Turkish Journal of Computer and Mathematics Education Vol.12 No. 10 (2021), 7337-7349
Research Article

Hesitant Fuzzy Prime Ideal Of Ring.

Ali Abbas. J. and. M. J. Mohammed.

Email :ali_abbas.math@utg.edu.iqg and Mohammed.19575@gmail.com.
Department of Mathematics , College of Education for Pure Sciences,
University of Thi-Qar.

Avrticle History: Received: 10 January 2021; Revised: 12 February 2021; Accepted: 27 March
2021; Published online: 28 April 2021

ABSTRACT. In this paper, we study hesitant fuzzy sets and some of its properties .We
introduce the notions of hesitant fuzzy ideal, hesitant fuzzy prime ideal of a ring and hesitant
fuzzy strongly prime ideal ,hesitant fuzzy 3- prime ideals .

And we give a characterization of hesitant fuzzy prime ideal ,also introduce relationships
between hesitant prime ideal and strongly prime ,3-prime .

And some important basic operation on the hesitant fuzzy prime ideal of a ring .

KEYWORDS: HESITANT FUZZY SETS(HFS) , HESITANT FUZZY IDESL OF A RING
(HFI (R)), HESITANT FUZZY PRIME IDEAL OF A RING (HFPI (R)).

1.INTRODUCTION.

Zadeh [14] in (1965) introduced the concept of fuzzy set(FS) in a set X as a mapping from
X into [0,1] . Torra and Y.Narukawa [12] in (2009) proposed a new generalized type of fuzzy set
called hesitant fuzzy set (HFS) and he defined the complement, union and intersection of HFSs.
After that time , Xia and Xu [13] in (2011) gave some operational laws for HFSs, such as the
addition and multiplication operations . Mohammad et.al. [1] in (2018) introduced the Hesitant
Fuzzy ldeal, Hesitant Fuzzy Bi-Ideal, and Hesitant Fuzzy Interior Ideal in I'-semigroup. In po-
semigroups, the notions of hesitant fuzzy ideals, hesitant fuzzy prime ideals, hesitant fuzzy
semiprime ideals, and hesitant 3-prime fuzzy ideals are introduced, along with some of their
properties by M.Y .Abbasi ,A.F.Talee , etal. [2] in 2018. Kim, Lim and Lee [3] in (2019)
defined the Hesitant Fuzzy subgroupoid; Hesitant Fuzzy subgroup ; Hesitant Fuzzy subring. In
2020 Pairote Yiarayong [9] introduced a new concept of Hesitant Fuzzy bi-ideals and Hesitant
Fuzzy interior ideals on ternary semigroups.

The remainder of the paper is organized as follows: in section two, we recall some definition
along with some properties of hesitant fuzzy set and some results. In section three, hesitant
fuzzy ideal of ring , hesitant fuzzy prime ideal , hesitant fuzzy strongly prime , 3- prime of ring
and radical of prime ideal are presented. Finally ,we establish some results on an operations of
hesitant fuzzy ideal of ring and Homomorphism on hesitant fuzzy prime ideal of ring introduced
in section four .

2. DEFINITION AND PRELIMINARIES .
In this section , we will discuss the following definitions as well as some of the findings
that will be expected in the following pages.
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Definition 2.1 [12].

Let X be a reference set , a hesitant fuzzy set ( in short , HFS) of X is a function h:X—
P[0,1] that returns a sub set of some values in [0,1] .
Where P[0,1] denotes the set of all sub set of [0,1] ,and expressed the HFS by a mathematical
symbol: A={< x,h,(x) >:x € X}.
We will denote the set of all HFSs in X as HFS (X) .

Example 2.2 .

Let X={x4,X,, X3} be a reference set,and h,(x,) = {0.5,0.7,0.9}
,ha(x,) ={0.2,0.5,0.6}, hy(x3) = {0.4,0.7,0.8} ,then we can express the HFS A as:-
A={< x,,{0.5,0.7,0.9} >, < x,,{0.2,0.5,0.6} >, < x3,{0.4,0.7,0.8} >}.

