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Abstract: We have defined and evaluated total eccentricity indices of polyhex nanotubes TUACs(p, g) and
TUZCs(p, q). In thispaper, we compute First Total Eccentricity Index, Second Total Eccentricity Index, First
Multiplicative Total Eccentricity Index, Second Multiplicative Total Eccentricity Index, First Hyper Total
Eccentricity Index, Second Hyper Total Eccentricity Index, First Multiplicative Hyper Total Eccentricity Index and
Second Multiplicative Hyper Total Eccentricity Index of a graph using Total graph of a graph. We evaluate the
value of these indices for some standard graphs.
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1.Introduction:

Let G be a simple, finite graph with n vertices and m edges with vertex set V(G) and edge set E(G). The
edge connecting the vertices u and ve V(G) is denoted by e = uv. The vertices and edges of a graph are called
elements of G.The degree dg(Vv) of a vertex v is the number of vertices adjacent to v. If e = uv is an edge of G, then
the vertex u and edge e are incident as are v and e. Let dg(e) denote the degree of an edge e in G, which is defined
by dg(e) = dg(u) + dg(v) — 2 with e = uv.

Let G be a connected graph and v be a vertex of G. The eccentricity e(v) of v is the distance to a vertex
farthest from v. Thus, e(v) = max{d(u, v); u € V}. The radius r(G) is the minimum eccentricity of the vertices,
whereas the diameter diam(G) is the maximum eccentricity.

The Total graph T(G) of G is the graph whose vertex set is V = V(G) u E(G) where two elements are
adjacent if and only ifthey are adjacent vertices of G or they are adjacent edges of G or one is a vertex of G and
another is an edge of G incident with it. Elements of V which are in V(G) are known as point vertices and are in
E(G) are known as line vertices. Let erc)(u) and er)(e) denote the eccentricity of vertex u and edge e in T(G)
respectively.

The topological indices are one of the mathematical models that can be defined by assigning a real number
to the chemical molecule. The physical-chemical characteristics of the molecules can be analyzed by taking benefit
from the topological indices. Properties such as boiling point, entropy, enthalpy of vaporization, standard enthalpy
of vaporization, enthalpy of formation. Acetic factor, etc can be predicted using topological indices..

In 2016, Kulli introduced K Banhatti indices [6].

In 2016, Bhanumathi and Easu Julia Rani introduced K-eccentric indices [2, 4]

In 2020, Bhanumathi and Mariselvi defined and evaluated total eccentricity indices of polyhex nanotubes
TUACs(p, q) and TUZCs(p, q) [5].

2.Some Eccentricity based indices of a graph G using Total graph T(G)

Here, we evaluate the First and Second Total Eccentricity Index and First and Second Multiplicative Total
Eccentricity Index, First and Second Hyper Total Eccentricity Index and First and Second Multiplicative Hyper
Total Eccentricity Index of some particular graphs.

In [5], we define, the First and Second Total Eccentricity Index as

BT.(G) = Z[(eT ) U) +er g (e)]
BT2(G) = Z [(er G (U)-£r () (€)]

The First and Second Multiplicative Total Eccentricity Index are defined as
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BTIL.(G) = H[eT ) (U)+erg) ()]

BTIL(G) = H[eT(G) (U)-er ) (e)]
ue
Also, we define the First and Second Hyper Total Eccentricity Indexas
HBT1(G) = Z[(eT ) U) + € @1
ue

HBT2A(G) = ) [(er (g, (U)-8r ) ()T’

The First and Second Multiplicative Hyper Total Eccentricity Index are defined as
2
HBTIL(G) = H [6r ) (U)-€r () (€)]
ue

HBTII2(G) = H [er(6) (U) &1 @)1*

where ue means that the vertex u and edge e are incident in G.
Theorem 2.1: Let K, be a complete graph with n vertices. Then
(i) BT1(Kn) =4n(n - 1).
(i) BT2(Kn) = 4n(n - 1).
n(n-1)
(iii) BTy (Ks) = (16) 2
n(n-1)

(iv) BTIIx(Ky) = (16) 2

Proof: Let K, be a complete graph with n vertices and m =

edges. Every edge of K, is incident with

n(n-1)
2

exactly two vertices. Every point vertices and line vertices have eccentricity 2 in T(G).

BT1(Kn) = Z[(eT(G) (U)+er g (e)]
= Z[((eT(G) (U) + €76y (€) + (&1 Gy (V) + € () (€))]

uveE(G)
n(n-1)
2

= S[2+2)+(2+2)]=38=8 = an(n- 1)
BT2(K) = D [(€r ) (U)-r (g (€)]
= Z[((eT(G) (U)-r () (€) + (& Gy (V) £r (g (€))]

uveE(G)
n(n-1)
=2J(2.2)+(2.2)]=>8=8 5

=4n(n-1)
BTII(Ky) = [ [[er(q) () +er () (€)]

= H[(eT(G) (U) + €1y (8))-(Br 6y (V) + €1 () (€))]

uveE (G)
n(n-1)
=TI[(2+2).(2+2)]=1116=(16) 2

BTII2(Kn) = H[eT(G) (u)er g (e)]
= H[(eT(G) (U)-er 6y (€))-(er () (V) £ 6 (€))]
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n(n-1)
=TI[(2.2).(2.2)]=T116=(16) 2
Theorem 2.2: Let P, be a path with n vertices. Then
(i) BT1(Pn) =3n2—-5n+2

(i) BT2(Py) =
2n? +2 2n? +7n+12+2n +13n+40

(n _1)( 4 4

2 2
+(n—Z)Kn?+3?n+1j+(n?+77n+6j+...+(2n2 —5n+3)}ifniseven

+(2n? —5n+ 3)jfnisodd

n
2
(iiii) BTy (Py) =

[ B j[(n +n)(n* +5n+6)...(4n* —10n + 6)}fn|sodd

n—

n’ 2( 2 )[(n +3n)(n* +7n +16)...(4n? —10n+6)}fn|seven
(iv) BTII(Py) =
2[nz—1j((n4 +2n®-2n-1) (n* +7n® +24n? + 45n + 27) (n"’
4 4

