑘

√휀𝑟
= 8𝑚𝑁−1

𝜏𝑟+1 − 𝜏𝑟

√휀𝑟
.                                                                 (5.7) 

Using (5.7) and (2.6) in (5.5) gives the required result. 

(2) If 𝑘 satisfies 
𝑁

2
≤  𝑘 ≤

𝑁

8(𝑠+1)
 and 𝑁 − (

𝑁

8(𝑠+1)
) ≤ 𝑘 < 𝑁, then ℎ𝑘 =

8𝑚(𝜏𝑟+1−𝜏𝑟)

𝑁
  and therefore 

 

                    
ℎ𝑘

√휀𝑟
= 8𝑛𝑁−1

(𝜏𝑟+1 − 𝜏𝑟)

√휀𝑟
,                                                                                   (5.8)  

Using (5.8) and (2.6) in (5.5) gives the required result. 

(3) Finally, suppose that 𝑠 = 1,… ,𝑚, 𝑘 = {
𝑁

8(𝑠)
, 𝑁 − (

𝑁

8(𝑠)
) ,
𝑁

2
 +

𝑁

8(𝑆)
,
𝑁

2
− (

𝑁

8𝑆
)}. Then 

𝐼𝑘 ≤ (∫  
𝑘

𝑘−1

+∫  
𝑘+1

𝑘

) |𝑢𝑖,𝑘
′ |𝑑𝑥 < 𝐼𝑘−1 + 𝐼𝑘+1 

≤  𝐶𝑁−1 ln𝑁                                                   

For 𝑘 =
𝑁

2
, the source terms are  assumed by 

(∫ 𝑔𝑖 (
𝑁

2
− 1) +

𝑥𝑘

𝑥𝑘−1

∫ 𝑓𝑖 (
𝑁

2
+ 1)

𝑥𝑘+1

𝑥𝑘

) /2 

ℎ𝑘 = (ℎ𝑘−1 + ℎ𝑘+1)/2, ℎ𝑘−1 = (𝑥𝑘−2 − 𝑥𝑘−1)                  and       

ℎ𝑘+1 = (𝑥𝑘+1 − 𝑥𝑘+2), ℎ𝑘−1 =
8𝑚(𝜎𝑚−1 − 𝜎𝑚)

𝑁
, ℎ𝑘+1 =

8𝑚(𝜏2 − 𝜏1)

𝑁
 

ℎ𝑘
휀𝑖
=
(ℎ𝑘−1 + ℎ𝑘+1)

2휀𝑖
=
4𝑚𝑁−1((𝜎𝑚−1 − 𝜎𝑚) + (𝜏2 − 𝜏1))

휀𝑖
                              (5.9) 

Using (5.9) and (2.6) in (5.5) gives the required result. 

 

 

6. Discretization error 

 

Lemma 6.1. Let 𝑢𝑖,𝑘
∗  be the 𝑉𝑖,𝑘-interpolant of the solution 𝑢𝑖,𝑘 of (1.1) and 𝑈𝑖,𝑘 the solution of (3.1) and (3.2). 

Then 
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max
𝑖 = 1,… , 𝑛 ∥ 𝑈𝑖,𝑘 − 𝑢𝑖,𝑘

∗ ∥
𝜀𝑖,𝛺

𝑁  ≤  𝐶(𝑁−1 𝑙𝑛 𝑁)2, 

where the constant 𝐶 is independent of the parameters  휀𝑖. 
Proof: From the coercivity of 𝛽2,𝑖(, ) in Lemma 1.1 and since 𝑈𝑖,𝑘 − 𝑢𝑖.𝑘

∗ ∈  𝑉𝑖,𝑘 , 

  

∥ 𝑈𝑖,𝑘 − 𝑢𝑖,𝑘
∗ ∥

𝜀𝑖,Ω
𝑁

2  ≤  𝐶 𝛽2,𝑖(𝑈𝑖,𝑘 − 𝑢𝑖,𝑘
∗ , 𝑈𝑖,𝑘 − 𝑢𝑖,𝑘

∗ ) 

≤ 𝐶[𝛽2,𝑖(𝑈𝑖,𝑘 − 𝑢𝑖,𝑘, 𝑈𝑖,𝑘 − 𝑢𝑖,𝑘
∗ ) + 𝛽2,𝑖(𝑢𝑖,𝑘 − 𝑢𝑖,𝑘

∗ , 𝑈𝑖,𝑘 − 𝑢𝑖,𝑘
∗ )] 

Using Lemma 5.1, with  𝑣𝑖 = 𝑈𝑖,𝑘 − 𝑢𝑖,𝑘
∗ , then gives  

 

 
∥ 𝑈𝑖,𝑘 − 𝑢𝑖,𝑘

∗ ∥
𝜀𝑖,Ω

𝑁
2 ≤  𝐶 (𝑁−1 ln𝑁)2 ∥ 𝑈𝑖,𝑘 − 𝑢𝑖,𝑘

∗ ∥
𝜀𝑖,Ω

𝑁 . 

