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Abstract: Let G = (V, E) be a connected graph. A subset D of V is called a dominating set of G if N[D] = V.
The minimum cardinality of a dominating set of G is called the domination number of G and is denoted by y(G).
A dominating set D of a graph G is called a tree dominating set (ntr - set) if the induced subgraph (D) is a tree.
The tree domination number y(G) of G is the minimum cardinality of a tree dominating set. The Middle Graph
M(G) of G is defined as follows. The vertex set of M(G) is V(G)UE(G). Two vertices X. y in the vertex set of
M(G) are adjacent in M(G) if one of the following holds. (i) x, y are in E(G) and x, y are adjacent in G. (ii)
xeV(G), yeE(G) and y is incident at x in G. Let G be a graph with vertex set V(G) and let V'(G) be a copy of
V(G). The splitting graph S(G) of G is the graph, whose vertex set is V(G) U V'(G) and edge set is {uv, u’vand
uv': uveE(G)}. In this paper we study the concept of tree domination in middle and splitting graphs.

Keywords: Domination number, connected domination number, tree domination number, middle graph, splitting
graph.
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1 INTRODUCTION
The graphs considered here are nontrivial, finite and undirected. The order and size of G are denoted by

n and m respectively. If D C V, then N(D)= U N(V) and N[D] = N(D) w D where N(v) is the set of vertices
veD

of G which are adjacent to v. The concept of domination in graphs was introduced by Ore[4].

The graph G o K; is obtained from the graph G by attaching a pendent edge to all the vertices of G. The
total graph T(G) of a graph G is a graph such that the vertex set T(G) corresponds to the vertices and edges of G
and two vertices are adjacent in T(G) if and only if their corresponding elements are either adjacent or incident
in G. A covering graph is a subgraph which contains either all the vertices or all the edges corresponding to
some other graph. A subgraph which contains all the vertices is called a line(edge) covering. A subgraph which
contains all the edges is called a vertex covering. The Middle Graph M(G) of G is defined as follows. The
vertex set of M(G) is V(G)UE(G). Two vertices X. y in the vertex set of M(G) are adjacent in M(G) if one of the
following holds. (i) x, y are in E(G) and X, y are adjacent in G. (ii) xeV(G), yeE(G) and y is incident at
X in G. Let G be a graph with vertex set V(G) and let V'(G) be a copy of V(G). The splitting graph S(G) of G is
the graph, whose vertex set is V(G) U V'(G) and edge set is {uv, u’vand uv: uveE(G)}.

A subset D of V is called a dominating set of G if N[D] = V. The minimum cardinality of a dominating
set of G is called the domination number of G and is denoted by y(G). Xuegang Chen, Liang Sun and Alice
McRac [9] introduced the concept of tree domination in graphs. A dominating set D of G is called a tree
dominating set, if the induced subgraph (D) is a tree. The minimum cardinality of a tree dominating set of G is
called the tree domination number of G and is denoted by y«(G). In this paper we study the concept of tree
domination in middle and splitting graphs.

2. PRIOR RESULTS

Theorem 2.1: [2] For any graph G, k(G) < 5(G).

Theorem 2.2: [9] For any connected graph G with n > 3, y(G) <n —2.

Theorem 2.3: [9] For any connected graph G with y4(G) =n — 2 iff G = P, (or) C.

Theorem 2.4: [9] For every support is a member of every tree dominating set of G, y«(G) = s, where S is
the set of support vertices and | S | =s.

Theorem 2.5: [9] For every connected graph G with n vertices, y+(G) =n—2 ifand only if Gis
isomorphic to P, or C.
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3. MAIN RESULTS
In this section, tree domination numbers of middle and splitting graphs are found.
3.1. TREE DOMINATION NUMBER IN MIDDLE GRAPHS
The Middle Graph M(G) of G is defined as follows. The vertex set of M(G) is V(G)UE(G). Two
vertices X. y in the vertex set of M(G) are adjacent in M(G) if one of the following holds.
Q) X,y are in E(G) and x, y are adjacent in G.
(i) xeV(G), yeE(G) and y is incident at X in G.
In this section, tree domination numbers for middle graphs of some particular graphs are found and the
graphs for which y«(M(G)) = 1, 2 and n — 2 are characterized.
Example 3.1.1:

G:
Int
4.
Example 3.1.2:
In the graph,
3 €6

The set L(Py) is a minimum tree dominating seTof®(P,,), since (L(Pn)) is isomorphic to P,.1 and each vertex
of G in M(G) is adjacent to atleast one vertex in L(P,). €herefore, yw(M(Pyn)) = [V(L(Pn)) [=n—-1, n>3.
Theorem 3.1.2:

For any cycle C, on n vertices, y«(M(Cr))=n—1,n>3.
Proof:

Let eeV(L(Cyn)). The set L(C,) — {e} is a minimum tree dominating set of M(C,) and ve(M(Cy))
=n-1,n>3.

