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Abstract: We have defined and evaluated total eccentricity indices of polyhex nanotubes TUAC6(p, q) and 

TUZC6(p, q). In thispaper, we compute First Total Eccentricity Index, Second Total Eccentricity Index, First 

Multiplicative Total Eccentricity Index, Second Multiplicative Total Eccentricity Index, First Hyper Total 

Eccentricity Index, Second Hyper Total Eccentricity Index, First Multiplicative Hyper Total Eccentricity Index and 

Second Multiplicative Hyper Total Eccentricity Index of a graph using Total graph of a graph. We evaluate the 

value of these indices for some standard graphs. 
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1.Introduction: 
Let G be a simple, finite graph with n vertices and m edges with vertex set V(G) and edge set E(G). The 

edge connecting the vertices u and v V(G) is denoted by e = uv. The vertices and edges of a graph are called 

elements of G.The degree dG(v) of a vertex v is the number of vertices adjacent to v. If e = uv is an edge of G, then 

the vertex u and edge e are incident as are v and e. Let dG(e) denote the degree of an edge e in G, which is defined 

by dG(e) = dG(u) + dG(v) – 2 with e = uv. 

Let G be a connected graph and v be a vertex of G. The eccentricity e(v) of v is the distance to a vertex 

farthest from v. Thus, e(v) = max{d(u, v); u  V}. The radius r(G) is the minimum eccentricity of the vertices, 

whereas the diameter diam(G) is the maximum eccentricity. 

The Total graph T(G) of G is the graph whose vertex set is V = V(G)  E(G) where two elements are 

adjacent if and only ifthey are adjacent vertices of G or they are adjacent edges of G or one is a vertex of G and 

another is an edge of G incident with it. Elements of V which are in V(G) are known as point vertices and are in 

E(G) are known as line vertices. Let eT(G)(u) and eT(G)(e) denote the eccentricity of vertex u and edge e in T(G) 

respectively. 

The topological indices are one of the mathematical models that can be defined by assigning a real number 

to the chemical molecule. The physical-chemical characteristics of the molecules can be analyzed by taking benefit 

from the topological indices. Properties such as boiling point, entropy, enthalpy of vaporization, standard enthalpy 
of vaporization, enthalpy of formation. Acetic factor, etc can be predicted using topological indices..  

In 2016, Kulli introduced K Banhatti indices [6]. 

In 2016, Bhanumathi and Easu Julia Rani introduced K-eccentric indices [2, 4] 

In 2020, Bhanumathi and Mariselvi defined and evaluated total eccentricity indices of polyhex nanotubes 

TUAC6(p, q) and TUZC6(p, q) [5]. 

 

 

2.Some Eccentricity based indices of a graph G using Total graph T(G) 

Here, we evaluate the First and Second Total Eccentricity Index and First and Second Multiplicative Total 

Eccentricity Index, First and Second Hyper Total Eccentricity Index and First and Second Multiplicative Hyper 

Total Eccentricity Index of some particular graphs. 
In [5], we define, the First and Second Total Eccentricity Index as 

BT1(G) = ])()([( )()( 
ue

GTGT eeue

 

BT2(G) = ])().([( )()(
ue

GTGT eeue  

The First and Second Multiplicative Total Eccentricity Index are defined as 
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 BT1(G) = ])()([ )()( 
ue

GTGT eeue  

 BT2(G) = ])().([ )()(
ue

GTGT eeue  

Also, we define the First and Second Hyper Total Eccentricity Indexas 

 HBT1(G) = 
2

)()( ])()([( 
ue

GTGT eeue  

 HBT2(G) = 
2

)()( ])().([(
ue

GTGT eeue  

The First and Second Multiplicative Hyper Total Eccentricity Index are defined as 

 HBT1(G) = 
2

)()( ])().([
ue

GTGT eeue  

 HBT2(G) = 
2

)()( ])().([
ue

GTGT eeue

 
where ue means that the vertex u and edge e are incident in G. 

Theorem 2.1: Let Kn be a complete graph with n vertices. Then   

(i) BT1(Kn) = 4n(n – 1). 
(ii) BT2(Kn) = 4n(n – 1). 