Definition 2.3 [4,12,13] .
Let hy, h,€ HFS (X) Then , for each x € X
1. we say that h; is a subset of h,, denoted by h; c hy,, if h; (X) € h, (X). 2.
we say that h, is equal to h,, denoted by h; = h,, if h;(x) € h,(x)
and h, (%) c h;(x) .
3. The complement of h, h(x)={1-y/y € h(x)}.
4. Lower bound: h™(x) = min {h(x)}.
5. a —lower bound: hg (x) = {y € h(x)/y < a}.
6. Upper bound: h*(x) = max {h(x)} .
7. a —upper bound: h{ (x) = {ye h(x)ly = a}.
8.(hy Uhy)(x) = hy(x) Uhy(x) = Uy, eh; ), v2€h, () max{yy, Y2}
9-( h1 n hz)(x) = hl(x) n hZ(X) = Uylehl(x),yZehz(x) min{YL YZ}-
10. W (%) = Uyeno{y"} = {y* /y € h(x)}.
11.2h(%) = Uyenpofl = (1 =)} = {1 - (1 = y)/y € h(x)}.

Definition 2.4 [4] .
Let h € HFS (X). Then h is called a hesitant fuzzy point( in short , HFP) with the support x
€ X and the value A , denoted by x;, if x, : X — P[0, 1] is the mapping given by: for each y € X,
« (y):{kc [0,1]if y = x
A ) otherwise
We will denote the set of all HFPs in X as HFP (X).

Definition 2.5 [4] .
Let h € HFS (X) and x; € HFP (X) . Then x, is said to be belongto h, denoted by x, € h
,1f A S h(x).
Example 2.6 .
Suppose that X={a ,b}, and let h, € HFS (X) , given by:
h;(a) ={0,0.4,0.7}, h;(b) =[0,0.6). And letA = {0,0.5} € P[0,1]

then a, (b)= @ and a; (a)= {0,0.5}.Then a (y) = { {(Z()),O.S} ot}iir}\,/vi:sea

Theorem 2.7 [4] .
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Let hy, h, € HFS X) and {h;/i € [}c HFS X)
@ h, < h, if and only ifxe h,, for eah x, € h;.
2 x, € hinhh, if and only if € h; and x;, €  h,
3) If Xy € h,; or Xy € h,, then Xy € h; Uh,.
4 xx € Nigh; if and only if X, € h;, for eah i € L
(5) If x, € h; forsomei € |, then x; € Uier h;.

Definition 2.8 [4] .
Let X be a reference set and let h; ,h;€ HFS (X).Then the hesitant fuzzy product
h, and h,,denoted by h; o h, , is a HFS (X) defined by: for each x € X,
1 (hy o hy)() = { DM N R(] 1 vz =
) if otherwise
Proposition 2.9 [3,4] .
Let hy ,h,€ HFS (X) and x, yg € HFP (X).Then
1. Xq 0 yg=(Xy)anp
2. Xq +yp=(x + ¥)ang
3. Xq —Yg=(X —¥Y)ang
4. XaYB:(XY)omB
5. hyoh, = UX(th1 Ygeh, Xa °YB

Proof :- (1).
Let t € R and t = ab.
1. Then(xq °yp)(t) = Ut=ab[xa(a) Nyg(b)] = anB.

) _ (Ueeablx«(@ Nyg(®)]  if t=ab _ {a N if t=xy
(Xqoyp) (V) = {Q if otherwise (@  if otherwise
:(XY)O(nB

(2). Let teR and t=a—b.
Thus (o — ¥p)(®) = Ucma-b[%a(2) Nyg(b)] =an B

B _ ( U=a-bl[x«(a) nyﬁ(b)] if t=a—b _ {a N B ft=x—y
(X —yp) (V) _{ 1) if otherwise | 0 if otherwise
=(x-— Y)(xﬂﬁ

3-HESITANT FUZZY PRIME IDEAL .
Definition 3.1 [4] .
If (R,+,.)bearingand h € HFS (R).Then h is a hesitant fuzzy subring (in short ,HFR ) if
and only if , forany x ,y € R
1. h(x—y) 2 h(x) n h(y)
2. h(xy) 2 h(x) n h(y)
We will denote the set of all HFRs as HFR (R) .

Definition 3.2..
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If (R ,+,.) bearingand h € HFR (R), h= @, then hiis said to be a hesitant fuzzy ideal (in
short, HFI ) of R ,ifand only if ,for any x ,y € R.
1. h(x—y) 2 h(x) nh(y)
2. h(xy) 2 h(x) U h(y)
We will denote the set of all HFIs of R as HFI (R).