Theorem 3.1.3:
Ye(M(Kz1n))=0, n>3.
Proof:

The pendant vertices of Ky are the pendant vertices of M(Kj, n). The vertices of M(Kj ) adjacent to
pendant vertices are vertices of L(Kj, ). But the subgraph of M(Kj, ) induced by vertices of L(G) is a complete
graph. Since any tree dominating set of M(Kj,,) contains all supports, there exists no tree dominating set for
M(K4, n) and hence yx(M(Ky, n)) =0, n > 3.

Theorem 3.1.4:
ve(M(Pn 0 K1)) = 0, n > 2, where P, o Kj is the Corona of P, with K;.
Proof:

The pendant vertices of P, o K; are pendant vertices of M(P, o K;). The supports are the vertices in
M(P, o Kj) corresponding to pendant edges in P, o Ki. Any dominating set of M(P, o K;) contains all these
supports. To get a tree dominating set of M(P, o Kj), vertices corresponding to edges of P, in P, 0 Kj is to be
included. But the subgraph of M(P, o K3) induced by this dominating set contains cycles. Therefore, there exists
no tree dominating set for M(P,, o K;) and hence yu(M(Pn 0 K1)) =0, n > 2.

Theorem 3.1.5:

'Ytr(M(P_n ))=n-1, where P

. is the complement of Pp, n > 5.
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Proof:
Let V(P ) ={ Vi, V2, V3, ..., v} and let e; j = (vi, Vi+j),i=1,2,3, ... ,n—2 and j=

2,3,...,n—1iand e; n = (v, Vn) be the edges of P_n

Then vy, vz, ... v, i je V(M(P,).
Case 1. niseven

Let D = {e1, (n+2)2, €1, (n+ay2, €2, (n+4)12, €2, (n+6)/2, €3, (n+6)/2, €3, (n+8)/2, - > €(n-2)/2, n—1, €-2)/2s n, Enj2, n}. THEN D
c V(M(P_n ). D dominates the vertices of L( P_n) in M(P_n ). The vertices €1, (n+2)2, €1, (neay2 dominate va, Vinszy2
and Visay2; €2, ey dominates Vo and Vinsey2; €3, ey dominates vs and Vinsgy; ....; enz,n dominates Vi and vy,
Therefore, D is a dominating set of P_n . Also, (D) is a path on n — 1 vertices and hence D is a tree dominating

set of M(P_n ). Therefore, yu(M( P_n )) < |D|=n-1. Let D' be a tree dominating set of M(F’_n ). To dominate
all the vertices of M( P_n ), D' contains atleast (n/2) vertices and for (D’) is to be a tree, atleast (n — 2)/2 vertices

are to be added with D'. Therefore, D’ contains atleast n — 1 vertices and ~ |D'| > n — 1 and hence y«(M(P, )) =
n-1.
Case 2. nis odd.

The set D = {e1, (n+1)2, €1, (1+3)/2, €2, (n+3)/2, €2, (n+5)/2, €3, (N+5)/2, €3, (147)/25 - --» €(n-1)/25 n—1, En-1)/2, n} IS & dominating

set of M(P, ). Also, (D) is a path on n — 1 vertices. As in Case 1, D is a minimum tree dominating set of M(P_n)

and hence yi(M( P_n )=|D|=n-1.

As in Theorem 2.2.5, the following can be proved.
Theorem 3.1.6.

ytr(M(C_n)) =n-— 1, where C_n is the complement of C,, n > 5.