(iii) BT1(Kn) = 2

)1(

)16(

nn

. 

(iv) BT2(Kn) = 2

)1(

)16(

nn

. 

Proof: Let Kn be a complete graph with n vertices and m = 
2

)1( nn
edges. Every edge of Kn is incident with 

exactly two vertices. Every point vertices and line vertices have eccentricity 2 in T(G). 

BT1(Kn) = ])()([( )()( 
ue

GTGT eeue  

= ))]()(()()([(( )()(

)(

)()( eeveeeue GTGT

GEuv

GTGT 


 

=  [(2 + 2) + (2 + 2)] = 8 = 8 
2

)1( nn
 = 4n(n - 1) 

BT2(Kn) = ])().([( )()(
ue

GTGT eeue  

= ))]().(()().([(( )()(

)(

)()( eeveeeue GTGT

GEuv

GTGT 


 

= [(2 . 2) + (2 . 2)] = 8 = 8 
2

)1( nn
 = 4n(n - 1) 

BT1(Kn) = ])()([ )()( 
ue

GTGT eeue  

= ))]()(.())()([( )()(

)(

)()( eeveeeue GTGT

GEuv

GTGT 


 

=  [(2 + 2) . (2 + 2)] = 16 = 2

)1(

)16(

nn

 

BT2(Kn) = ])().([ )()(
ue

GTGT eeue  

= ))]().().()().([( )()()()( eeveeeue GTGT

ue

GTGT  



M. Bhanumathi1and RM. Mariselvi2 

3247 

=  [(2 . 2) . (2 .2)] = 16 = 2

)1(

)16(

nn

 

Theorem 2.2: Let Pn be a path with n vertices. Then 

(i) BT1(Pn) = 3n2 – 5n + 2                             

(ii)  BT2(Pn) =  
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(iii) BT1(Pn) =  
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(iv) BT2(Pn) =  
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Proof: Let Pn be a path with n vertices. Then Pn has n – 1 edges. Every edge of Pnis incident with exactly two 

vertices. T(Pn) has n point vertices and n – 1 line vertices. 

 

n is odd 

 

Number of 

edges e = uv in 

G 

eccentricity of e in T(G) 

(eT(G)) 

eccentricity of end vertices (eT(u), 

eT(v)) 
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n is even 

Number of 

edges e = uv in 

G 

eccentricity of e in T(G) 

(eT(G)) 

eccentricity of end vertices (eT(u), 

eT(v)) 
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Case(i): n is odd 

Eccentricity of central vertex is 






 

2

1n
, eccentricity of pendant vertices (n  1), eccentricity of line vertices 

incident with central vertex is 






 

2

1n
, eccentricity of line vertices incident with end vertices is (n – 1) in T(G). 

BT1(Pn)  = ])()([( )()( 
ue

GTGT eeue  

= ))]()(()()([(( )()(

)(

)()( eeveeeue GTGT

GEuv

GTGT 


 

= 2 
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+2[(n–2)+(n–1)+2(n – 1)] 
= 2(2n + 1) + 2(2n + 5) + …+2(4n – 5)  

= 2(2n + 2n + ….+n -1 / 2terms) + 2(1+5+ …+(2n – 5))  

= 2 (2n) 






 

2

1n
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4
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[1 + 2n – 5] = 3n2 – 5n + 2. 

BT2(Pn) = ])().([( )()(
ue

GTGT eeue  
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BT1(Pn) = ])()([ )()( 
ue

GTGT eeue  
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Case(ii): n is even. 

Eccentricity of central vertices is 








2

n
 and 









2

n
, eccentricity of pendant vertices is (n  1), eccentricity of line 

vertices incident with central vertices is 








2

n
, eccentricity of line vertices incident with end vertices is (n – 1).

 

BT1(Pn)  = ])()([( )()( 
ue

GTGT eeue  

= ))]()(()()([(( )()(

)(

)()( eeveeeue GTGT

GEuv

GTGT 


 

= (n / 2 + n / 2 +2(n /2)) + 2(n / 2 + n / 2 + 1 + 2( n /2  + 1)) + …+ 2[(n – 2) + (n – 1) + 2( n – 1)] = 2n + 

2(2n + 2n +…(n–2)/2 terms] + 2[3 + 7 + …+(2n – 5)] 

= 2n2 2n + (n – 1)(n – 2) = 3n2 – 5n + 2. 