Example 3.3.

Let (Z, ,+,.) be a ring where Z, ={0,1,2,3} and the mapping h: Z, — P[0,1] defined as
follows: h(0)=[0.2,0.8) , h(1)= (0.3,0.7)=h(3) , h(2)= [0.2 ,0.5].Then we can easily that h €
HFI (R).

Theorem 3.4.
Let h € HFR (R) ,,then h € HFI (R) if and only if :

1. Forallxq,yg €h , x4—yg€h

2. Forallx, € HFP (R),yg €h , x,yg €h

Proof:-

Suppose thath € HFI (R) , and x, ,yg € h, sothat a € h(x), B € h(y)

So h(x—y) 2h(x) nh(y) 2anp,then xo —yg=(X—y)ang €Eh
Thus x, —yg €h.

Now let x, € HFP (R),yg € h. Then h(xy) 2 h(x) Uh(y) 2 h(x) 2 a 2 aNp.
And h(xy) 2 h(x) Uh(y) 2 h(y) 28 2 aNp

Hence x,yg = (Xy)anp € h. SO X4yg € h.
Suppose that the conditions are met, x,y € R..

Let t =h(x) Uh(y),and X;,y; € h.Suchthat x, —y, €h.

Sothat (x —y); € h,itis follows t € h(x —y).
Thus h(x) U h(y) € h(x —y) ,then h(x) N h(y) € h(x) U h(y) € h(x—y)
Hence h(x —y) 2 h(x) N h(y)

Now

Let x, € HFP (R),y; € h ,such that (xy), € h.
So t € h(xy) this implies h(x) U h(y) < h(xy).

Hence h € HFI (R) .This completes the proof.

Proposition 3.5 .
Let h; and h, be two HFl of R . Then h; n h, € HFI (R).
Proof:-
Letxq,yg € hy Nh, implies x4,yg € hy and x4, yg € h, since hy,h, be two HFI of a
ring R. Then x, —yg € hy and x4 —yg € hy, 50 x4 —yg € hy N h,.
Also x,yg € hy and x,yg € h, ,itis follows xqyg € hy Nh,
Thus h; N h, € HFI (R).

Theorem 3.6 .
Let {h; /iel} be a family of a HFI of R, then N;c;h; € HFI (R).
Proof:-
Let Xq,yg € Nierh; ,sothat x4, yg € hy,forall i € I.[From definition 2.7 point (2)]

7340



Hesitant Fuzzy Prime Ideal Of Ring.

Since h; € HFI (R) ,thus x, —yg € h;, forall i€l
Hence xq —yg € Nierh; . Also x4yg € h;,forall i€ 1,then x,yg € Nierh;
Thus Nier h; € HFI (R) .
Definition 3.7 .
Let he HFI (R). A hesitant fuzzy set vVh :R — P[0,1] ,defined as
Vh = Upenfh(x™)}, is called a hesitant fuzzy nil radical of h .

Theorem 3.8.
If hisa HFl of aring R, then so is vh .
Proof :-
Suppose h € HFI (R),and for any X,y € R ,we have
Vh(x —y) = Upen{h(x — y)"} ,we prove the result by induction.
Clearly the result is true for n=1.
So Vh(x —y) = Un=1{h(x = ¥)'} = Un=1{h(x = y)} 2 Un=1{h(x) N h(y)}
=Un=1{h(x)} N Un=1{h(y)} = Vh(x) n Vh(y)
Assume the result is true forn=r
S0 Vh(x —y) = Un=r{h(x = )"} 2 Un=r{h(x") N h(y")}
=Un=r{h(x")} N Un=r{h(y")}=vh(x) N Vh(y)
Now \/E(X - Y) = Un=r+1{h(X - Y)r+1}:Un=r+1{ h((X - Y)r(x - Y)l)}
Since h € HFI (R)
So Un=r+1{ h((x = )" x = y))}2 {Un=rth(x =)D} U {Up=1 h(x — )1} 2
{Un=r{h(xr)} n Un:r{h(yr)}} U {Un=1{h(x)} n Un:l{h(Y)}}
= {vh(x) nvh(y)} U {(vh(x) n Vh(y)} = vh(x) nVh(y).
Now we find.
Vh(xy) = Unenth(x9)™} = Unen{h(x"y™)} 2 Unen{hx")Uh(y™)}
=[Unen{hx™3}1 U [Unenth(y™}] =vh(x) U vh(y)
Thus vh € HFI (R) .