—5n®+9n%*-7n+ 2) ifnisodd

16 6 8 4 2)\16 8

4 (n-=2 4 3 2 4 2
n 2( 2 J[(n +3L+3L+E](n—+7l+g7+lon+8J (n4—4n3+7n2+2n+2)'fniseven

Proof: Let P, be a path with n vertices. Then P, has n — 1 edges. Every edge of Pnis incident with exactly two

vertices. T(Pn) has n point vertices and n — 1 line vertices.

n is odd
Number of | eccentricity of e in T(G) | eccentricity of end vertices (er(u),
edges e = uv in | (er(G)) er(v))
G
n+1 — _
, ] n-1 ’(n A
2 2 2
n+ 3) n+1)(n+3
2 — — | —
2 2 2
n+ 5) n+3 ( n+ 5)
2 — — || —
2 2 2
2 (n—1) (n-2), (n-1))
niseven

Number of | eccentricity of e in T(G) | eccentricity of end vertices (er(u),
edgese =uvin | (er(G)) er(v))

: @8

C )
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G

)5

(n=2), (n-1))

Case(i): nisodd

Eccentricity of central vertex is (Tj eccentricity of pendant vertices (n — 1), eccentricity of line vertices

. _(n+1 . _ L . . .
incident with central vertex is (Tj , eccentricity of line vertices incident with end vertices is (n — 1) in T(G).

BTy(Pr) = D [(er(q

(U) +erc (e)]

= Z[((eT(G) (U) + (G (€) + (B 6y (V) + €7 ) (€))]

uveE(G)

()2

J {3

+ 2([”—“) + [H—Hj +1+ Z(n—HD +...
2 2 2
+2[(n-2)+(n-1)+2(n - 1)]

=22n+1)+22n+5)+...+2(4n -5)
=2(2n+2n+ ... +(n-1)/ 2terms) + 2(1+5+ ...+(2n - 5))

=2 (2n) (n_lj +2(n_1j[1+2n5]=3n25n+2.
2 4

BT2(Pn) = D [(€r (e (U)-€r ) (€)]
= Z[((eT(G)(u)'eT(G)(e)+(eT(G)(V)'eT(G)(e))]

uveE(G)

11
N

n-1

(

+2

2

2

n+3

S

g

&)

(

n?-1

el

+2[(n-2)(n-1) + (h—1)(n-1)]

M

2

4

1

2]

+2[(N2-3n+2)+(n-1)7

il

(

Hm

n2+4n+3j (
7 +

n+3j2
+
2

2n°+2 2n®+7n+12 2n®+13n+40
=(n-1) +

+
4 4

2 ....(2n2—5n+3))
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BTII(Pn) = H[eT ) (U) e (e)]

= H[(eT(G) (U) + €1 Gy (6))-(Br 6y (V) + €1 () (€))]

uveE(G)

n-1 n+1)n-1 n+1
=2 + +1+
()

2 K n+l + n+ 3}( n+3 + n+ Sﬂ ...2[(—2)+(n-1)(n—1+n- 1)]

2 2 2 2

=2(n?+n) 2(n*+ 5n + 6) .... (4n%-10n + 6)
n-1

= 2(Tj [(n2 +n)(n* +5n+6)....(4n° —10n + 6)]
BTII2(Pn) = H[eT(G) (u)er s (e)]

= H[(eT(G) (U)-£r Gy (€))-(Er gy (V)& 6 (€))]

y e o O o ) I

D(-1)(n-1)]

an—lj(nﬂf} Hn2+4n+3](n+3jz}
=2 — | [+2 ...2[(n%-3n +2)(n - 1)7]
4 2 4 2

(L_lj (n*+2n* =2n—-1) (n* +7n® + 24n” + 45n + 27)

22 4 4
(n4 -5n* +9n? —7n+ 2))

Case(ii): nis even.

n n
Eccentricity of central vertices is(Ej and (Ej eccentricity of pendant vertices is (n — 1), eccentricity of line

n
vertices incident with central vertices is (Ej , eccentricity of line vertices incident with end vertices is (n — 1).
BT1(Pn) = Z[(eT(G) (U) +er g (e)]
ue
= Z[((eT(G) (U) + €76y (€) + (&1 Gy (V) + € () (€))]

uveE(G)
=(n/2+n/2+20/2)+2n/2+n/2+1+2(n/2 +1)+..+2[(n-2)+(n-1)+2(n-1)]=2n+
2(2n + 2n +...(n—2)/2 terms] + 2[3 + 7 + ...+(2n — 5)]
=2n>-2n+(n—-1)(n—-2)=3n>-5n+ 2.
BT2(Pn) = Z[(er(e) (U)er ()]
= Z[((eT(G)(u)'eT(G)(e)+(eT(G)(V)'eT(G)(e))]
uveE(G)
=m/2) /2)+@m/2)n/2)+2[n/2)(m/2+ 1)+ (n/2 +1)(n/2 +D]+..+2[m-2)(n-1)+(n—
1) (n-1)
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2 _ 2 2

:n—+2 n-2 n—+3—n+1 + n—+7—n+6 ... H(2n%-5n + 3)
2 2 2 2 2 2
2 2 2

:n—+(n—2 n—+3—n+1 + r]—er+6 ... H(2n%-5n + 3)
2 2 2 2 2

BTII(Pn) = H[eT ) (U) e (e)]
= H[(eT(G) (U) + €1 Gy (8))-(Br 6y (V) + €1 () (€))]
uveE(G)