BT2(Pn) = ])().([( )()(
ue

GTGT eeue  

= ))]().(()().([(( )()(

)(

)()( eeveeeue GTGT

GEuv

GTGT 


 

= (n / 2)  (n / 2) +(n /2)(n / 2) + 2[(n / 2) (n / 2 + 1) + ( n /2  + 1) ( n /2  + 1)] + …+ 2[(n – 2)(n – 1) + ( n – 

1) ( n – 1)]  
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Theorem 2.3:Let Cn be a cycle with n  4 vertices. Then 

 (i) BT1(Cn) = {
    2n(n –  1)  if n is odd

2n2 if n is even
 

(ii)  BT2(Cn) = { 2

)1( 2nn
  if n is odd

n3/ 2. if n is even

 

(iii) BT1(Cn) = {
(𝑛 + 1)2𝑛if n is even

𝑛2𝑛if n is even
 

(iv) BT2(Cn) = 

{
 
 

 
 n

n
4

2

1







 
 if n is odd

(n /2)4𝑛if n is even

 

Proof : Let Cn be a cycle with n vertices. Then Cn has n edges. Every edge of Cn is incident with exactly two 

vertices. T(G) has n point vertices and n line vertices. 

Case(i): n is odd 
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Let n = 2k + 1. When n is odd, each point vertex of T(G) has eccentricity (n + 1) / 2 = k + 1, and each line 

vertex  has eccentricity (n + 1) / 2 = k + 1.  

  BT1(Cn)  = ])()([( )()( 
ue

GTGT eeue  

= ))]()(()()([(( )()(

)(

)()( eeveeeue GTGT

GEuv

GTGT 


 

=   [ ( k + 1 + k + 1) + ( k + 1 + k + 1)] =   [ 4k + 4]  

= n(4k + 4) 

= 4n(k + 1) = 
2

)1(4 nn
 = 2n(n – 1). 

BT2(Cn) = ])().([( )()(
ue

GTGT eeue  

= ))]().(()().([(( )()(

)(

)()( eeveeeue GTGT

GEuv

GTGT 


 

=  [ ( k + 1) ( k + 1) + ( k + 1) (k + 1)]   

=  [ (k + 1)2 + (k + 1)2] =  2(k + 1)2 = 2n(k + 1)2 

= 
2

)1( 2nn
 

BT1(Cn) = ])()([ )()( 
ue

GTGT eeue  

= ))]()(.())()([( )()(

)(

)()( eeveeeue GTGT

GEuv

GTGT 


 

=  [ ( k + 1 + k + 1) . ( k + 1 + k + 1)]  

=  [ (2k + 2) (2k + 2) ] = (2k + 2)2n = (n + 1)2n 

BT2(Cn)  = ])().([ )()(
ue

GTGT eeue

 

= ))]().().()().([( )()()()( eeveeeue GTGT

ue

GTGT
 

= [( k + 1) ( k + 1) . ( k + 1) .( k + 1)] = (k + 1)4 = (k + 1)4n = 

n
n

4

2

1







 

 
Case(ii): n is even. 

Let n = 2k. In T(G), each point vertex has eccentricity n / 2and line has eccentricity n / 2.  

BT1(Cn) =   [ ( k  + k ) + ( k  + k )=  4k = n4k = 4n (n / 2) = 2n2 

BT2(Cn) =  [ ( k  . k ) + ( k . k )] =2k2 = n2k2 = n3 / 2. 

BT1(Cn) =   [ ( k  + k ) . ( k  + k )]= (2k)2 = (2k)2n = n2n 

BT2(Cn) =  [( k . k ) . ( k . k ) =   (k)4 = (k)4n = (n /2)4n 

Theorem 2.4: Let Wn be a wheel with n ≥ 5 vertices. Then  

(i)BT1(Wn) = 21n. 

(ii) BT1(Wn) = 28n. 