Definition 3.9.
An hesitant fuzzy ideal h of aring R, is called to be a hesitant fuzzy prime ideal
(in short , HFPI) if for any two hesitant fuzzy points x,, yg € HFP (R), x4 o yg € h implies

either x, € hor yg € h.

Will denote the set of all HFPIs in R as HFPI (R).

Theorem 3.10.
Let h € HFI (R) is h € HFPI (R) if and only if for all X, y €R ,h(x) U h(y) 2 h(xy).
Proof:-
Suppose h is € HFPI (R) .
If possible , let h(x.) U h(y,) < h(x,y,) for some x,,y. €R.
Put t = h(x.y.) , then h(x,) Uh(y,) c tand (x.y.); €h.
So h(x,) c tthis implies (x.); € h and h(y,) c t this implies (y,); € h.
This is a contradiction. Therefore , for all X, y €R, h(x) U h(y) 2 h(xy).
Suppose the condition hold .Now
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Let x; ,y. € HFP (R), Such that x, o y. € h then (xy), € hand let x, € h and
y: € h.Put t =h(xy).

If x, € h,thenh(x) c t, so that h(x) c h(xy).

If v, ¢ h,thenh(y) c t,so that h(y) c h(xy)

So h(x) U h(y) c h(xy), this is a contradiction

Thus x; o y, € h implies either x, € h or y, € h.

Thus h € HFPI (R).

Remark 3.11 : If h € HFPI (R) , then for any x,y € R, h(xy ) = h(X)U h(y).

Proposition 3.12
Every HFPI (R) is HFI (R).
Proof:
Assume that h eHFPI (R) .
So he HFR (R) and h(xy) = h(x) U h(y) ,then h(xy) 2 h(x) U h(y).
Thus he HFI (R) .

The converse of Theorem (3.12) may not to be true , as seen in the following counter example .

Example 3.13.
Let (Z, ,+,.) be a ring where Z, ={0,1,2,3} and the mapping h: Z, — P[0,1] defined as
follows: h(0) =0.2,0.8], h(1) =(0.3,0.7) =h(3) , h(2) =[0.2,0.7].
Then we can easily that h € HFI (R).
But h(2.2) = h(0) = [0.2,0.8] £ h(2) Uh(2) = [0.2,0.7].
So h & HFPI (R).

Proposition 3.14

If R is a ring and h is any hesitant fuzzy prime ideal of R ,then hg = {x € R: h(x) 2 E} ,where
E € P[0,1] is a prime ideal of R.

Proof :

Suppose h is hesitant fuzzy prime ideal of R. and

Let a,b € Rsuchthatab € hg . So h(ab) 2 E ,then (ab)g € h.

Since h is hesitant fuzzy prime ideal of R and .Then

ag € h,sothatE € h(a),hencea € hgy orbg € h,so that

E € h(b),henceb € hg .

Thus ab € hg implies either a € hg  orb € hg . Hence hg is a prime ideal of R.

The converse of Theorem (3.12) may not to be true , as seen in the following counter example .

Example 3.15.
Let (R, +,.) where R = {0,1,2} be a ring knowledge as follows :
0 1 [2 + |0 |1 2

0 |0 |0 |0 0O |0 |1 |2

> 10 |0 |2 2 |2 |0 |1
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[0,1] ifx=0

Let h be a hesitant fuzzy set of R such that : h= { .
® otherwise

And let E = [0.2,0.6]

You can easily prove that h € HFI (R) .

Now we find , h(12) = h(0) = [0,1] ¢ h(1)Uh(2) =0
So his not hesitant prime .

But hg = {0}, hence hg of his prime ideal of R.

Definition 3.16.

A HFI (R) is called a hesitant fuzzy strongly prime ideal (in short ,HFSPI) if for any x,y €
R ,h(xy) = h(x) or h(xy) = h(y).
Will denote the set of all HFSPIs in R as HFSPI (R).

Example 3.17 .

Let (Z,,+,.) bearing and h(0)=[0.1,0.8], h(1)=[0.3,0.6]
Then we easily see thath is HFIinR .
Hence h(0.0)=h(0) , h(0.1)=h(0) , h(1.0)=h(0) , h(1.1)=h(1)
Thus h € HFSPI (R).