=((n/2+n/2)(n/2+n/2)) 2(n/2+n/2+1) n/2 +1+n/2 +1)) ...x2[(n-2+n-1) (n—1+n
-1l

2 2
_ n22(4n lenj 2(4” * zf” * 48j.....(4n2 ~10n+6)

n-2

- nzz[Tj [(n? +3n)(n? + 7n+16)....(4n* —10n + 6)]
BTII2(Pn) = H[eT(G) (u)er s (e)]

= H[(eT(G) (U)-£r Gy (€))-(Er Gy (V)€1 ) (€))]

=[(n/2) n/2)(n/2)(n/2)] 2[(n/2)(n/2+1) (n/2 +1)
(n/2 +1D] ...x2[(n-2)(n-1) (n-1)(n-1)]

4 3 3 2 2 4 3 2
n* N I D an® 410n+8 |+..
—1—2 16 8 4 2 4 2)16 8 2

+(n*=2n+2)(n* -2n+1)

4 3 2 4 3 2
n [“—’ZJ n e e L O ton+8)..
2\ 2 16 8 4 2)116 8 2

(n*—4n® +7n% + 2n + 2))
Theorem 2.3:Let C, be a cycle with n > 4 vertices. Then
(i) BT«(Cy) = { 2n(n - 1). ifnis odd
2n? if nis even
n(n+1)?*

n3/ 2.ifnis even
(n+ 1D)*ifnis even

n?"if nis even

( 4n
[(n+1)"
(iv) BTIIz(Cy) = i —2 if nis odd

(iiii) BTTI1(Cy) = {

(n /2)**ifnis even
Proof : Let C, be a cycle with n vertices. Then C, has n edges. Every edge of C, is incident with exactly two

vertices. T(G) has n point vertices and n line vertices.
Case(i): nis odd
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Let n = 2k + 1. When n is odd, each point vertex of T(G) has eccentricity (n + 1) / 2 = k + 1, and each line
vertex has eccentricity (n+1)/2=k+ 1.

BT.(Cn) = Z[(eT(G) (U)+er ) (e)]
= Z[((eT(G) (U) + €76y (€) + (&1 Gy (V) + € () (€))]

uveE(G)
=2[(k+1+k+1)+(k+1+k+1)]= X[4k+4]
=n(4k + 4)
4n(n-1)
=4nk+1)= T =2n(n - 1).

BT2(Crn) = Z[(er(e) (U)er ()]
= Z[((eT(G) (U)-£r Gy (&) + (Er Gy (V)€1 6 (€))]

uveE(G)
=2 [(k+1)(k+1)+(k+1)(k+1)]
=Y [(k+1)2+Kk+1)]=X2(k+1)2=2n(k + 1)?
_ n(n +1)*
2

BTI1.(Cr) = H[eT(G) (U)+er g (e)]

= H[(eT(G) (U) + €1y (8))-(Br 6y (V) + €1 () (€))]
uveE (G)

STI[(K+1+k+1). (K+1+k+1)]

STI[(2k+2) (2K + 2)] = @K + 2)2 = (n + 1)

BTIL(Cr) = | [[er (e (U)-Er(c, (8)]
= H[(eT(G) (U)-£r Gy (€))-(Er Gy (V)€1 ) (€))]

4n
=TI[(k+1) (k+1). (k+1).(k+1)]=TI(k+1)*= (k+ 1) = (HTHJ

Case(ii): nis even.
Let n = 2k. In T(G), each point vertex has eccentricity n / 2and line has eccentricity n/ 2.
BT1(Cn)= X [(k +k)+(k +k)= X4k=ndk=4n(n/2)=2n?
BT2(Cr) =2 [(k .k)+ (k.k)] =22k?*=n2k?>=n?/2.
BTIT(Co) = TI[(k +k).(k +k)]=T1(2k)? = (2k)*" = n?"
BTIT(Co) =TT [(k. k). (k.k) =TT (k)*= (k)* = (n /2)*"
Theorem 2.4: Let W, be a wheel with n > 5 vertices. Then

(DBT1(Wh) = 21n.

(i) BT(Wn) = 28n.

(iii) BTII1(Wn) = (720)".

(iv) BTTI2(Wn) = (1944)".
Proof: Let W, be a wheel with n + 1 vertices. Then W, has 2n edges. Every edge of W, is incident with exactly two
vertices.
Let W, = Ky + C;. Let v be the central vertex of Wy, and vy, vo, ..., va be the vertices of C,. We have n edges of G
which are incident with the central vertex and n edges on the cycle.Let E; = {set of all edges incident with central
vertex}. Eo = {set of all edges on with cycle}. For e = wie E1(G), er(ei) = 2 and er(v) = 2, er(vi) = 3. If gjis1 =
ViVis € Ez(G). Then er(eii+1) = 3 er(vi) = 3. Also, |E1| = |Ez| = n.

BT(Whn) = Z[(eT @ U) +er g (e)]
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= Z[((eT(G) (U) + (G (€) + (B 6y (V) + &7 ) ()]

uveE(G)
=2 ((2+2)+(2+3)) + D ((3+3)+(3+3))= D9 + > 21 =21n,

BTo(Wn) = D [(Er6) (U) 1) (©)]
= Z[((eT(G)(u)'eT(G)(e)+(eT(G)(V)'eT(G)(e))]

uveE(G)
= > ((22)+(2.3) + D.((3.3+(3.3)) = D10 + > 18 =28n.

BTII1(Whn) = H[eT ) U) +er g (e)]

= H[(eT(G) (U) + €16y (8))-(Br 6y (V) + €1 () (€))]

uveE (G)
=TTi2+2).2+3)] [TI(3+3).(3+3)]1= []20 [ 36

= (20)".(36)" = (720)"
BTII2(Whn) = H[eT(G) (U)er ) ()]

= H[(eT(G) (U)-er () (8))-(er(6) (V)-Er () ()]
= [1022).23)] [ [[(3.3).3.3)]= [ [24 [ [81 = (2481

eck; ecE, ecE, ecE,

= (1944)".
Remark: (i)BT1(Wa,) = 16. (ii) BT2(W.) = 16. (iii) BTI11(Wa) = 16. (iv) BTII2(W.) = 16.
Theorem 2.5: Let Ky, be a star graph. Then

(i)BTl(Klvn) =T7n.