(iii) BT1(Wn) = (720)n. 

(iv) BT2(Wn) = (1944)n. 

Proof: Let Wn be a wheel with n + 1 vertices. Then Wn has 2n edges. Every edge of Wn is incident with exactly two 

vertices.     

Let Wn = K1 + Cn. Let v be the central vertex of Wn, and v1, v2, …, vn be the vertices of Cn. We have n edges of G 

which are incident with the central vertex and n edges on the cycle.Let E1 = {set of all edges incident with central 

vertex}. E2 = {set of all edges on with cycle}. For   ei = vvi E1(G), eT(ei) = 2 and eT(v) = 2, eT(vi) = 3. If eii+1 = 

vivi+1 E2(G). Then eT(eii+1) = 3, eT(vi) = 3. Also, E1 = E2 = n. 

BT1(Wn) = ])()([( )()( 
ue

GTGT eeue  
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= ))]()(()()([(( )()(

)(

)()( eeveeeue GTGT

GEuv

GTGT 
  

=



1

))32()22((
Ee

 + 



2

))33()33((
Ee

= 
 1

9
Ee

 + 
 2

21
Ee

 = 21n.              . 

BT2(Wn) = ])().([( )()(
ue

GTGT eeue  

= ))]().(()().([(( )()(

)(

)()( eeveeeue GTGT

GEuv

GTGT 


 

= 



1

))3.2()2.2((
Ee

 + 



2

))3.3()3.3((
Ee

= 
 1

10
Ee

 + 
 2

18
Ee

 = 28n. 

BT1(Wn) =   ])()([ )()( 
ue

GTGT eeue  

= ))]()(.())()([( )()(

)(

)()( eeveeeue GTGT

GEuv

GTGT 


 

=



1

)]32).(22[(
Ee





2

)]33).(33[(
Ee

= 
 1

20
Ee


 2

36
Ee

 

= (20)n.(36)n = (720)n. 

BT2(Wn) = ])().([ )()(
ue

GTGT eeue
 

 

= ))]().().()().([( )()()()( eeveeeue GTGT

uv

GTGT  

= 
 1

)]3.2).(2.2[(
Ee


 2

)]3.3).(3.3[(
Ee

= 
 2

24
Ee


 2

81
Ee

 = (24)n.(81)n 

= (1944)n. 

Remark: (i)BT1(W4) = 16. (ii) BT2(W4) = 16. (iii) BT1(W4) = 16. (iv) BT2(W4) = 16.  

Theorem 2.5: Let K1,n be a star graph. Then  

(i)BT1(K1,n) = 7n. 

(ii) BT2(K1,n) = 6n. 

(iii) BT1(K1,n) = (12)n. 

(iv) BT2(K1,n) = (8)n. 

Proof : Let K1,n be a star graph with n + 1 vertices and n edges. Every edge of K1,n is incident with exactly two 

vertices. Let u be a central vertex. Eccentricity of u is one and all other point and line vertices are of eccentricity two 
in T(G). 

BT1(K1,n) = ])()([( )()( 
ue

GTGT eeue  

= ))]()(()()([(( )()(

)(

)()( eeveeeue GTGT

GEuv

GTGT 


 

= [(1 + 2) + (2 + 2)] = 7 = 7n. 

BT2(K1,n) = ])().([( )()(
ue

GTGT eeue  

= ))]().(()().([(( )()(

)(

)()( eeveeeue GTGT

GEuv

GTGT 


 

= [(1 . 2) + (2 . 2)] = 6 = 6n. 

BT1(K1,n) = ])()([ )()( 
ue

GTGT eeue  

= ))]()(.())()([( )()(

)(

)()( eeveeeue GTGT

GEuv

GTGT 
  

=  [(1 + 2) . (2 + 2)] =  12 = (12)n. 
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BT2(K1,n) = ])().([ )()(
ue

GTGT eeue  

= ))]().().()().([( )()()()( eeveeeue GTGT

ue

GTGT  

= [(1 . 2) . (2 . 2)] = 8 = (8)n.