Theorem 3.18 .
Every a hesitant strongly fuzzy prime ideal is a hesitant fuzzy prime ideal .
Proof :-
Suppose h is hesitant strongly fuzzy prime ideal and x,, , yg € HFP (R),
Suchthat xq o yg € h thisimplies (xy)qng Eh,letd = anp
So (xy)s € h,then § < h(xy) .
Since h(xy) = h(x) sothat & € h (x),itis follows xg € h.
or h(xy) = h(y)sothat 6§ € h (y), itis follows ys € h.
So (xy)s € h implies either xs € h or ys €h.
Thus h € HFPI (R).

The converse of Theorem (3.12) may not to be true , as seen in the following counter example .

Example 3.19.
Let (R, +,.) where R = {a, b, c} be a ring knowledge as follows :
a b I + a b C
a |a |b |c
a |a |a |a T T Ta
b a b a c c a b
c |la |a |c

Let h be a hesitant fuzzy set of R such that : h= {[0’1] .le =ab
{0} if x=c

You can easily prove that he HFR (R) .

Now we must prove he HFPI (R)

h(aa) = h(a) = h(a) Uh(a) = [0,1]

h(ab) = h(a) = h(a) U h(b) = [0,1]

h(ac) = h(a) = h(a) Uh(c) =[0,1]
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h(bb) = h(b) = h(b) U h(b) = [0,1]
h(bc) = h(a) = h(b) U h(c) = [0,1]

h(cc) = h(c) = h(c) U h(c) = {0}

Thus h € HFPI (R)

But h(bc) = h(a),hencea # banda # c.
So h ¢ HFSPI (R).

Proposition 3.20.

Let h € HFSPI (R) and h,={x € R: h(x) = h(0)}.Then h, is a strongly prime ideal of R.
Proof :-

Suppose h € HFSPI (R), since 0 € R, then h(0) = h(0), this means 0 € h,.

Thush, # 0.
Leta,b € Rand ab € h,.
Thus h(ab) = h(0), since h € HFSPI (R) ,then
h(ab) = h(a) = h(0), then h(a) = h(0) implies that a € h,
or
h(ab) = h(b) = h(0),then h(a) = h(0) implies thatb € h,.
So ab € h, ethiera € h, orb € h,.
Hence h, is an strongly prime ideal of R.

Definition 3.21:

A hesitant fuzzy ideal of a ring R is called hesitant 3-prime of ring if for any x,y,z € R.
1. h(xyz)< h(xy) U h(xz)
2. h(xyz)Sh(yx) U h(yz)
3. h(xyz)Sh(zx) U h(zy)

Remark 3.22 : if h is hesitant fuzzy 3-prime ideal ,then for any x,y.z € R
h(xyz) = h(xy) U h(xz)

=h(yx) U h(yz)

=h(zx) U h(zy)

Theorem 3.23.
Let R be aring and he HFI (R) . If h is prime ,then h is 3-prime .
Proof. Let he HFPI (R) and for any x,y,z € R.
h(xyz) = h((xy)z) = h(xy) U h(z) € h(xy) Uh(xz) [he HFI (R)]
So h(xy) U h(xz) = h(x) U h(y) U h(z) = h(xyz).
In the same way ,we find
h(xyz) = h(x(yz)) =h(x) U h(yz) S h(yx) Uh(yz) [h € HFI(R)]
So h(yx) Uh(yz) = h(x) U h(y) U h(z) = h(xyz)
Since he HFPI (R) , we have h(xyz)=h(yzx).
h(xyz) = h(yzx) = h(y(zx)) € h(y) U h(zx) € h(zy) Uh(zx) [h € HFI(R)]
So h(zx) U h(zy) = h(x) U h(y) U h(z) = h(xyz).
Hence h is hesitant 3-prime ideal .
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In general the 3-prime ideal hesitant fuzzy need not necessarily hesitant prime ideal fuzzy as
shown in the following example.

Example 3.24.
Let (R,+,.) where R = {0,1,2} be a ring knowledge as follows :
. 0 1 [2 + |0 |1 2
0 |0 |0 |O 0 |0 |1 |2
1 10 11 10 1 |1 ]2 |0

Let h be a hesitant fuzzy set of R such that : h= {[0’1] ifx B 0
@ otherwise

You can easily prove that h € HFI (R) .