(i) BT2(Ky,n) = 6n.

(iii) BTIT1(Kyn) = (12)".

(iv) BTTIx(Ky1n) = (8)".
Proof : Let K1, be a star graph with n + 1 vertices and n edges. Every edge of K, is incident with exactly two
vertices. Let u be a central vertex. Eccentricity of u is one and all other point and line vertices are of eccentricity two
in T(G).

BT1(Ky,n) = Z[(eT(G)(u)+eT(G)(e)]
= Z[((eT(G) (U) + €76y (€) + (&1 (Gy (V) + € () (€))]

uveE(G)
=Y[(1+2)+(2+2)]=37=Tn.

BT2(K1n) = Z[(ET(G)(U).BT(G)(G)]
= Z[((eT(G)(u)'eT(G)(e)+(eT(G)(V)'eT(G)(e))]

uveE(G)
=2J(1.2)+(2.2)]=>6=6n.
BTIT1(Ky,n) = H[e-r (G) (U) +€; (G) (e)]

H[(eT(G) (U) + €1y (8))-(Br 6y (V) + €1 () (€))]

uveE (G)
=TI[(1+2). (2+2)]=T112=(12)"
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BTIT2(Kyn) = H[eT(G) (U).er ) ()]

= H[(eT(G) (U)-£r Gy (€))-(Er Gy (V)€1 6 (€))]

=T1[(1.2).(2.2)] =118 = (8)".
Theorem 2.6: Let Ky, be a complete graph with 2 <m <n. Then

(1)BT1(Km,n) = 8mn.

(i) BT2(Kmn) = 8mn.

(iii) BTIT1(Kmn) = (16)™.

(iv) BTII(Kmn) = (16)™.
Proof : Let Knn be a complete bipartite graph with m + n vertices, mn edges and | Vi | =m, | Vi | =n, V(Kmn) =
V1uV2. Every edge of Ky, is incident with exactly two vertices. Every vertex of Vi is incident with n edges and
every vertex of V- is incident with m edges. Every point vertices and line vertices have eccentricity 2 in T(G).

BT1(Kmn) = Z[(eT(G) (U) +er g (e)]
= Z[((eT(G) (U) + (G (6) + (& 6y (V) + €7 ) (€))]

uveE(G)
=2[(2+2)+(2+2)]=>X8=8mn.

BT2(Kmn) = Z[(er(e) (U)er ()]
= Z[((eT(G) (U)-816y () + (€ Gy (V)16 (€))] =2[(2.2) + (2. 2)]

uveE(G)
=3 8=8mn.

BTIT1(Kmn) = H[eT @) (U)+€r(e)]

= H[(eT(G) (U) +€r(6) (€))-(6r 6y (V) + &1y (€))] =TT (2 +2).(2+2)]

uveE (G)
=T116 = (16)™.

BTTL(Kno) = [ [[er (e (U)-Er () (8)]

= H[(eT(G) (U)-£r () (8))-(r () (V)-Er gy (€))]

=[1[(2.2).(2.2)]=1116=(16)™.

Corollary 2.1: Let K», be a complete bipartite graph. Then
()BT1(Knn) = 8n2,
(i) BT2(Knn) = 8n2,

(ifi) BTIT:(Kny) = (16)"

(V) BTTo(Knn) = (16)™ .
Proof: Put m = n in the previous theorem.
Theorem 2.7: Let F, be a fan graph. Then

(i)BT1(Fn) = 21n - 12.

(if) BT2(Fn) = 28n —18.

(i) BTIT1(Fn) = (20)" (36) -,

(iv) BTII,(Fn) = (24)"(81)" Y,
Proof : Let F, be a fan graph with n + 1 vertices and 2n — 1 edges.
Let Fn = K1 + Py Let v be a central vertex of Fn, and v, Vo, Vs, ..., va be the vertices of P,. We have n edges of G
which are incident with the central vertex and n — 1 edges on the path. Let E1(G) = {set of all edges incident with
central vertex v}. Ex(G) = {set of all edges on the path Pn}. If & = vwie E1(G), then er(e) = 2 and er(V) = 2, er(vi) =
3. If €ii+1 = ViVinr € Ez(G). Then eT(en+1) = 3, eT(vi) =3.
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BT1(Fn) = Z[(eT(G) (U) +er g (e)]
= Z[((eT(G) (U) + €76y (€) + (&1 Gy (V) + € () (€))]

uveE(G)
=3 ((2+2)+(B+2) + D ((3+3)+(3+3)) = > 9+ D12

=o0n+12(h-1)=9n+12n-12=21n-12.
BT2(F) = 2 [(€r (6 (U)-€r (6 (€)]

= Z[((eT(G)(u)'eT(G)(e)+(eT(G)(V)'eT(G)(e))]

uveE(G)
=>((22)+(3.2)) + > ((3.3)+(3.3)) =x10+ 18

=10n+18(n—1)=10n + 18n — 18 = 28n — 18.
BTII.(Fn) = H[eT ) U) +er g (e)]
ue

= H[(eT(G) (U) + €16y (8))-(Br 6y (V) + €1 () (€))]

uveE(G)
= [TI(2+2).(2+3)] T [[(3+3).(3+3)] =11 20 1136

= (20)"(36)" 1.
BTII(Fn) = H[eT(G) (u)'eT (G) e)]

= H[(eT(G) (U)-er () (€))-(&r () (V)1 (€))]
= [ [1(2.2).(2.3)] ] [[(3-3).(3.3)] = 1124 11 81 = (24)"(81)" *.

eck ecE,
Theorem 2.8:(i) BT1(Kzn — F) = 16n(n — 1).
(ii) BT2(Kan — F) = 16n(n — 1).