 Theorem 2.6: Let Km,n be a complete graph with 2 ≤ m ≤ n. Then  

(i)BT1(Km,n) = 8mn. 

(ii) BT2(Km,n) = 8mn. 

(iii) BT1(Km,n) = (16)mn. 

(iv) BT2(Km,n) = (16)mn. 

Proof : Let Km,n  be a complete bipartite graph with m + n vertices, mn edges and │V1│= m, │V1│= n, V(Km,n) = 

V1V2. Every edge of Km,n is incident with exactly two vertices. Every vertex of V1 is incident with n edges and 

every vertex of V2 is incident with m edges. Every point vertices and line vertices have eccentricity 2 in T(G). 

BT1(Km,n) = ])()([( )()( 
ue

GTGT eeue  

= ))]()(()()([(( )()(

)(

)()( eeveeeue GTGT

GEuv

GTGT 
  

= [(2 + 2) + (2 + 2)] =  8 = 8mn. 

BT2(Km,n) = ])().([( )()(
ue

GTGT eeue  

= ))]().(()().([(( )()(

)(

)()( eeveeeue GTGT

GEuv

GTGT 


 = [(2 . 2) + (2 . 2)]  

=  8 = 8mn. 

BT1(Km,n) = ])()([ )()( 
ue

GTGT eeue  

= ))]()(.())()([( )()(

)(

)()( eeveeeue GTGT

GEuv

GTGT 


 =  [(2 + 2).(2 + 2)]  

=  16 = (16)mn. 

BT2(Km,n) =  ])().([ )()(
ue

GTGT eeue  

= ))]().().()().([( )()()()( eeveeeue GTGT

ue

GTGT
 

= [(2 . 2) . (2 . 2)] =  16 = (16)mn. 

Corollary 2.1: Let Kn,n be a complete bipartite graph. Then   

(i)BT1(Kn,n) = 8n2. 

(ii) BT2(Kn,n) = 8n2. 

(iii) BT1(Kn,n) = 
2

)16( n

 

(iv) BT2(Kn,n) = 
2

)16( n
 . 

Proof: Put m = n in the previous theorem. 

Theorem 2.7: Let Fn be a fan graph. Then  

(i)BT1(Fn) = 21n – 12. 

(ii) BT2(Fn) = 28n – 18. 

(iii) BT1(Fn) = (20)n (36)(n – 1). 

(iv) BT2(Fn) = (24)n(81)(n – 1). 

Proof : Let Fn be a fan graph with n + 1 vertices and 2n – 1 edges. 

Let Fn = K1 + Pn. Let v be a central vertex of Fn, and v1, v2, v3, …, vn be the vertices of Pn. We have n edges of G 

which are incident with the central vertex and n – 1 edges on the path. Let E1(G) = {set of all edges incident with 

central vertex v}. E2(G) = {set of all edges on the path Pn}. If ei = vvi E1(G), then eT(ei) = 2 and eT(v) = 2, eT(vi) = 

3. If eii+1 = vivi+1 E2(G). Then eT(eii+1) = 3, eT(vi) = 3. 
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BT1(Fn) = ])()([( )()( 
ue

GTGT eeue  

= ))]()(()()([(( )()(

)(

)()( eeveeeue GTGT

GEuv

GTGT 
  

=



1

))23()22((
Ee

 + 



2

))33()33((
Ee

 = 
 1

9
Ee

 + 
 2

12
Ee

 

= 9n + 12(n – 1) = 9n + 12n – 12 = 21n – 12. 

BT2(Fn) = ])().([( )()(
ue

GTGT eeue  

= ))]().(()().([(( )()(

)(

)()( eeveeeue GTGT

GEuv

GTGT 


 

=



1

))2.3()2.2((
Ee

 + 



2

))3.3()3.3((
Ee

= 10 + 18  

= 10n + 18(n – 1) = 10n + 18n – 18 = 28n – 18. 

BT1(Fn) = ])()([ )()( 
ue

GTGT eeue  

= ))]()(.())()([( )()(

)(

)()( eeveeeue GTGT

GEuv

GTGT 


 

= 



1

)]32).(22[(
Ee





2

)]33).(33[(
Ee

=  20 36  

= (20)n(36)(n – 1). 