Cancelling the common factor gives  

                                   ∥ 𝑈𝑖,𝑘 − 𝑢𝑖,𝑘
∗ ∥

𝜀𝑖,Ω
𝑁  ≤  𝐶(𝑁−1 ln𝑁)2,                                                                               

as required. 

 

Theorem 6.2.  Let 𝑢𝑖,𝑘 be the solution of (1.1) and 𝑈𝑖,𝑘 the solution of (3.1) and (3.2). Then 

  
 

max
𝑖 = 1,… , 𝑛 ∥ 𝑈𝑖,𝑘 − 𝑢𝑖,𝑘 ∥𝜀𝑖,Ω

𝑁  ≤  𝐶(𝑁−1 𝑙𝑛 𝑁)2, 

where the constant 𝐶 is independent of the parameters 휀𝑖. 
Proof: Since  

 ∥ 𝑈𝑖,𝑘 − 𝑢𝑖,𝑘 ∥𝜀𝑖,Ω𝑁  ≤ ∥ 𝑈𝑖,𝑘 − 𝑢𝑖,𝑘
∗ ∥

𝜀𝑖,Ω
𝑁 +∥ 𝑢𝑖,𝑘

∗ − 𝑢𝑖,𝑘 ∥𝜀𝑖,Ω
𝑁, 

the result follows by combining Lemmas (4.1) and (6.1). 

Theorem 6.3.  Let 𝑢𝑖,𝑘 be the solution of (1.1) and 𝑈𝑖,𝑘 the solution of (3.1) and (3.2). Then the following 

parameter uniform error estimate holds max
𝑖 = 1,… , 𝑛

𝑠𝑢𝑝
0 < 휀𝑖 ≤  1

∥ 𝑈𝑖,𝑘 − 𝑢𝑖,𝑘 ∥𝜀𝑖,Ω
𝑁 ≤  𝐶(𝑁−1 𝑙𝑛 𝑁)2 

 where the constant 𝐶 is independent of the parameters 휀𝑖.  

Proof: Since 𝜏𝑟 ≤
2√𝜀𝑟 ln 𝑁

√𝛼
, 𝑟 = 𝑚,… ,1, consider 𝑘 satisfies,   

𝑁

2
≤  𝑘 ≤

5𝑁

8𝑠
    and   𝑁 − (

𝑁

8𝑠
) ≤  𝑘 ≤  𝑁, 𝑠 =

1,… ,𝑚 − 1  on a neighbourhood of the boundary layers.  

 

Using the Cauchy Schwarz inequality and Theorem 6.2,  

 
|(𝑈𝑖,𝑘 − 𝑢𝑖,𝑘)(𝑥𝑘)| = |∫ (𝑈𝑖,𝑘 − 𝑢𝑖,𝑘)(𝑠)𝑑𝑠

Ω𝑘

| 

≤ (
1

휀𝑟
∫ 12𝑑𝑠
Ω𝑘

 )

1
2

(휀𝑟∫ |(𝑈𝑖,𝑘  − 𝑢𝑖,𝑘)
′
(𝑠)|

2

𝑑𝑠
Ω𝑘

)

1
2

 

≤ √
𝜏𝑟
휀𝑟
∥ 𝑈𝑖,𝑘 − 𝑢𝑖,𝑘 ∥𝜀𝑟,Ω𝑁  

                                                               ≤  𝐶𝑁−2(ln𝑁)2.                                                                  (6.1) 

On the other hand, suppose that 𝑘 satisfies  
5𝑁

8
≤  𝑘 ≤

7𝑁

8
, outside the boundary layers, ℎ𝑘 ≥

1

𝑁
 and so 

  |(𝑈𝑖,𝑘 − 𝑢𝑖,𝑘)(𝑥𝑘)|
2
≤  𝑁 ℎ𝑘|(𝑈𝑖,𝑘 − 𝑢𝑖,𝑘)(𝑥𝑘)|

2
 

 

≤  𝑁 ∑ ℎ𝑘|(𝑈𝑖,𝑘 − 𝑢𝑖,𝑘)(𝑥𝑘)|
2

7𝑁
8

𝑘=
5𝑁
8

  

≤  𝑁 ∥ 𝑈𝑖,𝑘 − 𝑢𝑖,𝑘 ∥𝑙2(Ω𝑁)
2 .  