(iii) BTMy(Kon — F) = (16)2" 72"
(iv) BTTTo(Kan — F) = (16)%" 2",

) ) 2n(2n-1) )
Proof : Let Ky, be a complete graph with 2n vertices and T =2n% —n edges. F is a 1-factor of Kan. Kan —

F has 2n? —n —n edges = 2n? — 2n edges. Every point vertices and line vertices have eccentricity two in T(Kz, — F).
BTy(Kan—F) = Z[(eT(G) (U) +er g (e)]
ue

= Z[((eT(G) (U) + (g (€) + (B Gy (V) + €7 ) ()]

uveE(G)
=Y[(2+2)+(2+2)] =38 =8(2n2—2n) = 16n(n — 1).

BTo(Kar—F) = ) [(€r(6) (U)-Er(q)(8)]
= D [(er gy (U)er (g () +(Br () (V)Er 6y (BN = ZI(2. 2) + (2. 2)]

uveE(G)
=8 =28(2n?-2n) = 16n(n — 1).

BTIIy(Kzn—F) = H[eT ) (U)+erg) (e)]
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= H[(eT(G) (U) + €16y (8))-(Er 6y (V) + €1 () (€))]

uveE (G)
STI[@2+2). @+2)]=T116= (16)*" "
BT (Ko~ F) = [ [[er(e) (U)-€r ) (€)]

= H[(eT(G) (U)-£r Gy (€))-(Er Gy (V)€1 6 (€))]

=T[(2.2). (2.2) =116 = (16)" 2"
Theorem 2.9: Let K, be a complete graph with n vertices. Then
(HHBTy(K,) = 16n(n — 1).
(if) HBT2(K,) = 16n(n — 1).
(iii) HBTTI1(Ky) = (16)"D),
(iv) HBTIIz(Kn) = (16)"D),

n(n-1)
2

Proof : Let K, be a complete graph with n vertices and m = edges. Every edge of K, is incident with

exactly two vertices. Every point vertices and line vertices have eccentricity 2 in T(G).
2
HBT1(Kn) = Z[(eT(G) (U)+er ) (8]
ue

= Z[(eT(G) (U) + & @)1 + Z[(eT ) (V) + &g @I
= Z[((eT(G) (U) +er ) (€) + (61 ) (V) + (g Q)

uveE(G)
=2[(2+2)?%+(2+2)?]=X (16 + 16) = 16n(n — 1)

HBT:(Kn) = Z[(eT ) (U)-Er ) @I
= Z[((eT(G) (U)-816y(€) + (Br ey (V) Erq) Q)

uveE(G)
n(n-1)
2

=Y[(2.2)%+ (2. 2)2] = 3(16 + 16) = 32 =16n(n - 1).

HBTIL(K) = [ J[er(q) (U) +&r(q) (€)1

= H[(eT(G) (U) + €7y (€))-(Br ) (V) +r(q) @)1°

uveE(G)
=II[(2+ 2)2 L2+ 2)2] =11 (16)2 — (16)”(”'1)_
HBTIL(Ky) = [ [[er () ()€1 (@)1

= H[(eT(G) ()16 (€))-(Er () (V) -1 g )k

=TI[(2.2)%(2.2)%] =1 (16)? = (16)"(™Y),
Theorem 2.10: Let P, be a path with n vertices. Then
(i) HBT1(Py) =

(n-1)((2n? + 2n+1)+ (2n? +10n +13)+...+ (4n? —10n+ 6 Jifnisodd
2n° +(n-2) (2n2 +6n+5)+...+(8n2 —20n +13)2 fniseven
(if) HBT2(Pn) =
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4 3 2 2
(n—l)[(ﬂ'n *2n +82n +2n+1j +....+(n2—3n+2Xn2—2n+1)2)fnisodd
(iii)

16 4 2

4 4 3 2
+(n—2)ﬂ10n Qo sn +2n+1J+...+(2n4—2n3+19n2+16n+5)}ifni3even

n-1
A ][(nz +1)2(n” +5n +6)°....(4n —10n + 6)* fnisodd

n-2

HBTII:(Py) = (
n*2 TJ [(n2 +3n+2)°....(n* =5n+ 6)2]ifniseven

(iv) HBTIIz(Pn) =

o (n?=1) (N2 +1+2n) ) ((N®+4n+3) (N2 +9+3n) )’
2\ 2 4 4 4 4 ~ifnisodd

(n2 —-3n+2)(n*-2n +1)2)

(EJZU% 5}[7 o +1j]2....((nz _an+ 2t zn+1)f )fmseven]

Proof: Let P, be a path with n vertices. Then P, has n — 1 edges. Every edge of Pnis incident with exactly two
vertices. T(Pn) has n point vertices and n — 1 line vertices.
Case(i): nis odd

Eccentricity of central vertex is (Tj eccentricity of pendant vertices (n — 1), eccentricity of line vertices

n+1
incident with central vertex is (Tj , eccentricity of line vertices incident with end vertices is (n — 1).
HBT.1(Pn) = Z[(eT(G) (U)+er @1
ue
2 2
= Z[(eT(G) () +erq, (@)1 + Z[(eT(G) (V) + &) (8)]
ue ve
= Z[((eT(G) (U) +er ) (€) + (616 (V) + (g Q)k

uveE(G)

EZ((TH“?JT+[Ejz”l+(“2”))2+[22[[”2”J+E“231J2+[(“23J+E”2”J]2

= (n—-1)((2n? +2n+1)+(2n? +10n+13)+...+(4n* + 6 —10n))
HBT2(Pn) = Z[(eT ) (U)-Er ) @I

= Z[((eT(G) ()61 (€) + (Br gy (V) Erq) ()]’

uveE(G)
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SRR
A (2]

+2[((n—2)(n—1))2+((n—l_)(n—l))Z]
2 2 4 2 2 4
n--1 n+1 n-+4n+3 n+3
=2 + +2|| ——m8m8— | +| —— | |[+...
4 2 4 2
+2[(N=3n+2)%+(n-1)4

4 3 2 2
_ (nl)((m +2n° +2n +2n+1j .

