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Abstract: In this paper the range of (x,t) for the corresponding u involved in Burger’s equation is obtained. The used 

methodology is C-R equation along with conditions   u_x=v_t,   u_t=-v_x. When approached through this method easily we 
can solve  v for the given  u and  u  for the given  v simultaneously without loss of generality. 
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1. Introduction  

Burgers’ equation is also termed as Navier–Stoke’s equation. This equation doesn’t bear the stress term.  

Bateman first introduced this Burgers’ equation [1]. Different types of discrepancies that are involved in physical 

flow like sound and shock wave theory, hydrodynamic turbulence, dispersion in porous media, vorticity 

transportation, wave processes in thermo elastic medium, mathematical modeling of turbulent fluid, and 

continuous stochastic processes can be easily explained by this model [2–5]. 

This research paper elaborates the one dimensional nonlinear Burgers’ equation: 

xxxt vuuuu =+         ………..(1)  

in detail. 

Rigorous efforts have been made to compute the accuracy and efficiency of various numerical schemes for 

Burgers’ equation with various values of kinematic viscosity. Several analytical and numerical schemes have been 

solved with the help of Burgers’ equation, for instance, Hofe–Cole transformation [5&6], finite element method 

[7], finite difference method [8], implicit finite difference method [9], compact finite difference method [10–12], 

Fourier Pseudo spectral method [13], Several interested readers also speculated [11] and obtained the optimal 

error estimation and benefited by this rule. 

2. Proposed methodology: 

The aim of this present research paper is to find the solution of (1) for a given ( , )u x t by using analyticity and 

Cauchy’s Riemann equations. In this attempt, we observe that we have two types of analytic functions in which 

one contains AC and the other with NAC. For a given ( , )u x t , we construct the burger v and then we use Milne’s 

Thompson method for the construction of an analytic function. 

Let the burger’s analytic function be  ( )f z u iv= +
                            

………. (2) 

By assuming that the equation (2) satisfy the CR conditions to construct v (x,t)  ………. (3) 

If equations (1) and (3) equated then,  ( , ) 0g x t =
        

………. (4) 

Solving the equation (4) gives spatial co-ordinate ( )x  and the temporal co-ordinate ( )t  of the speed of fluid u

( , )x t . 

Nomenclature: 

MT - Milne’s Thomson 

C-R – Cauchy’s Riemann 

AC – Absordable Condition 

NAC – Non-absordable Condition 
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Example 1: 

Construction of  the viscosity of fluid for  a given speed of fluid and find its solution 

Let  𝑢(𝑥, 𝑡) = 𝑡3 − 3𝑥2𝑡 + 3𝑡2 − 3𝑥2 + 1                                              

 ……….(5) 

Step 1: Finding v 

The burger’s equation is given by   𝑣 =
𝑢𝑡+𝑢(𝑢𝑥)

𝑢𝑥𝑥
       ………. (6) 

𝑢𝑥 = −6𝑡𝑥 − 6𝑥,   𝑢𝑡 = 3𝑡2 − 3𝑥2 + 6𝑡  𝑎𝑛𝑑   𝑢𝑥𝑥 = −6𝑡 − 6     ………. (7) 

Using (6) in (5) we get. 

𝑣 =
[6𝑥3−𝑥2−2𝑥−2𝑥𝑡4−8𝑥𝑡3−6𝑥𝑡2+12𝑥3𝑡+6𝑥3𝑡2−2𝑥𝑡+𝑡2+2𝑡]

(−2𝑡−2)
      ……….(8) 

Step 2: Construction of Burger’s analytic function 

By MT method 

 𝑓2(𝑧, 0) = 𝑣𝑥(𝑧, 0) = −9𝑧2 + 𝑧 + 1    And   𝑓1(𝑧, 0) = 𝑣𝑡(𝑧, 0) = (−3𝑧3 −
1

2
𝑧2 − 1) 

𝑓′(𝑧) = 𝑓1 + 𝑖𝑓2  

Where  𝑓1 = −3𝑧3 −
1

2
𝑧2 − 1, 𝑓2 = −9𝑧2 + 𝑧 + 1 

Integrating both sides with respect to z we get 

𝑓(𝑧) = (
−3

4
𝑧4 −

1

6
𝑧3 − 𝑧) + 𝑖 (−3𝑧3 +

1

2
𝑧2 + 𝑧)  Is called the burger’s analytic function if it satisfy C-R 

equations 

Assume that it satisfy C-R equations, that is   𝑢𝑥 = 𝑣𝑡      and    𝑢𝑡 = −𝑣𝑥 

Now  𝑣𝑡    = −6𝑡𝑥 − 6𝑥 

𝑣(𝑥, 𝑡) = −3𝑥𝑡2 − 6𝑥𝑡        

 ………. (9) 