In the following, the connected graphs G for which yx(M(G)) = 1, 2 are characterized.
Theorem 3.1.7.
For any connected graph G, y(M(G)) = 1 if and only if G = K.
Proof:
When G = Ky, 7«(M(G)) = 1.
Assume y¢(M(G)) = 1. Let D be a tree dominating set of M(G) such that |D| = 1. If the vertex of D is a vertex of
G, then G = K, since subgraph of M(G) induced by vertices of G is totally disconnected. If the vertex of D is a
vertex of L(G), then G = K.
Theorem 3.1.8.
For any connected graph G on atleast three vertices, y«(M(G)) = 2 if and only if there exists two
adjacent edges e; and e; in G such that

(i) {e1, e2} is an edge cover of G and
(i) all the edges of G are adjacent to atleast one of e; and e,.
Proof:

Assume yx(M(G)) = 2. Let D be a tree dominating set of M(G) such that |D| = 2. Since the subgraph of
M(G) induced by vertices of G is totally disconnected, either two vertices of D are vertices of L(G) (or) one
vertex is in G and the other vertex is in L(G).

Case 1. Two vertices of D are vertices of L(G)

Let e1, e2eD. Then e, e; are edges in G. Let e3eE(G) be such that e; is not adjacent to both e; and e; in
G. Then e3e L(G) is not adjacent to any of e; and e,. Therefore, all the edges are adjacent to atleast one of e; and
€.

Let u be a vertex of G in M(G). Then u is adjacent to one of e; and e, in M(G). Therefore, {e, e} is an
edge cover of G.

Case 2. One vertex is in G and the other is in L(G)

Let D = {u, e} be a tree dominating set of M(G), where ueV(G) and eeV(L(G)). Then ecE(G) is
incident with u. Let e = (u, v), where veV(G). Let e; be an edge of G adjacent to e and e; = (v, w), where
weV(G). Then weV(M(G)) is not adjacent to any of u and e. Let e, = (w, X)eE(G) be not adjacent to e (w,
xeV(G)). Then none of e;, w, x in M(G) is adjacent to any of u and e. Therefore, G = K,. But, y«(M(K3)) = 1.

By Case 1 and Case 2, y«(M(G)) = 2.
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Conversely, assume the conditions (i) and (ii). Since {es, e,} is an edge cover of G, {e1, €2} < V(M(G))
dominates all the vertices of G. By (ii), {e1, e.} dominates all the vertices of L(G) in M(G). Also, ({ei, &:}) = K,
{e1, €2} is a minimum tree dominating set of M(G) and v+(M(G)) = 2.

Theorem 3.1.9:

Let G be a connected graph with n vertices and m edges. Then yx(M(G)) = n + m — 2 if and only if G is
isomorphic to Ka.
Proof:

By Theorem 2.5., “For every connected graph G with n vertices, y«(G) = n — 2 if and only if G is
isomorphic to P, or Cy”, y«(M(G)) = n + m — 2 if and only if M(G) is isomorphic to Pnim OF Cpim. If G contains
two adjacent edges, then M(G) contains a triangle. If G = 2K, then M(G) = 2P3. Therefore, G contains exactly
one edge and M(G) is isomorphic to Ps. Also, there is no graph G for which M(G) is a cycle.

Theorem 3.1.10:

Let G be a connected graph on atleast three vertices. Then any tree dominating set D of L(G) is a tree

dominating set of M(G) if and only if the set D’ of edges in G corresponding to vertices in D is

(i) an edge cover of G
(i) each edge in G is adjacent to atleast one of the edges in D’.
Proof:

Let D be a tree dominating set of L(G) and let D’ be the set of all edges of G corresponding to vertices
inD.

Assume conditions (i) and (ii). By (i), D dominates all the vertices of G in M(G). By (ii), D dominates all
the vertices of L(G) in M(G). Since (D) is a tree in M(G), D is also a tree dominating set of M(G).

Conversely, if D’ is not an edge cover of G, then there exists a vertex u in G not incident with any of the
edges in D'. Then the vertex u in M(G) is not adjacent to any of the vertices in D. Let e be an edge not adjacent
to any of the edges in D’. Then the vertex e in M(G) is not adjacent to any of the vertices in D. Therefore,
conditions (i) and (ii) hold.