5 .+(n2—3n+2)2(n2—2n+1)2)

HBTIL1(Pn) = H[eT(G) (U)+er @)1’

H[(eT(G) (U) + €7y (€))-(Br ) (V) + 1 (c) @)1°

uveE (G)

) )

... 2[(n-2)+(n-1))*(n—1+n-1)?]
=2(n?>+n)?2(n*+ 5n+6)% ....

2(4n% -10n + 6)?

_ 2(%j [(nZ +n)?(n* +5n +6)>....(4n* —10n + 6)2]
HBTII(Pn) = H[e-r ©) (u)-e'r (G) (e)]z

= [ JIer o) (U)-£r () (€))-(r (6) (V)-£1 ) (D]
H(_j(_lm S ]
2 | 2 2 2
(B Sl L)) R —

> 2 > ||| [ -2e20-0¢ - Do -1y
s n? -1 Z(H_HT ) n®+4n+3 2[n+3j4

x2[(n?—3n + 2)?(n—1)1]

N—

n-1 2 2
(= JKn —1j[n2+1+2nﬂ Kn2+4n+3j[n2+9+3nﬂ
=2 .. [ =3n +2)(n?—2n +
4 4 4 4

i

Case(ii): n is even.
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- . n n . . - . .
Eccentricity of central vertices (Ej and (Ej , eccentricity of pendant vertices (n — 1), eccentricity of line vertices

incident with central vertices (gj , eccentricity of line vertices incident with end vertices is (n — 1).
HBT1(P) = ) [(€r (g (U) + &1 (6 (&)
= Z[((eT(G) (U) + € (&) + (B () (V) + €1 Q)E
uveE(G)
=(/2+n/22+(n/2+n/2?+2{n/2+n/2+1P+(n/2 +1+n/2 +1)?}+ .. +2[(n-2)+ (n -
D)+ ((n-1+(n-1)?)
=20? +2(n+1F + (n+ 27 )+...+ 2(2n - 3] + (2n - 2)?)
=2n2 + (n—2)((2n* +6n+5)+...+ (81> —20n +13))
HBT(Pr) = ) [(&r (6 (U)-£r (6 ()]
= Z[((eT(G) ()81 (8) + (Br gy (V) Er(q) Q)

uveE(G)

=((n/2) (n/2)2+((n/2)(n12))+2[((n /2) (W2 +1))2 +((n /2 +1)(n /2 + 1))+ ...+ 2[((n - 2)(n - 1))?
+((n-1) (n-1))]

4 _ 4
_nt,,(n=2)(1on® 2n° 3n° +...+(2n* ~2n° 100 +16n+5)
g 12 J\16 "4 2

4
S () 0n° 207, S +..+(2n* = 2n° +19n° +16n + 5)
8 16 4 2

HBTIIy(Py) = H[eT(G) (U) +e; ) (©)1°

H[(eT(G) (U) + €7y (€))-(r sy (V) + € c) @)1°

uveE (G)

=((n/2+n/2)2(n/2+n/2)?)

[2((n/2+n/2+1)*(n/2+ 1+ n/2 + 1)7]...
[2[(hn—-2+n-1)’(n—1+n-1)]
=n*2((n+1)n+2)y (nz —5n + 6)2)

42[;)[(n2 +3n+2)%...(n* ~5n+6)?]
HBTII,(Pn) = H[e-r ©) (u)-e'r (G) (e)]z

= H[(eT(G) ()1 Gy ())-(Er () (V) -1 g e)1?

=[((n/2)(n/2))%((n /2)(n / 2))A[2[((n/2)(n/2+1))*((n /2+1)(n/2 + 1))?] ... [2((n—2)(n —1))* ((n—1)(n —
)]
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_ (%Tz[{(”%%)(”{%%ujf ot (N2 -2n+2)(n? —2n +1))2}
(%jzz(n;jl[”{ " gj{”{ +n +1D2....((n2 —3n+2)n? —2n+1)f )}

Theorem 2.11: Let C,, be a cycle with n > 4 vertices. Then

2
n+1 . .
8n (—2 ) if nis even

|

(i)HBT4(Cy) = {
2n3 iflz is even
- 2n (n—ﬂ) ifnis odd
(i) HBT(Cy) = nsz
- if nis even
n*" if n is even
(n+ D)*"ifnis odd

8n
n . .
(;) if nis even

(iii) HBTTI,(C,) = {

(iv) HBTII2(Cy) = \8n
(%) if nis odd
Proof: Let C, be a cycle with n vertices. Then C, has n edges. Every edge of C, is incident with exactly two

vertices.
Case(i): nis odd
Let n = 2k + 1. When n is odd, each point vertex of T(G) has eccentricity (n + 1) / 2 and each line vertex has

eccentricity (n + 1) / 2.
HBT1(Cr) = ) _[(€1 gy (U) + &1 6 ()]
ue

= Z[(eT(G) (U) + & @)1 + Z[(eT ) (V) + € @I
= Z[((eT(G) (U) +er ) (€) + (616 (V) + g Q)

uveE(G)
=Y [k+1+k+12+((k+1+k+1)?=2[22k + 2)7]

[ n+ 1)2
=2n(2k + 2)>=8n(k + 1)>=8n >
HBT2(Cn) = Z[(eT ) (U)-Er ) @I

= Z[((eT(G) ()61 (€) + (Br ey (V) Er(q) (eN]*

uveE(G)
=X [((k+ 1) (k+ 1))+ ((k+1) (k+1))]
=X [(k+1) + (k+ 1) =2 [2(k + 1)°]

n+1)’
:2n(k+1)4:2n T

HBTII(Cy) = [ [[er ) (U) +er ) ()T

= H[(eT(G) (U) + €7y (€))-(Br ) (V) + 1 (c) @)1°
uveE (G)

=ST[((k+1+k+1)*. (k+1+k+1))]

=TT [(2k + 22 (2K + 27] = (2k + 2" = (n + 1)*"
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HBTIL(C:) = [ [[er e (U)-€r ) ()T

= H[(eT(G) (U)-1 Gy (€))-(Er () (V)1 g e)1?