Using Theorem (6.2) then leads to 
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 ∥ (𝑈𝑖,𝑘 − 𝑢𝑖,𝑘)(𝑥𝑘) ∥≤∥ 𝑈𝑖,𝑘 − 𝑢𝑖,𝑘 ∥𝑙2(Ω𝑁)   

                                                                                 ≤  𝐶𝑁−
1
2 (ln𝑁)2.                                                (6.2) 

For 𝑘 =
𝑁

2
,  

 

ℎ𝑁
2
=

(ℎ𝑁
2
−1
+ ℎ𝑁

2
+1
)

2
, ℎ𝑁
2
−1
= (𝑥𝑁

2
−2
− 𝑥𝑁

2
−2
)   and ℎ𝑁

2
+1
= (𝑥𝑁

2
+1
− 𝑥𝑁

2
+2
)  

 

 |(𝑈
𝑖,
𝑁
2
− 𝑢

𝑖,
𝑁
2
) (𝑥𝑁

2
)|
2

≤ 𝑁 ℎ𝑁
2
|(𝑈

𝑖,
𝑁
2
− 𝑢

𝑖,
𝑁
2
) (𝑥𝑁

2
)|
2

 

 

 ≤ 𝑁 

(ℎ𝑁
2
−1
+ ℎ𝑁

2
+1
)

2
|(𝑈

𝑖,
𝑁
2
− 𝑢

𝑖,
𝑁
2
) (𝑥𝑁

2
)|
2

 

 ≤ 𝑁 |(𝑈
𝑖,
𝑁
2
− 𝑢

𝑖,
𝑁
2
) (𝑥𝑁

2
)|
𝑙2(Ω𝑁)

2

 

Using Theorem (6.2) then leads to  

 

|(𝑈
𝑖,
𝑁
2
− 𝑢

𝑖,
𝑁
2
) (𝑥𝑁

2
)| ≤ ||𝑈

𝑖,
𝑁
2
− 𝑢

𝑖,
𝑁
2
||
𝑙2(Ω𝑁)

 

Combining (6.3) and (6.4) completes the proof. 

 

7. Numerical Illustrations 

 

Example 7.1. Consider the BVP 

 −𝐸�⃗� ”(𝑥) + 𝐴(𝑥)�⃗� (𝑥) + 𝐵(𝑥)�⃗� (𝑥 − 1) = 𝑓 (𝑥), 𝑓𝑜𝑟  𝑥 ∈ (0,2),   �⃗� (𝑥) = 1⃗ , 𝑓𝑜𝑟 𝑥 ∈  [−1,0], �⃗� (2) = 1⃗  

Where  𝐸 = 𝑑𝑖𝑎𝑔 (휀1, 휀2, 휀3),   𝐴 = (

6                   − 1                   0     
−1             5(1 + 𝑥)           − 1        

 −1              − (1 + 𝑥2)        6 + 𝑥     
) , 𝐵 = (

−0.5
−0.5
−0.5

) 

𝑓 = (𝑒𝑥 , 2,1 + 𝑥2)𝑇 . For various values of   휀1, 휀2, 휀3, 𝑁 =  8𝑘, 𝑘 =  2
𝑟 , 𝑟 =  3,⋯ ,8, 𝑎𝑛𝑑  𝛼 = 1.9. 

Using the general methods from [6], the 휀 -uniform order of convergence and the 휀 -uniform error constant are 

computed by applying fitted mesh method to the example 7.1. The following table outlines the conclusions.  
𝑉𝑎𝑙𝑢𝑒𝑠 𝑜𝑓   𝐷𝜀

𝑁 , 𝐷𝑁 , 𝑝𝑁 , 𝑝∗  𝑎𝑛𝑑 𝐶𝑝∗
𝑁   𝑓𝑜𝑟 휀1 =

𝜂

32
, 휀2 =

𝜂

16
, 휀3 = 1.0. 