Theorem 3.1.11:

Let G be a connected graph on atleast three vertices. Any tree dominating set of M(G) contains atmost
two vertices of G.
Proof:

Let D be a tree dominating set of M(G) such that D contains atleast three vertices of G. Let vi, v, v3 be
any three vertices of G in D. Since the subgraph of M(G) induced by {wi, v, vs} is totally disconnected, D
contains vertices of L(G) such that the corresponding edges in G are incident with vy, v, vs. Since (D) is a tree
in M(G), adjacent vertices in (D) are not the vertices of G. Let e; = (v1, V2) and e; = (2, Va), Where v,eV(G).
Then e; and e; in V(L(G)) are adjacent in M(G) and (D) contains a cycle and is not a tree. Therefore, D contains
atmost two vertices of G.
3.2. TREE DOMINATION NUMBER IN SPLITTING GRAPHS

In this section, tree domination numbers of splitting graphs of some standard graphs are obtained.
Definition 3.2.1:

Let G be a graph with vertex set V(G) and let V'(G) be a copy of V(G). The splitting graph S(G) of G
is the graph, whose vertex set is V(G) U V'(G) and edge set is {uv, u’vand uv’: uveE(G)}.
Example 3.2.1:

\Z
G:
V3 \ Vs
Vv L g @
Figure 3.3 , Vs’

Vi
In the graph G given in Figure 2.4, the set {vs, Va} is a minimum tree dominating set of both G and
S(G) and y(G) = vu(G) = 1(S(G)) = 2.
Observation 3.2.1:
For any connected graph G, y«(G) < y«(S(G)).
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This is illustrated by the following examples
Example 3.2.2:

\/2 Va Vs

V3
o6

Vi

Figure 3.4

In the graph G given in Figure 3.4, the set {vs, v4} is a minimum tree dominating set of both G and S(G) and
1(G) = 1u(S(G)) = 2.
Example 3.2.3:

Vo V2! 7

G S(G) :
V3

Vi

Figure 3.5 vy’

In the graph G given in Figure 2.7, minimum tree dominating set of G is {vs} and y«(G) = 1. In the
graph S(G), minimum tree dominating set of S(G) is {v1, vs} and y«(S(G)) = 2.
Therefore, yu(G) < y(S(G)).
Theorem 3.2.1:
For the path P,on n vertices, yu«(S(Pn)) =n—2,n>4.
Proof:

Let vi, Vo, Vs, ..., vy be the vertices of P, which are duplicated by the vertices vi/, v2', v, ..., v respectively.
The set D = {V, V3, V4, ..., Vn.1} IS @ minimum dominating set of S(P,) and (D) = P, . ». Therefore, D is also a
minimum tree dominating set of S(Py). Thus, yu«(S(Pn)) =n—2.

Remark 3.2.1:

Y(S(P2)) =2, vu(S(P3)) = 2.
Theorem 3.2.2: For the cycle C, on n vertices, y«(S(Cn)) =n—2,n>4.
Proof:

Let vi, Vo, Vs, ..., vn be the vertices of C,, which are duplicated by the vertices vi/, v2', v3', ..., v respectively.
The set D = {vi, V2, V3, V4, ..., Vn-2} IS @ minimum dominating set of S(C,) and (D) = P,. . Therefore, D is also a
minimum tree dominating set of S(C). Thus, y«(S(Cn)) =n — 2.

Remark 3.2.2:
Yu(S(Cs)) = 2.
Theorem 3.2.3:
For the star K5 -1 on n vertices, yu(S(Kin-1)) =2, n>2.
Proof:
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Let v, vi, W, Vs, ..., Vo -1 be the vertices of star Ky, .1 which are duplicated by the vertices v/, v1', 2/, v3, ...,
Vn - 1’ respectively, where v is the central vertex of Ky -1. The set D = {v, vi} is a minimum dominating set of
S(Kyn-1) and (D) = K,. Therefore, D is a minimum tree dominating set of S(Ky - 1).
ThUS, ’ytr(S(Klyn - 1)) =2.
Theorem 3.2.4:
For the complete graph K, on n vertices, v«(S(Kq)) =2, n > 3.
Proof:
Let vi, Vo, Vs, ..., v be the vertices of complete graph K, which are duplicated by the vertices w1/, v/, v/, ...,
Vi’ respectively. The set D = {v1, v} is @ minimum dominating set of S(K,) and (D) = K. Therefore, D is also a
minimum tree dominating set of S(K,). Thus, y«(S(Ky)) = 2.

Theorem 3.2.5:
For the complete bipartite graph K: s, y«(S(K:.s)) =2, 1, s > 2.
Proof:
Let A={vi, Vo, Vs, ..., v} and B = {us, Uz, Us, ..., us} be the set of vertices of bipartite graph K s which are
duplicated by the vertices vi', v/, v3', .., v/ and w’, wo', us’, ... ,us' respectively. D = {v1, us} is @ minimum

dominating set of S(K; s) and (D) = K,. Therefore, D is also a minimum tree dominating set of S(K: s). Thus,
Ye(S(Kr 5)) = 2.