BT2(Fn) = ])().([ )()(
ue

GTGT eeue  

= ))]().().()().([( )()()()( eeveeeue GTGT

ue

GTGT  

= 
 1

)]3.2).(2.2[(
Ee


 2

)]3.3).(3.3[(
Ee

= 24  81 = (24)n(81)(n – 1). 

Theorem 2.8:(i) BT1(K2n – F) = 16n(n – 1). 

(ii) BT2(K2n – F) = 16n(n – 1). 

(iii) BT1(K2n – F) = 
nn 22 2

)16( 
. 

(iv) BT2(K2n – F) = 
nn 22 2

)16( 
. 

Proof : Let K2n be a complete graph with 2n vertices and 
2

)12(2 nn
 = 2n2 – n edges. F is a 1-factor of K2n. K2n – 

F has 2n2 – n – n edges = 2n2 – 2n edges. Every point vertices and line vertices have eccentricity two in T(K2n – F). 

BT1(K2n – F) = ])()([( )()( 
ue

GTGT eeue  

= ))]()(()()([(( )()(

)(

)()( eeveeeue GTGT

GEuv

GTGT 


 

= [(2 + 2) + (2 + 2)] = 8 = 8(2n2 – 2n) = 16n(n – 1). 

BT2(K2n – F) = ])().([( )()(
ue

GTGT eeue  

= ))]().(()().([(( )()(

)(

)()( eeveeeue GTGT

GEuv

GTGT 


 = [(2 . 2) + (2 . 2)]  

= 8 = 8(2n2 – 2n) = 16n(n – 1). 

BT1(K2n – F) =  ])()([ )()( 
ue

GTGT eeue  
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 = ))]()(.())()([( )()(

)(

)()( eeveeeue GTGT

GEuv

GTGT 
  

=  [(2 + 2). (2 + 2)] = 16 = 
nn 22 2

)16( 
. 

BT2(K2n – F) =  ])().([ )()(
ue

GTGT eeue  

 = ))]().().()().([( )()()()( eeveeeue GTGT

ue

GTGT
 

=  [(2 . 2). (2 .2) = 16 = 
nn 22 2

)16( 
.           

Theorem 2.9: Let Kn be a complete graph with n vertices. Then   

(i)HBT1(Kn) = 16n(n – 1). 

(ii) HBT2(Kn) = 16n(n – 1). 

(iii) HBT1(Kn) = (16)n(n-1). 

(iv) HBT2(Kn) = (16)n(n-1). 

Proof : Let Kn be a complete graph with n vertices and m = 
2

)1( nn
edges. Every edge of Kn is incident with 

exactly two vertices. Every point vertices and line vertices have eccentricity 2 in T(G). 

HBT1(Kn) = 
2

)()( ])()([( 
ue

GTGT eeue  

= 
2

)()(

2

)()( ])()([(])()([(  
ve

GTGT

ue

GTGT eeveeeue  

=
2

)()(

)(

)()( ))]()(()()([(( eeveeeue GTGT

GEuv

GTGT 


 

= [(2 + 2)2 +(2 + 2)2] =  (16 + 16) = 16n(n – 1) 

HBT2(Kn) = 
2

)()( ])().([(
ue

GTGT eeue  

=
2

)()(

)(

)()( ))]().(()().([(( eeveeeue GTGT

GEuv

GTGT 


 

= [(2 . 2)2 + (2 . 2)2] = (16 + 16) = 32
2

)1( nn
 = 16n(n - 1). 

HBT1(Kn) = 
2

)()( ])()([ 
ue

GTGT eeue  

=
2

)()(

)(

)()( ))]()(.())()([( eeveeeue GTGT

GEuv

GTGT 


 

=  [(2 + 2)2 . (2 + 2)2] =  (16)2 = (16)n(n-1). 

HBT2(Kn) = 
2

)()( ])().([
ue

GTGT eeue  

=
2

)()()()( ))]().().()().([( eeveeeue GTGT

ue

GTGT  

=  [(2 . 2)2.(2 .2)2] =  (16)2 = (16)n(n-1). 