 

𝜂 

Number of mesh points N 

64 128 256 512 1024 

20 0.7544E-03 0.1717E-03 0.6677E-04 0.2797E-04 0.1303E-04 

2-2 0.1786E-02 0.2975E-03 0.1115E-03 0.4510E-04 0.2050E-04 

2-4 0.3974E-02 0.7429E-03 0.1842E-03 0.7169E-04 0.3064E-04 

2-6 0.8120E-02 0.1769E-02 0.3029E-03 0.1139E-03 0.4607E-04 

2-10 0.1492E-01 0.3948E-02 0.7378E-03 0.1837E-03 0.7132E-04 

2-10 0.2426E-01 0.8082E-02 0.1761E-03 0.3010E-02 0.1129E-03 

2-12 0.2426E-01 0.8082E-02 0.1761E-03 0.3010E-02 0.1129E-03 

2-14 0.2426E-01 0.8082E-02 0.1761E-03 0.3010E-02 0.1129E-03 

DN 0.2426E-01 0.8082E-02 0.1761E-03 0.3010E-02 0.1129E-03 

PN 0.1293E+01 0.1389E+01 0.1453E+01 0.1573E+01  

𝐶𝑃
𝑁  0.8233E+00 0.8053E+00 0.7898E+00 0.5031E+00 0.5032E+00 

Computed order of 휀  uniform convergence, 𝑝∗ = 1.293 

Computed 휀 -uniform error constant, 𝐶𝑃∗
𝑁  = 0:8233 

 

References 

 

1. H. -G. Roos, M. Stynes, L.Tobiska, Numerical methods for singularly perturbed differential equations, 

Springer Verlag, 1996. 



Turkish Journal of Computer and Mathematics Education      Vol.12 No.11 (2021), 4954-4967    

                                                                                                                            Research Article 

4967 
 

2. J. J. H. Miller, E. O'Riordan, G. I. Shishkin, Fitted Numerical Methods for Singular Perturbation Problems 

(Revised Edition),World Scientific Publishing Co., Singapore, New Jersey, London, Hong Kong, 2012. 

3. P. A. Farrell, A. Hegarty, J. J. H. Miller, E. O'Riordan, G. I. Shishkin, Robust Computational Techniques 

for Boundary Layers, Applied Mathematics & Mathematical Computation (Eds. R. J. Knops & K. W. 

Morton), Chapman & Hall/CRC Press, 2000. 

4. P. A. Farrell, J. J. H. Miller, E. O'Riordan, G. I. Shishkin, Singularly perturbed differential equations with 

discontinuous source terms, Proceedings of Workshop '98, Lozenetz, Bulgeria, Aug 27-31, 1998. 

5. P. A. Farrell, E. O'Riordan, G. I. Shishkin, A class of singularly perturbed semi-linear  differential 

equations with interior layers, Mathematics of Computation, vol. 74, No. 252, June 7, 1759-1776, 1998. 

6. J. J. H. Miller, E. O'Riordan, G. I. Shishkin, S.Wang, A parameter-uniform Schwarz method for a 

Singularly Perturbed reaction-diffusion problem with an interior layer, Applied Numerical Mathematics, 

35, 323-337, 2000. 

7. T. Linss, N.Madden, Analysis of a FEM for a coupled system of singularly perturbed reaction diffusion 

equations, Numer Algor 50:283291, 2009. 

8. T. Linss, N. Madden, A finite element analysis of a coupled system of singularly perturbed    reaction 

diffusion equations.,Appl. Math. Comput. 148(3), 869880, 2004.     

9. M.Paramasivam, S.Valarmathi, J. J. H. Miller, Second order parameter-uniform convergence for a finite 

difference method for a singularly perturbed linear reaction-diffusion system, Mathematical 

Communications, vol.15, No.2, 2010.    

10. M. Paramasivam, S. Valarmathi, J. J. H. Miller, Second order parameter-uniform convergence for a finite 

difference method for a partially singularly perturbed linear reaction-diffusion system, Mathematical 

Communications, vol.18, No.2, 2013.   

11. M.Manikandan, N. Shivaranjani, J.J.H. Miller, and S. Valarmathi, A parameter-uniform numerical 

method for a boundary value problem for a singularly perturbed delay differential equation, Advances in 

applied Mathematics, vol. 87,  71-88, 2014.   

12. M.Vinoth, M. Paramasivam, Parameter-uniform convergence of a finite element method for a partially 

singularly perturbed linear reaction-diffusion system, filomat, communicated. 