From (8) and (9)  

We have (8) = (9) = v(x, t) 

In (8), if  𝑥 = 0 then   𝑡 = 0 𝑜𝑟 − 2, and    

 If  𝑡 = 0 then    𝑥 =
2

3
 𝑜𝑟  

−1

2
 

Hence the solution space is (x,t)={(0,0), (0, −2), (
2

3
, 0) , (

−1

2
, 0)} 

Example 2:  

Construction of the viscosity of fluid for a given speed of fluid and find its solution 

Let  𝑢(𝑥, 𝑡) = 𝑥3𝑡2 + 𝑥2𝑡 + 𝑥 + 𝑡3𝑥2 + 𝑡2𝑥 + 𝑡      ………. (10) 

Step 1: Corresponding v using (10) 

𝑢𝑥 = 3𝑥2𝑡2 + 2𝑥𝑡 + 2𝑡3𝑥 + 𝑡2 + 1,   

𝑢𝑡 = 2𝑥3𝑡 + 3𝑥2𝑡2 + 2𝑥𝑡 + 𝑥2 + 1

𝑢𝑥𝑥 = 6𝑥𝑡2 + 2𝑡3 + 2𝑡

}       ………. (11) 

Using (11) in (6) we get   

( )
( )

4 5 3 4 2 3 2 5 3 2 2 3 2 2 2 4 2 3 2
5 8 9 3 2 3 2 6 3 4 3 1

2 3
6 2 2

x t x t x t x t x t x t xt x t x t xt xt x x t t

xt t t

v
+ + + + + + + + + + + + + + +

+ +

=              ….……(12)

  

 

Step 2: Construction of  𝑓2(𝑧, 0)   
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𝑣1 =
(2𝑥3 + 3𝑥2 + 2𝑥 + 1)

(6𝑥𝑡 + 2𝑡2 + 2)
 (𝑣1)𝑥(𝑧, 0) = 3𝑧2 + 3𝑧 + 1 

𝑣2 =
(6𝑥3 + 3𝑥2 + 4𝑥)

(6𝑥 + 2𝑡 +
2
𝑡

)
 

(𝑣2)𝑥(𝑧, 0)=
∞

∞
 form,   

(𝑣2)𝑥𝑡=
[18𝑥2+6𝑥+4]

(6𝑥+2𝑡+
2

𝑡
)

     (By  L hospital ‘s rule) 

(𝑣2)𝑥𝑡(𝑧, 0) = 0 

𝑣3 =
(𝑥2 + 𝑥 + 1)

(6𝑥𝑡2 + 2𝑡3 + 2𝑡)
 

(𝑣3)𝑥(𝑧, 0)=
0

0
 form,   

(𝑣3)𝑥𝑡=
[(2𝑥+1)(12𝑥𝑡+6𝑡2+2)−12𝑡(𝑥2+𝑥+1)]

[2(6𝑥𝑡2+2𝑡3+2𝑡)(12𝑥𝑡+6𝑡2+2)]
 

(𝑣3)𝑥𝑡(𝑧, 0) =
∞

∞
 form 

 (𝑣3)𝑥𝑡𝑡(z,0)=
3

2
(𝑧2 − 1)  (By  L hospital ‘s rule) 

𝑣4 =
(5𝑥4 + 9𝑥2 + 1)

(
2
𝑡2 +

6𝑥
𝑡

+ 2)
 

(𝑣4)𝑥 =
(20𝑥3 + 18𝑥)

(
2
𝑡2 +

6𝑥
𝑡

+ 2)
 

(𝑣4)𝑥(𝑧, 0) = 0 

𝑣5 =
(3𝑥5 + 8𝑥3 + 3𝑥)

(
1
𝑡2 [6𝑥 + 2𝑡 +

2
𝑡

])
 (𝑣5)𝑥(𝑧, 0)=   (𝑣5)𝑥𝑡(𝑧, 0) = (𝑣5)𝑥𝑡𝑡(z,0)= etc….= AC 

𝑣6 =
(5𝑥4 + 3𝑥2)

(
1
𝑡3 [6𝑥 + 2𝑡 +

2
𝑡

])
 (𝑣6)𝑥(𝑧, 0)=   (𝑣6)𝑥𝑡(𝑧, 0) = (𝑣6)𝑥𝑡𝑡(z,0)= etc….= AC 

Hence  𝑓2 = Sum of derivatives of all v’s at the point (z,0) 

