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Abstract

The aim of this paper is to study the notion classes of filter and ultra-filter with application. In section one, types
of filter have been introduced

Principle, non-principle, maximal and prime filter with some basic properties are studied and we establish a proof
of some important properties. If F be a filter on the set M, and let p < M, either:There issome q € F,s.tpn
q=¢ or{c< M:thereissome g€ F,pngq < c}is a filter on M. Frechet filter is also introduced in this
paper. In section, two of this paper is the major contribution; we introduced two important application with new
proof of ultra-filter in additive measure theory and Boolean algebra. There are one to one corresponding of ultra-
filters on M and finitely additive measure and Boolean algebra defined on P(M).
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1- Preliminaries.

Definition 2-1:[6] Let M be any set, a filter on a set M is a non-empty set F with the following
properties:

1-¢ & F.

2-If pandq € F then pn g€ F.

3-If p e F,and p € q € M ,thenq € F, (F is closed superset).

Next, we will come up with two filter examples on topology and set theory.

Example 2-1: The set F of a neighborhood of a point b in a topological space X is a filter. Clearly ¢ ¢
Fandifp=(b —%, b +§), q=(b —% b +§) inFthenpn g€ F,Alsoaneighborhood N for any
pointin X, suchthatp€ N € XimpliesN € F .

Example 2-2: Let M be infinite set, and considertheset T = { A € M s.t M / A s finite } the set of

all cofinte subset of M is a cofinite filter this filter is called Frechet filter on M which is denoted by
FR.

Note: One can see the Frechet filter is not an ultra-filter on infinite set.

Definition 2-2:[2] Let M be a non-empty setand D < p(M) be a collection of subsets of a set M. We
say that D has a finite intersection property (FIP) if the finite intersection for any specific subset of D is
not empty.

Remarks 2-1: 1- Filter is closed under the finite intersection property.

2- Every filter and thus any subset of a filter has finite intersection property. Induce that we can get
filter including M iff M satisfy the finite intersection property.

Remark: If @ # K € M, the set { D ¢ M: K < D} is filter generated by a set K denoted by < {K} >.
If K is singleton subset, i.e. K = {c} where ¢ € M, then it's called a principle filter generated by K
consisting all subsets containing c.

Lemma 2-4: Let M be a finite set then any ultra-filter over p(M) is principle.

Example 2-3: Let M be anon-empty setand letx € M. Then F={D S M x € D} is afilter generated
by x. In fact it’s a proper filter if x ={1,2,3}then F = {D < N:{1,2,3} < D}is principle proper filter
generated by {1,2,3}.

Definition 2-3:[1] F is prime filter if for any,q € M , satisfies p U q € F, eitherp € Forq € F.
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Lemma 2-1: Let F be an ultra-filter, if p U g € F, theneither p € Forq € F.

Proof: Supposep & F, and q & F, then p¢,q€ € F, it follows that pcn g = (p U q)° € F, then
therefore p U q € F, contradiction.

Definition 2-4:[5] A filter ¥ on M is called an ultra-filter if it is not properly contained in any other
filter.

An ultra-filter on M is non-principal if it is not principle.

Example 2-4: The trivial filter {M} on M is not ultra-filter unless M is singleton. Also the Frechet
filter is not ultra-filter if M is infinite, since there are infinite cofiinite subsets in M. For example if
M = Z, then neither the set of positive integer numbers neither its complement is contained in M
which is not ultrafilter according to the next following lemma.

Another characteristic for ultra-filter show in the next lemma.

Lemma 2-2: Let M be a non-empty set and F be a filter on M. Then F is an ultra-filter if for every
p € M either p or M'\p is an element on F.

Proof: For the first direction, it is direct proof by (2) of definition.

Conversely, let F be an ultra-filter in M. Assume that for p € M neither p nor its complement

M\p belong to F. Case (1): p and M'\p € F implies by definition of filter p n M\p = @ € F, which
is a contradiction. Case (2): we have p and M'\p € F. Note that F U p and F U M'\p both are filter
and FSFup and F<SFUM\p which is a contradiction. Therefore p or M\p €

F.

Definition 2-5:[6] A filter F on M is maximal filter if forany p € M and p ¢ F,then F U {p}is
not a filter.

Proposition 2-1: A filter F on a non-empty set M is an ultra-filter if only if it is maximal filter.