Forany x,yand z € R, let one of x,y and z be 0, then we get .

h(xyz) = h(0) = [0,1] € h(xy) U h(xz).

h(xyz) = h(0) = [0,1] € h(yx) U h(yz).

h(xyz) = h(0) = [0,1] € h(zx) U h(zy).

In case x,y and z be different from 0, then h(xyz)has the following cases:

h(111) = h(1) € h(11) U h(11)

h(112) = h(0) € h(11) Uh(12) = h(12) U h(21)

h(222) = h(2) € h(22) U h(22)

h(221) = h(0) € h(22) Uh(21) = h(21) U h(12)

Hence h is a hesitant fuzzy 3-prime ideal of R

Buth(12) =[0,1] ¢ h(1)uh(2) =0

Therefore, h is not hesitant prime .

Theorem 3.25.
Let R be aring with an identity e and h any hesitant fuzzy set of R ,then h is
3-prime if and only if his prime .
Proof :
Assume that h is hesitant prime ideal of R ,and x,y,z € R.
So h(xyz) = h((xy)z) = h(xy) U h(z) € h(xy) U h(xz) = h(x) U h(y) U h(z)
= h(xyz).
So h(xyz) = h(xy) U h(xz).
In the same way ,we get
h(xyz) = h(x(yz)) = h(x) U h(yz) € h(xy) U h(yz) = h(x) U h(y) Uh(z)
=h(xyz).
So h(xyz) = h(xy) U h(yz) = h(yx) U h(yz).
Since h is prime ,we have h(xyz) = h(yzx)
Hence h(xyz) = h(yzx) = h(y(zx)) = h(y) U h(zx) € h(zy) U h(zx)
=h(x) U h(y) U h(z) = h(xyz).
So h(xyz) = h(zy) U h(zx)
Thus h is hesitant 3-prime ideal.
Now suppose that h is hesitant 3-prime ideal of R ,and x,y € R.
Since R be aring with an identity e .
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So h(xy) = h(xye) = h(xe) U h(ye) = h(x) U h(y).
Hence h is hesitant prime ideal.

Proposition 3.26 .
If h € HFPI (R) ,then h(x;x; ... ... Xy) = h(x;) U h(xy) ...... h(xp),
for all x4,x%; ...x, €R.
Proof :-
We will do the demonstration by induction on n.
~The proposition is evident for n = 2, it is follows h(x;x,) = h(x;) U h(x,).
= Let us suppose that it is true for n = r, it is follows h(x; X, ... x,) = h(x;) U h(x3) ... U h(x;) .
Now we must prove is true forn = r + 1.
h(x;X5 . .. Xni1) = h((xX1Xz o e Xn) (Xng1)) = h(xX1Xg o e Xr) Uh(Xp41)
= h(x;) U h(x3) .....U h(x;) U h(x.41).
This implies h(x;X5 ... ... Xr41) = h(x7) Uh(Xy) .....U h(x,) U h(Xp41)-
With this the proof was completed .

Theorem 3.27 .
Let h € HFPI (R) and 6 < [0,1] ,then the set h® = {x € R:h(x) € 8} is prime ideal of R.
Proof:-
Suppose that h € HFPI (R) and 6 c [0,1] , letx,y € R and xy € h®
thenh(xy) €6 .
Since h € HFPI (R) it is follows h(xy) = h(x) Uh(y) € 6
So h(x) € 0,thenx € h® and h(y) € 8, then yeh®
Hence h® is prime ideal of R.

Proposition 3.28 .
Let R be aring and h; € HFPI (R). If h, is a hesitant fuzzy subring of R, then h, N h, €
HFPI (R).
Proof:-
Suppose h; € HFPI (R) and h, € HFR (R) .
Let x,y € RThen (hy N hy)(xy) = h;(xy) nh,(xy) € {h;(x) Uh;(y)} n{h,(x) nhy(y)} €
{hy (%) N hy (0} U {hy () N hy (1)} = (hy Nhy)(X) U (hy N hy)(y)
So (hy Nhy)(xy) € (hy Nhy)(x) U (hy N hy)(y).
Hence h; N h, € HFPI (R) .

