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Abstract: Some a new properties of convergence uncertain sequence in measure are introduced , further more we have that
properties of convergence uncertain sequence in distribution were satisfied by using the relation between convergence sequence
in measure and in dlstrlbutlon Also, we verlfy Kolmogorov |nequallty and some theorem that related with it. Finely new relation
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1. Introduction

Liu [2]founded in 2007uncertainty theory and Liu [3] refined it in 2010, an uncertain measure is first idea of
uncertainty theory defined as a set function U: F — Rsaisfies he following axioms:
(1) (Normality Axiom ):U (") =1. 1)

(2) (Monotonicity Axiom ): If A, < A, then U(A)) <U(A,) (2)
(3) (self-duality Axiom ):U (A) +U (A7) =1forany A €F
(4) (Countable Subadditivity Axiom ):If{Ai}is countable sequence of events, then.

uUJA) =2 UMA)
i=1 i=1
(5) (Product Measure Axiom):The product measure U is uncertain measure over the product o -
n
fieldF; x F, x ... x F, satisfying U (] [A) = MinU (A) forall A €T} andi =1,2,3,...,n
i1 I<i<n

Definition (1-2) [1]

The triple (I", F,U) beuncertainty space such that I", F,and U be a nonempty set, o - field and uncertain
measure respectively.

Definition (1-3) [2]

We say that the measurable function ¢ from an uncertainty space to the set of real numbers ‘R is uncertain
variable.

Definition (1-4) [3]
We say that the uncertain variables @y, W,y,...,0, be independent if

U(ﬂ(a) eB,)) = man (@, €B,), forany Borel B, B, ,...,B,, of real numbers R .
=1
Deflnltlon (1-5) [6]

+o0 0
The expected value 3 of uncertain variable @ defined by J(w) = jS >q)do — jS(a) <a)da,
0

—00

+00 0
provided that at least JS(a) >a)da < oo or IS(wSa)da < oo .The variance of @ is defined by
0

I(w) = I(w - I(w))?.
Theorem (1-6) [5]

754


mailto:zhayder49@gmail.com
mailto:mmkrady@mu.edu.iq
mailto:yargmmn@yahoo.com

Turkish Journal of Computer and Mathematics Education  Vol.12 No.11 (2021), 754-758
Research Article

Suppose that the uncertain variable X . Then for any given numbers £ >0 and r >0, we have

U (|a)| >¢e) < @ 3).

Definition (1-N)[7]
The uncertain sequence {@,} be convergent in measure to uncertain variable @ if

IIimU{y eI| |a)n(y) —a)(y)| >g}=0,forevery £ >0.
n—oo

Definition (1-8) [7]

The uncertain sequence {@,} be convergent in mean to uncertain variable @ if
lim{y e ||, (¥) - o(y)} =0.

Definition (1-9) [7]

We say that the uncertain sequence {a)n} is convergent to uncertain variable in distribution @ if

limy (@) = w(w) for all @ at which y () is continuous, and ¥, , n=12,....,k be an uncertainty
nN—o0
distribution of uncertain variables @,,n =1,2,...,k .

2. Convergence of independent uncertain variables sequence sum

Lemma (2-1) [5]

anwi

i=1

p n p
} <n®> Jo| @
i=1

Suppose that X, ,1 =1,2,...,n be uncertain variables and P > 0. Then S[

Theorem (2-2) [7]
Suppose that {@,}, and @ be an uncertain sequence and uncertain variable respectively. if @, — @ (in

measure)as N — o0 . Then @, — @as N — oo (in distribution).

Theorem (2-3)

Suppose that {a)n} and @ be an uncertain sequence and uncertain variable respectively such that
ZU{]a)n—a)|25}<oo (5)
n=1

Then @, —> @ as N — o0 in measure.
Proof:

since {y € I'| |, (y) = @(y)| > e} < {{ {y e T ||@,, (y) - @(y)| > £}
From (1), and (2) we have )

ULy T ||, (y) — ()| = e} <ULy Tl |y (¥) - eo(y)| = €}
< iU{]a)m - o>}

Furthermore, lim U{y eT'||o, (y) - o(y)| = €} < rI]im i:U{]a)n —0|>¢}=0

Corollary(2-4)

Suppose that {a)n} and @ be an uncertain sequence, uncertain variables respectively such that

iU{]a)n —a)| >gl<o  (6)
n=1
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Then @, — @ as N — o in distribution.