In the following theory, we can prove that we had a non-empty set that contains the filter and ultra-
filter, and so the filter is part of the ultra-filter within this set.

Theorem 2-1: Every filter F" on anon-empty set M there exists an ultra-filter F on M such that F" <
T

Proof: Let S ={F : Fisa filterand F" € F }and take the partially ordered set (S, <). Now
consider a chain L € S, the set of union U L of this collection of filter indicted with < is clearly a filter
on M and containing F" which is an upper bound for L. Hence, (S, <) satisfies the hypotheses of Zorn's
lemma implies has maximal element F which is maximal element of (S, ©) . We claim that F is an
ultra-filter. If not then there exists A € M such that A ¢ F and M \A & F. Consider the collection C
=F U {A }. We claim that the set C has finite intersection property. Let y;,v,,...,¥, €C .

Casel: Suppose that y; € F forevery 1 <i < n.since F has finite intersection property then y; N
y,N...N y, € FCC.

Case 2: Suppose that y; ¢ F for some 1 <i <n . By changing these sets without changing them
intersection, we can suppose without loss of generality that y; = Aand y,, ...,y, € F. As F has finite
intersection property, we have that y, n...n y, € F. It follows that any superset of y, Nn...N y, is
in F. From the other side, M\A ¢ F and hencey, Nn...n y, € M\A, thatisAny, n...n y, # 0.
Therefore, C has finite intersection property and can be extension to a filter.Hence F € C < F which
is a contradiction by Zorn's lemma F is maximal.

Theorem 2-2: Let M be aset, M # @ thenp < M, and let F be a filter on M. Then there is some

q € F,suchthat p n g = ¢ or if there exist

andsomeq € F,pngq< Cisa filteronM.CS M

Proof: Supposeaforall g € F,p N q # ¢, weneedtoshowtheset k = {C S M,3 some q € F with
p Nq < C}is actually a filter. Let p;, p, € k, then there exist q1,02 € F s.t p N q1S p; , P NY2E p,.
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Thenpn(qg;Ngy,) Sp, Np, €Ek.If p’ € ktake g € M such that p’ € g € M to show that that
q € k. Now p’ € k implies that 3¢’ € F such thatnq' < p’, hencep Nnq’' S q and then q € k. By
negative condition of (a) then ¢ €& k.

The next lemma it is easy to show, as a one of an important fact for the ultra-filter.

Lemma 2-3: Let M be a set and F and L be ultra-filters on M then F =L ifand only if F C L.

Proof: The first direction is clear. Conversely, let F € L, F is ultra-filter. Then by definition of ultra-
filter F =1L.

The next theory it's called ultra-filter theorem, the content of this theory that the filter can be extended
to ultra-filter.

Theorem 2-3: Any filter F on a non-empty set M’ be expansion to an ultra- filter.

Proof: For some filter F, suppose that A = {F' € M: F' is filter s.t F < F'}. Note that A is nonempty
since F € A. Claim that for each chain { F,: @ € I } in A, their union Uy¢;F, is still a filter in A. It is
clear that @ & Uy¢;F,. For an element B € Uy Fy, B € F, for some a € I. Then for all C such that
BcC,C€F, € UxeFy. Similarly, for P and Q@ € Uy F, P € F, and C € Fp . Without loss of

generality, assume Fg < F,;thus, C€ F, and BN C € F, S Uye,F,. Hence, by Zorn's lemma, there
exists a maximal element in A and by proposition {2-1}; it is an ultra-filter.

Remark 2-2: The Frechet filter in infinite set M is non—principle. In the next proposition show
whatever an ultra-filter is principle or non-principle by checking if it have Frechet filter.

Lemma 2- 4:[6] Let M be a finite set then any ultra-filter over p(M) is principle.

Proposition 2-2: Let M be an infinite set and F be an ultrafilter on M. Then F is non-principle if and
only if it include the Frechet filter.

Proof: Assume that F is principal, letitbe F = { B € M: b € B}. Then, since {b}€ F, we have M —
{b} & F. On the other hand, M — {b} is cofinite. Hence, M dose not have the frechet filter. Suppose
that F dose not include the frechet filter. Then there are a cofinite set B € M such that B € F and
hence M — B € F. Redefine the set M — B, say, M —B ={d;,d ,, ... ... ,dp}. If M —{di} € F for
every 1< i < n, then we would have

N, M—{d;}={d,d,, ... ,dp,} € F

Which is a contradiction, also the intersection of this set and M — B is empty. Therefore, there exists
1< i < nsuchthat M — {d;} }¢ Fand hence {di} € F .Therefore , as in the proof of lemma {2-4 }
we should have { B € M:b € B} = M.