Proposition 3.29.
Every hesitant fuzzy prime ideal , then vh is hesitant fuzzy prime ideal.
Proof :- suppose that h € HFPI (R) ,andx,y € R.

Now vh(xy) = Unen(h(xy)™) = Unen h(x"y") = Upnen{h(x") U h(y")}
={Unen h(x™} U {Unen h(y™} = vh(x) U Vh(y).

Thus vh(xy) = vh(x) U vVh(y).

Hence vh € HFPI (R) .

4-Some results on an operations of Hesitant fuzzy prime ideal of ring.
We will show some of the properties that satisfy the HFPI (R) in this section.
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Proposition 4.1 .
Let hy ,h, € HFPI (R) . Then h; N h, € HFPI (R)
Proof :-
Suppose h; ,h, € HFPI (R) and (xy); € hy N h,.
Then (xy); € h; and (xy); € h, .
Since h; € HFPI (R) and (xy); € h;,we have x, € h; ory; € h;.
Again , since h, € HFPI (R) and (xy); € h,,we have x; € h, or y; € h,.
Thus ,either x; € h; Nh, ory, € h; N h,.
So h; Nnh, € HFPI(R) ¢

Proposition 4.2 .
Every hesitant fuzzy prime ideal ,then h* is hesitant fuzzy prime ideal.
Proof:- Suppose h € HFPI (R),and x,y € R.
h*(xy) = {y*:y €h(xy)} = {y*: yEh®) Uh() }={y": Y€ VY € h(y)}
={y*: yEhX}IU{y* 1y €h(m}=h*(x) U ()
So h*(xy) = h*(x) U h*(y).
Hence h* € HFPI (R).

Theorem 4.3.
Let a non-constant hesitant fuzzy ideal h : R— P[0,1] is hesitant fuzzy prime ideal of R then
h; € HFPI(R), a € [0,1].
Proof . Suppose h € HFPI (R) andx,y € R.
Hence hy (xy) ={y € h(xy):y < a}={y e h(x) U h(y):y < a}
={yehx)Vyeh@)ry<a} s{yeh):y<afu{yeh(y):y<a}
=hg(x) U hg(y) .Then hg(xy) =hg(x) U hg(y).
Thus hy € HFPI(R).

Proposition 4.4 .
Leth € HFPI (R) . Then h¢ € HFPI (R)
Proof:- Suppose h € HFPI (R) ,x,y € R
h(xy) ={1-y/y € h(xy)} = {1 = y/y € h(x) U h(y)}
={1-y/yeh®vyeh®}={1-y/yehx)}U{l-vy/y€h(y)
={1-y/y€h®)}U{l-vy/y €h(y)} =h‘(x) Uh(y)
Thus h¢(xy) = h¢(x) U h¢(y).Thus h® € HFPI (R).
Theorem 4.5.
Let f:R —» R*be a homomorphism of rings Af f is onto and hg € HFPI(R) ,
then f(hg) € HFPI (R*) .
Proof:- Let x4, yg € HFP(R®) such that x,yg € f(hg) since f onto homomorphism
So that there exists a,,bg € HFP(R ) such that f(a o) = x,, f(bg) = yg
Thus f(a ) f(b g) € f(hg) this implies f(a bg) € f(hg) which means
a obg € hy implies either a, € hg or bg € hg .
If a , € hpg this implies f(a o) € f(hg) , then x, € f(hg) .
Or
Ifb 4 € hg this implies f(b o) € f(hg) , then y, € f(hg).
Thus x,yg € f(hg) implies either x, € f(hg) or y, € f(hg).
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Theorem 4.6.
Let f:R — R* be a homomorphism of rings . If hg« € HFPI (R*) , then f~1(hg:) €
HFPI (R).
Proof:- Let xo,yg € HFP (R) and x,yp € f~'(hg+).
This implies that f(x,yg) € ff~*(hg+) = hg- 0 that f(x,)f(yg) € hg-
which means (f(x))y(f(y))g € hg-.
Since hg+is hesitant fuzzy prime ideal of a ring R*.
Implies either (f(x)), € hg~ , then f(x,) € hgr S0 x4 € f~1(hg<) or (f(y))y € hr~
then f(y,) € hg soy, € f~1(hg»)
Thus x,yg € f~*(hg-)implies either x, € f~'(hg+) or y, € f~*(hg-)
Thus f~1(hg+) € HFPI(R) .
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