Proof:-
From theorem (2-2) and from theorem (2-3) according to (5), we have @, — @ as N — oo in distribution

Theorem (2-5)
Suppose that {a)n} and @ be an uncertain sequence, uncertain variables respectively such that
2
ZJ{]&) a)| > g}is afinite. Then @, — @ as N — o0 in measure.

n=1
Proof:

since {y & | |, (v) - ()| > £+ < Ky e T o, () - o(y)] > 2}

From (2) that
U{y eT ||, (y) - o(y)| = e} <U{{ [{y €T ||e, () — (y)| = £}

From theorem (1-6) according to (3) and lemma (2-1) according to (4)
U{y el||w, - a)|

U{yeT| Iw (y) - a(y) 2 e} < U{U{y el |@,(y) - o(y) = e} < p~

D |en :

~ nZ 0
- gl ?Z JJeon -
n2 0 2
Furthermore , IImU{y el ||o,(y)—ao(y)| = e} < |Im —ZJ|CO —o| =0
© & m=n

Corollary (2-6
Suppose that {@.}, @ be an uncertain sequence, and uncertain variables respectively such that Then

2

Zfs{|a)n - a)| >e}<oo (7)
n=1
.Then @, — @ as N — o0 in distribution.

Proof:-
From theorem (2-2) and from theorem (2-4) according to (6), we have @, — @ as N — oo in distribution

Theorem (2-7) (Kolmogrov inequality)

n
Suppose that @;,i =1,2,...,n be uncertain variables such thatW, = Za)i If S[a)iz] <o0,i=12,...,
i1

2
n
- —3((W.) > < — .
then U{l}gig([\/\/, 3IW, )| > g} < p~ ;Var (@, ) for any number & >0,

Proof:
From theorem (1-6) according to (3) and lemma (2-1) according to (4), we have
2
S[ Max\; — W) } .
U{MaxW; — 3(W,)| 2 £} < = —232|w (@ )|
2 n

| >

Var (w,)

N

2 n 2
n - n? ~
S—ZZJ|a)i — E(a)i)| —zz o, —3(w,))? =
& ia & ia
Theorem (2-8)
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n 0
Suppose that {@,} be an uncertain sequence. If ZVar(a)i) is a finite. Then Z:((a)i)—S(a)i )) 8
i=1 i=1
convergent in measure.
Proof:

Since ®.) — 3(w.)) convergent in measure if and only if lim w.)— 3(w,)) =0 in measure if
I [} [} I
. n—oo <
=n

and only if rI]|_>rr01cU {O{nik: (0, — (o, )} > } =

k=0 Li=n
Forany & >0,
o [ n+k m | |n+k
U{U{Z(a)i —S(wi)}25}= {U{Z(a) \s(a))}>g}
k=0 (i=n k=0 -
n+k 2 n+m
= < J—
,L'LQU{MG‘?“(Z(“’ I(w,)| = g} Ilm Z\s(a) 3(@,))
2 n+m
= lim —ZVar(a)) = lim —ZVar(w) 0 from ZVar(X ) is finite.
Theorem (2- 9)
Suppose that{e, } be an uncertain sequence. If ZVar (@,) is a finite. Then Z:((a)i ) — 3(w,)) converges

i=1 i=1
in distribution.
Proof:-

From theorem (2-2) and theorem (2-8) according to (8), we have Z((a)i) — 3(w,)) convergent to uncertain
i=1
variable @ in distribution.

Theorem (2-10)

Suppose that {a)n}, o bean uncertain sequence, and uncertain variables respectively. If @, —> @ as

N — ooin mean, then @, — @ as N — oo in distribution.

Proof:

Since @, —> @ as N — o0in mean means @, — @ as N — o0 in measure, and from theorem (2-2), thus
{w,} is convergence uncertain sequence in distribution to uncertain variable @ .

Example (2-11)[4]

If @, — @ as N — oin distribution, then @, » @as N — o in mean

For example, suppose that the uncertainty space and I ={y,, y,} withU{y,}=U{y,}=05 and
b ify=y
o, (y;)= { . 1}

-b ify=y,
0 ,o<-b
,and uncertainty distribution of @, and @pe (@) =<0.5 b <w<Db,thatis limy (o) =y (o) in
1 ,@>b

distribution, put @, =—w we have |a)n —a)| =2b for all n=123...Y=Y,,Y, . Thus
2b

Ellow, - of]= jldx =2b sothat lim Jjw, —af] = 2b.
0 n—oo

Thatis, @, @as N — o0 in mean.
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3. Conclusion

The rustles of this paper is to obtain new properties of uncertain variable convergence in measure, also
Kolmgorov inequality is verified.
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