2- Ultra-filter application.

In the present section of this paper, we will cove two main application of ultra-filter.

Definition 2-6:[ 3] A finitely-additive measure on X is a function p : 2%¥ — {0, 1} that satisfies
LuX) =1, u@ =0

2.1f Aq,..., A, are pairwise disjoint, then u(U; 4;) = X; n(4,;) .

The next theorem give us an application of ultra-filter by showing that the ultra-filter can significant
as a finitely additive measure.

Theorem 2- 4: Let M be any set, show that the ultra-filters on M are one to one corresponding with
finitly additive measurs defined on P(M’) which takes values in {0,1} and are not identically zero.

Proof: Define amap u: P(M ) —»{0,1} by

1if AeF ~
{o if Ag F u(a) =
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Since F is a filter then @ ¢ F then M € F, by define implies u (M) = 1. It is enough to prove that for
disjointset Aand B, u(AUB) = u(A)+ u(B).Case(1):ifA € Fand B & F or vice versa,
then by definition it's clear that they are equal. Case (2): Since A and B are disjointthen AN B = @.
Therefore Aor B € F but not both, led to

, implies that AN B¢ =(AUB)° € F.Weget AU B ¢ F and therefore u(4A UA°and B¢ € F
B)=u(A)+ u(B)=0.

For the other direction, suppose we has non-zero finitely additive measure. Clearly by definition p(@)
=0.LetA,B € F,bydefinition u (A)=u (B) =1therefore (AU A)=pu (A) +u (A°)=u (M)

=1+ p(A°) =1
= nA) =0
Similarly one can get u (B€) =0. Now if A U B € F then u(AuUB) =pu(4) +
u(B) — u(AnB)
=1 =141- pu(AnB)
=uAnB) =1

Finally, let A€ F suchthat A€ B € M ,B € M. Since A S Bthen u(A) < u(B).But
u (A) = 1andhence u (B) = 1.

Theorem 2-5: Let M be a non-empty set. The ultra-filters on M are in one-to-one corresponding with
the Boolean algebra homomorphism mapping (p (M), U, n) on to Bolean algebra ({0, 1}, v, A).

Solution: Let f: (p(M),uU,n) = ({0,1},V,A) defined by:

(1 ifAe F
f(A)‘{o ifA¢F

Where A € p(M) and F is some ultra-filter on M. We claim that f is onto and Boolean
homomorphism. If A € F then f(A) = 1andifA & F then f(A°) = 0 this implies f is onto. For f
is Boolean homomorphism, take A, B € p(M) then:

Casel:If A, B €eU.Note A € F € AU B < p(M) then AU B € F and therefore f(AUB) =
1

=1lvil
= f(A) v f(B).
Alsosince A,Be FthenAnB € F. Hence f(ANB) =1
=1A1
= f(A) A f(B).

Case2: If A,B ¢ Fthen An B ¢ F otherwise it's a contradiction.
Therefore f(ANB) = 0
=0A0
= f(A) A f(B).
Also AUB e F.Hence f(AUB) =1
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=1lvl1
= fA v f(B).
Case3:IfA € F and B ¢ F then it will be similar to case 2.
Conversely, to show that F is a filter. Let A ¢ F then f(AUQ) = f(A) VvV f(D) = f(A).

Since f(A) = 0then f(A) VvV f(@®) = 0i.e.itmustbe f(@) = 0.Let B € F, since f is homo then
f(ANnB)= f(A) n f(B)=1A1=1.Hence AN B € F.To obtain a filter we need also show if
A EFstACS B < p(M) then Be F. Note that because f is homothen f(A n B) = f(4) n
fB) = f(4)

Since f(A)=1then f(A) n f(B)= 1A 1 =1 one must obtain f(B) =1, therefore B €
F. Finally for ultra-filter, note that f (A N A°) = f(A) A f(A°) = f(®) = 0.So f(A°) = 0.Toshow
either A € F or A€ F.Suppose A € Uthen (AU Ac) = f(A)Vf(AS) = f(M).But f(M) =1
and f(4) = 0. Therefore f(A€) = 0.
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