Theorem 2.10: Let Pn be a path with n vertices. Then 

(i) HBT1(Pn) = 

     
    








ifnisevennnnnnn

ifnisoddnnnnnnn
2222

222

13208...562)2(2

6104...13102122)1(
 

(ii)  HBT2(Pn) = 
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ifnisevennnnnn
nnn

n
n

ifnisoddnnnn
nnnn

n

5161922...12
2

3

4

2

16

10
2

8

1223....
8

12224
)1(

234
2344

222

2
234

(iii) 

HBT1(Pn) = 
 

 


















 








 

ifnisevennnnnn

ifnisoddnnnnnn
n

n

22222

2

4

2222222

1

)65....()23(2

)6104....()65()(2

 
 

(iv) HBT2(Pn) =  

  

    


























































































 







 








 








 

ifnisevennnnnn
nnnn

ifnisodd

nnnn

nnnnnnn

n

n

222

2
22

2

22
4

222

2
22

2
22

2

1

1223....1
424

2
16

12)(23

...
4

)39(

4

)34(

4

)21(

4

)1(

2

 

Proof: Let Pn be a path with n vertices. Then Pn has n – 1 edges. Every edge of Pnis incident with exactly two 

vertices. T(Pn) has n point vertices and n – 1 line vertices. 

Case(i): n is odd 

Eccentricity of central vertex is 






 

2

1n
, eccentricity of pendant vertices (n  1), eccentricity of line vertices 

incident with central vertex is 






 

2

1n
, eccentricity of line vertices incident with end vertices is (n – 1). 

HBT1(Pn) = 
2

)()( ])()([( 
ue

GTGT eeue

 

 =
2

)()(

2

)()( ])()([(])()([(  
ve

GTGT

ue

GTGT eeveeeue  

=
2

)()(

)(

)()( ))]()(()()([(( eeveeeue GTGT

GEuv

GTGT 


 

=
















































































 






















































 












 
2

222

2

3

2

3

2

3

2

1
2

2

1

2

1

2

1

2

1
2

nnnnnnnn

 

+ ….+[2[((n – 2) + ( n –1))2 + (( n – 1)( n – 1))2] 

=       nnnnnnn 1064...13102122)1( 222   

HBT2(Pn) =
2

)()( ])().([(
ue

GTGT eeue  

=
2

)()(

)(

)()( ))]().(()().([(( eeveeeue GTGT

GEuv

GTGT 
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=






































 



















 











 
22

2

1
1

2

1

2

1

2

1
2

nnnn



































 




















 











 


22

2

3

2

3

2

3

2

1
2

nnnn
+ … 

+ 2[((n – 2)(n – 1))2 + ((n – 1)(n – 1))2] 

= 2





















 








 
42

2

2

1

4

1 nn
+ 2





















 








 
42

2

2

3

4

34 nnn
+ … 

+ 2[(n2 – 3n + 2)2 + ( n – 1)4] 

=     














 


2222

2
234

1223....
8

12224
)1( nnnn

nnnn
n  

HBT1(Pn) = 
2

)()( ])()([ 
ue

GTGT eeue  

=
2

)()(

)(

)()( ))]()(.())()([( eeveeeue GTGT

GEuv

GTGT 


 

=




























 














 



22

2

1
1

2

1

2

1

2

1
2

nnnn

 



























 














 



22

2

3

2

3

2

3

2

1
2

nnnn

…2[((n–2)+(n–1))2(n–1+n– 1)2]

 = 2(n2 + n)2 2(n2 + 5n + 6)2 …. 2(4n2 -10n + 6)2 

=  2222222

1

)6104....()65()(2 







 

nnnnnn

n

 

HBT2(Pn) = 
2

)()( ])().([
ue

GTGT eeue  

 = 
2

)()()()( ))]().().()().([( eeveeeue GTGT

ue

GTGT  

=


































 






















 











 
22

2

1
1

2

1

2

1

2

1
2

nnnn
 







































 















 











 
22

2

3

2

3

2

3

2

1
2

nnnn
…2[((n–2)(n–1))2((n – 1)(n – 1))2] 

= 2





















 