=TI[((k + D)(k + 1))2((k + D)(k + 1))?] =TT (k + 1)®

n+1)"
= (k 8n— [~
(k+1) ( > j

Case(i): nis even.
Let n = 2k. In T(G), each point vertex has eccentricity n / 2and line has eccentricity n / 2.
Letn=2k.

HBT1(Cr) = Z[(eT(G) (U)+er @I

Z[((eT(G) (U) + €y (&) + (Er 6y (V) + Er (g (e)N1*

uveE(G)
= Y[ (k+K?+ (k+Kk)? = X 2(2k)> =n8k2 = 8n(n / 2)? = 2nd.

HBT2(C) = D [(8r(q) (U)-Er6) (B)]°
Z [((er 6y (U)-€1 () (€) + (€1 Gy (V)1 (q) (eN]’*

uveE(G)
= Y[k k)2 + (k. K2 = (k) =n2k*=n/8.

HBTII(Cn) = H[eT(G) (U)+er g @1’

H[(eT(G) (U) + €7y (€))-(Br ) (V) + 1 c) @)1°

uveE(G)
= T [ (k + K)?. (k + K)?] = IT (2K)* = (2k)*" = n*"
HBTT1(C) = [ [[er s (U)-&r 6 ()

= H[(eT(G) ()16 (8))-(Er () (V) -1 g e)1?
=TT [(K x K Y2(K x k)] = T (K)®

= (k)E = (Ejen
2

Theorem 2.12: Let W, be a wheelwith n > 5 vertices. Then

(I))HBT1(W,) = 113n

(ii) HBT2(Wh,) = 214n

(i) HBTII1(Wn) = (720)*".

(iv) HBTTIz(Wn) = (1944)>".
Proof: Let W, be a wheel with n + 1 vertices. Then W, has 2n edges. Every edge of W, is incident with exactly two
vertices.
Let W, = Ky + C,. Let v be the central vertex of Wy, and va, vz, ..., va be the vertices of C,. We have n edges of G
which are incident with the central vertex and n egdes on the cycle.
Let E1(G) = {set of all edges incident with central vertex}. E»(G) = {set of all edges on with cycle}. If ei = wie
E1(G), then er(e)) = 2 and er(v) = 2, er(vi) = 3. If €jis1 = ViVirsr € Eo(G). Then er(eiis1) = 3, er(vi) = 3.

HBT(Ws) = Z[(eT(G) (GRS @I

Z[((eT(G) (U) +er6)(€) + (Er gy (V) + &gy (eI

uveE(G)

3560



M. Bhanumathi*and RM. Mariselvi®

=3 ((2+2)?* +(2+3)%) + D ((3+3)* +(3+3)*) = £(41) +X(72) = 113n.

eck; eck,

HBT:(Wn) = > [(€r ) (U)-£r 6 (&)T°
= Z[((eT(G) ()81 (8) + (Br ey (V) Er(q) Q)

uveE(G)
= > ((2.2)* +(2.3)%) + D_((3:3)* +(3.3)%) = X(52) + X(162) = 214n.
eck, eckE,

HBTII1(Wh) = H[eT ) U) +er g @)]°

H[(eT(G) (U) + €7y (€))-(Er ) (V) +r(q) @)1°

uveE (G)
= [ TI2+2)%.(2+3)*1 ] J[(3+3)*.(3+3)*] = 11(20)11(36)*
eck; ecE,

= (20).(36)" = (720"
HBTTL(W:) = [ [[er g, (U)-€r q) ()T

= H[(eT(G) ()16 ())-(Er () (V) -1 g e)1?
=1 10(2.2)*.(2.3)°1 [ [[(3-3)*.(3.3)*] = I1(24yr1(81)?

eck; ecE,

= (24)%".(81)%" = (1944)>",
Remark: (i)HBT1(W,) = 64 (ii) HBT2(W,) = 64 (iii) HBTII1(W.) = (256)2(iv) HBTTI1(W,) = (256)?
Theorem 2.13: Let K1, be a star graph. Then

(i)HBTl(Klvn) =25n.

(i) HBT2(Ky,n) = 20n.

(iii) HBTTIy(Kyn) = (12)*".

(iv) HBTIIz(Ky,) = (8)™".
Proof : Let K1, be a star graph with n + 1 vertices and n edges. Every edge of K, is incident with exactly two
vertices. Let u be a central vertex. Eccentricity of u is one and all other point and line vertices are of eccentricity two
in T(G).

HBT1(Ki,n) = Z[(ET(G) (u)+ €r o) (e)]2
= Z[((eT(G) (U) +erg)(€) + (616 (V) + (g Q)E

uveE(G)
=2[(1 +2)?+ (2 + 2)?] = X(25)= 25n.

HBT2(Ki,n) = Z[(eT(G) (U)-eT(G) (e)]2
= Z[((eT(G) (U)-&r(6)(€) + (Er ) (V)1 ) (eN]*

uveE(G)
= S[(L. 2) + (2. 2)2] = £(20) = 20n.

HBTIL:(Kun) = [ [[er(6) (U) + 876y (8)]°

= H[(eT(G) (U) + €7y (€))-(Br ) (V) +Er(c) @)1°

uveE (G)
STI[(L+2)2 2+ 22 =TI (12)2 = (12>
HBTIL(K1n) = [ [[€r () ()€1 (g, (€)1
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= H[(eT(G) ()16 ())-(Er () (V) -1 g e)1?

=TI[(1.2)%(2.2)°] =TI (8)* = (8)™
Theorem 2.14: Let Ky be a complete graph with 2 <m <n. Then

(HHBT1(Km,n) = 32mn.