Theorem 3.2.6:
If P, o Ky is the Corona of P, with Ky, then y(S(Pn 0 Ki)) =n,n> 2.
Proof:
Let A={v1, V2, Vs, .... ,vn} be the set of vertices of P, and B = {us, Uy, Us, .. ,un} be the set of pendant vertices
adjacent to vi, Vo, Vs, ..., Vi respectively. Let ui’, u/, us, ..., ud, v/, v2, v3', ... ,va’ be the duplicated vertices of

Uz, Uz, Us, .., Un, Vi, Va,.... Vi respectively. D = {vi, V2, Vs, ...,vn} is @ minimum dominating set of S(P, o K;) and
(D) = P,. Therefore, D is also a minimum tree dominating set of S(Pn 0 Ky). Thus, y«(S(Pn 0 K1)) = n.
Theorem 3.2.7:

For the Wheel W, on n vertices, y«(S(Wh)) =2, n>4.

Proof:
Let v, vi, V2, Vs, ..., vao.1 be the vertices of wheel W, which are duplicated by the vertices v/, vo/, v4', ..., vn'
respectively, where v is the central vertex of W, and w1, Vz, Vs, Va,...., vo.1 be the vertices of C,, - 1. D =4y,

vi} is a minimum dominating set of S(W,) and (D) = K, . Therefore, D is a tree dominating set of S(W,). Thus,
Yu(S(Wh)) = 2.

Theorem 3.2.8:
If P_n is the complement of Py, then yrr(S(P_n N=2,n>2.
Proof:
Let vi, V2, Vs, ..., v} be the set of vertices of P_n . Let vi', v, v4', ..., v’ be the duplicated vertices of vi, Vo,

Vs, ....,vn respectively. The set D = {vi, vu} is @ minimum dominating set of S (P_n ) and (D) = K,. Therefore, D

is also a tree dominating set of S(P_n ). Thus, yu(S (P_n ) =2.

Remark 3.2.3:

If y(G) = 1, then yu(S(G)) = 2. But the converse is not true. For example, for r, s > 2, Ye(S(Kr 5)
=2, whereas y(Ks) # 1.
Theorem 3.2.9.

Any tree dominating set of G containing atleast two vertices is also a tree dominating set of S(G).
Proof:

Let D be a tree dominating set of G. Then (D) is a tree and each vertex in V(G) — D is adjacent to
atleast one vertex in D. Since (D) < V(S(G)), (D) is also a tree in S(G). Each vertex of G in V(S(G)) — D is
adjacent to atleast one vertex in D. Let veV(G) — D and let v be adjacent to u in D. Then the duplicate vertex v’
of v is also adjacent to u. Since [D| > 2 and (D) is a tree, u is adjacent to atleast one vertex in D < V(G). Let
weD be adjacent to u. Then the duplicate vertex u’ of u is adjacent to w and W' is adjacent to u. Therefore, each
vertex of V'(G) in V(S(G)) — D is adjacent to atleast one vertex in D of S(G) and D is also a tree dominating set
of S(G).

Definition 3.2.2: Shadow Graph

Shadow Graph D,(G) of a connected graph G is constructed by taking two copies of G, say G’ and G'".

Join each vertex u' in G’ to the neighbours of the corresponding vertex u” in G"'.
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Example 3.2.5:
Vs \'
S [
2.2 Vi Vo V3 \8

Figure 3.6

In the graph G and D(G) given in Figure 3.6, the set {vz, vs} is a minimum tree dominating set of both G
and Dy(G) and y4(G) = yu(D2(G)) = 2.
Theorem 3.2.10:

Let G be a connected graph. Any tree dominating set of G containing atleast two vertices is also a tree

dominating set of D,(G).

Proof:

Let D be a tree dominating set of G containing atleast two vertices and let G’ and G" be two copies of

G. Then D is a tree dominating set of G'. Let ue G’ be such that ue D and u”eG", Since D is a tree, u' is adjacent
to a vertex, say v in D. Then u” is adjacent to vin D. Therefore, all the vertices in G” is adjacent to atleast one
vertex in D and hence D is a tree dominating set of D,(G).
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