   = 3𝑧2 + 3𝑧 + 1 + 0 +
3

2
(𝑧2 − 1) + 0 + 𝐴𝐶 

   = 
9𝑧2+6𝑧−1

2
+ 𝐴𝐶   

Step 3: Construction of  𝑓1(𝑧, 0)   

𝑣1 =
(2𝑥3 + 3𝑥2 + 2𝑥 + 1)

(6𝑥𝑡 + 2𝑡2 + 2)
 (𝑣1)𝑡(𝑧, 0) =

−3

2
(2𝑧3 + 3𝑧2 + 2𝑧 + 1) 

𝑣2 =
(6𝑥3 + 3𝑥2 + 4𝑥)

(6𝑥 + 2𝑡 +
2
𝑡

)
 (𝑣2)𝑡(𝑧, 0)=  ((𝑣2)𝑡)𝑡(𝑧, 0) = (((𝑣2)𝑡)𝑡)𝑡(z,0)=..etc= AC   

𝑣3 =
(𝑥2 + 𝑥 + 1)

(6𝑥𝑡2 + 2𝑡3 + 2𝑡)
 (𝑣3)𝑥(𝑧, 0)  is in - determined form   

𝑣4 =
(5𝑥4 + 9𝑥2 + 1)

(
2
𝑡2 +

6𝑥
𝑡

+ 2)
 (𝑣4)𝑡(𝑧, 0)=  (𝑣4)𝑡𝑡(𝑧, 0) = (𝑣4)𝑡𝑡𝑡(z,0)=..etc= AC   

𝑣5 =
(3𝑥5 + 8𝑥3 + 3𝑥)

(
1
𝑡2 [6𝑥 + 2𝑡 +

2
𝑡

])
 (𝑣5)𝑡(𝑧, 0)=  (𝑣5)𝑡𝑡(𝑧, 0) = (𝑣5)𝑡𝑡𝑡(z,0)=..etc= AC   

𝑣6 =
(5𝑥4 + 3𝑥2)

(
1
𝑡3 [6𝑥 + 2𝑡 +

2
𝑡

])
 (𝑣6)𝑡(𝑧, 0)=  (𝑣6)𝑡𝑡(𝑧, 0) = (𝑣6)𝑡𝑡𝑡(z,0)=..etc= AC   

Hence  𝑓1 = Sum of derivatives of all𝑣’s with respect to ‘t’ at the point (z,0) 
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    =  
−3

2
(2𝑧3 + 3𝑧2 + 2𝑧 + 1) + 𝐴𝐶 

Step 4: Construction of Burger’s analytic function 

By MT method 

𝑓′(𝑧) = 𝑓1 + 𝑖𝑓2  

Where  𝑓1 =
−3

2
(2𝑧3 + 3𝑧2 + 2𝑧 + 1) + 𝐴𝐶,     𝑓2 =

9𝑧2+6𝑧−1

2
+ 𝐴𝐶 

Integrating both sides with respect to z, we get, 

𝑓(𝑧) =
−3

2
(2𝑧3 + 3𝑧2 + 2𝑧 + 1) + 𝑖 (

9𝑧2+6𝑧−1

2
) + 𝐴𝐶 is called the burger’s analytic function if it satisfy C-R 

equations 

Assume that it satisfy C-R equations,  

  𝑣𝑡    = 3𝑥2𝑡2 + 2𝑥𝑡 + 2𝑡3𝑥 + 𝑡2 + 1 

Integrating both sides with respect to t   

𝑣 = 𝑥2𝑡3 + 𝑥𝑡2 +
𝑥𝑡4

2
+

𝑡3

3
+ 𝑡        ………. (13) 

In (12) and (13), if  𝑥 = 0 we get  𝑡 = −0.60947  𝑎𝑛𝑑   0.72957,  and   

If  𝑡 = 0 we get   𝑥2 + 𝑥 + 1 = 0  .  𝑥 =
−1

2
+ 𝑖

√3

2
   &    

−1

2
− 𝑖

√3

2
 

The solution of space is (x,t) = {(0, −0.60947), (0, 0.72957), (
−1

2
+ 𝑖

√3

2
, 0) , (

−1

2
− 𝑖

√3

2
, 0)} 

3. Future work: 

In future we will be applied the same proposed algorithm for generalized Burger Equation to check analyticity 

for corresponding u(x,t) to determine v(x,t). 
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