(i) HBT1(Kmn) = 32mn.

(iii) HBTII1(Kmn) = (16)>™.

(iv) BTIT2(Kmn) = (16)%™.
Proof : Let Knn be a complete bipartite graph with m + n vertices, mn edges and | Vi | =m, | Vi | =n, V(Kmn) =
ViU V. Every edge of Ky, is incident with exactly two vertices. Every vertex of V1 is incident with n edges and
every vertex of V- is incident with m edges. Every point vertices and line vertices have eccentricity 2 in T(G).

HBT:1(Kmn) = Z[(eT(G) (U)+er @1
Z[((eT(G) (U) +er6)(€) + (Er gy (V) + &gy (eI’

uveE(G)
=Y[(2 +2)2+ (2 + 2)2 = X, (32) = 32mn.

HBT(Kno) = ) [(€r ) (U)-&r g, ()]
Z [((er Gy (U) €1 () (€) + (Er Gy (V)-Er(c) (N1’

uveE(G)
=2[(2.27%+(2.2)% =X (32) = 32mn.

HBTIT:(Kms) = H[eT @ U)+er @)

H[(eT(G) (U) + €7y (€))-(Br ) (V) + () @)1°

uveE (G)
STI[(2+27. (2 +2)4=TI (16)2 = (16)2™.
HBTTIL(Kmr) = [ [ [er ) (U)-€r ) ()T

= H[(eT(G) ()16 (€))-(Er () (V) -1 g e)1?

=T1[(2.2)2. (2.2)7] =TI (16)% = (16)>™.
Corollary 2.2: Let K, be a complete bipartite graph. Then

(YHBT1(Knp) = 32n2,

(i) HBT2(Knn) = 32n2,

(iii) HBTT:(Knr) = (16)2" .

(V) HBTTTo(Kns) = (16)%"
Proof: Put m = n in the previous theorem.
Theorem 2.15: Let F, be a fan graph. Then

(DHBT1(Fn) =41n + 72(n - 1)

(i) HBT2(Fn) = 52n + 162(n — 1).

(iii) HBTIIy(Fy) = (20)?" (36) -1,

(iv) HBTII(Fn) = (24)>"(81)%" -1,
Proof : Let F, be a fan graph with n + 1 vertices and 2n — 1 edges.
Let Fn = Ky + P, Let v be a cetral vertex of Fn, and vi, v, v, ..., va be the vertices of P,. We have n edges of G
which are incident with the central vertex and n — 1 edges on the path. Let E1(G) = {set of all edges incident with
central vertex v}. Ex(G) = {set of all edges on the path Pn}. If & = vwie E1(G), then er(e) = 2 and er(V) = 2, er(vi) =
3. If €ii+1 = ViVinr € Ez(G) Then eT(e..+1) 3, eT(v.) 3.

HBT1(Fn) = Z[(eT(G) (U)+er @1’
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= Z[((eT(G) (U) + €y (&) + (B gy (V) + €1, Q)

uveE(G)
= Y ((2+2)2+(B+2)%) + D ((3+3)* +(3+3)%) =X(41) +5(72)
eck, eck,

=41n+72(n—1).
HBT2(Fn) = D _[(&r () (U)-&r (6 (€)1

= Z[((eT(G) (U)-616y(€) + (Br ey (V) Er(q) (eN]*

uveE(G)

= > ((2.2)* +(3.2)%) + D_((3:3)? +(3.3)%) = X(52) + X(162)

= 52n + 162(n — 1).
HBTIL(Fn) = H[eT ) (U)+€r @)1’

H[(eT(G) (U) + €7y (€))-(Br ) (V) + 1 (q) @)1°

uveE (G)
= [ T2 +2)%.(2+3)*1 [ [[(3+3)*.(3+3)*] =T (20’11 (36)?
eck; ecE,

= (20)2(36)2"- D),
HBTTL(Fy) = [ [[er (s, (U)-€r(q) ()T

= H[(eT(G) ()1 Gy (€))-(Er () (V)1 g e)1?
= [T122).2.31° TTI3.3)(3:3] =11 2411 (812

ecE; ecE,
= (24)>(81)%"- Y,
Theorem 2.16: (i) HBT1(Kzn — F) = 64n(n — 1).
(ii) HBT2(Kzn — F) = 64n(n — 1).
(iii) HBTII1(Kan — F) = (16)2(2n2_2n) .

(iv) HBTTL(Ky — F) = (16)%27 2,

2n(2n-1)

Proof : Let Ky, be a complete graph with 2n vertices and T =2n% —n edges. F is a 1-factor of Kan. Kan —

F has 2n? —n — n edges = 2n? — 2n edges. Every point vertices and line vertices have eccentricity two in T(Kz, — F).
2
HBT1(Kzn — F) = Z[(eT(G) (U)+er ) (8]
ue

= Z[((eT(G) (U) + € (&) + (B () (V) + €1 )k

uveE(G)
=Y[(2+ 2?2+ (2 +2)2] =X 32 =32(2n2 - 2n) = 64n(n — 1).

HBT2(Kzn —F) = Z[(eT (©) (u)-eT(G) ©)]1°
= Z[((eT(G) (U)-&r(c)(€) + (Er ) (V)-r ) (eN]’*

uveE(G)
=Y[(2.2)2 + (2. 2)?] = ¥32 = 32(2n% — 2n) = 64n(n — 1).

HBTIi(Kon — F) = [ [[er (e, (U)+€r () ()]
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= H[(eT(G) (U) + €7y (€))-(Er ) (V) +Er g @)1°

uveE (G)

STI[2+2). (2+2)7 =11 (1612 = (16)%2" 2"

HBTTo(Kan — F) = H[GT (@ (U)-r ) @)

H[(eT(G) (U)-1 Gy (€))-(Er () (V) -1 g e)1?

=TI[(2.2)% (2.2 =TI (16)% = (16)2(2n -2n)
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