 
42

2

2

1

4

1 nn
2





















 







 
42

2

2

3

4

34 nnn
 … 

2[(n2 – 3n + 2)2( n – 1)4] 

= 







 

2

1

2

n 2
22

4

21

4

1
















 







  nnn
2

22

4

39

4

34
















 







  nnnn
 … [(n2 – 3n + 2)( n2 – 2n + 

1)]2 

Case(ii): n is even. 
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Eccentricity of central vertices 








2

n
 and 









2

n
, eccentricity of pendant vertices (n  1), eccentricity of line vertices 

incident with central vertices  








2

n
, eccentricity of line vertices incident with end vertices is (n – 1).

 

HBT1(Pn) = 
2

)()( ])()([( 
ue

GTGT eeue  

=
2

)()(

)(

)()( ))]()(()()([(( eeveeeue GTGT

GEuv

GTGT 


 

= (n / 2 + n / 2)2 +(n / 2 + n /2)2 + 2{(n / 2 + n / 2 + 1)2 + ( n /2  + 1 + n /2  + 1)2} + …+ 2[((n – 2) + (n – 

1))2 + (( n – 1)+( n – 1))2) 

         22222 22322...2122  nnnnn

 

    13208...562)2(2 222  nnnnnn

 HBT2(Pn) =
2

)()( ])().([(
ue

GTGT eeue  

=
2

)()(

)(

)()( ))]().(()().([(( eeveeeue GTGT

GEuv

GTGT 


 

= ((n / 2)  (n / 2))2 +((n /2)(n / 2))2 + 2[((n /2) (n/2 +1))2 +(( n /2  + 1)( n /2  + 1))2] + …+ 2[((n – 2)(n – 1))2 

+ (( n – 1) ( n – 1))2] 

=  
























 
 5161922...12

2

3

4

2

16

10

2

2
2

8

234
2344

nnnnn
nnnnn

 

=    
















 5161922...12

2

3

4

2

16

10
2

8

234
2344

nnnnn
nnn

n
n

 

HBT1(Pn) = 
2

)()( ])()([ 
ue

GTGT eeue  

=
2

)()(

)(

)()( ))]()(.())()([( eeveeeue GTGT

GEuv

GTGT 


 

= ((n / 2 + n / 2)2 (n /2 + n /2)2) 

[2((n/2 + n / 2+1)2(n /2 + 1+ n /2  + 1)2]… 

[2[(n – 2 + n – 1)2(n – 1 + n – 1)2] 

   24 212  nnn …..  22 65  nn

 

 =  22222

2

4 )65....()23(2 







 

nnnnn

n

 HBT2(Pn) = 
2

)()( ])().([
ue

GTGT eeue  

 = 
2

)()()()( ))]().().()().([( eeveeeue GTGT

ue

GTGT  

= [((n / 2)(n / 2))2((n /2)(n / 2))2][2[((n/2)(n/2+1))2((n /2+1)(n/2  + 1))2]  … [2((n – 2)(n – 1))2 (( n – 1)( n – 

1))2] 
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 222

2
22

2
4

))12)(22((...1
22424

2
16

nnnn
nnnnnn

=

    
























































 






 
222

2
22

2

22
4

1223....1
424

2
16

nnnnn
nnnn

n

 

Theorem 2.11: Let Cn be a cycle with n  4 vertices. Then  

(i)HBT1(Cn) =  {8n (
n+1

2
)
2

if n is even

2n3    if n is even
 

(ii) HBT2(Cn) = {
2n (

n+1

2
)
4

if n is odd

n5

8
 if n is even

 

(iii) HBT1(Cn) = {
n4n if n is even

(n + 1)4𝑛if n is odd
 

 (iv) HBT2(Cn) = {
(
n

2
)
8n

if n is even

(
n+1

2
)
8n

if n is odd
 

Proof: Let Cn be a cycle with n vertices. Then Cn has n edges. Every edge of Cn is incident with exactly two 

vertices. 

Case(i): n is odd 
Let n = 2k + 1. When n is odd, each point vertex of T(G) has eccentricity (n + 1) / 2 and each line vertex  has 

eccentricity (n + 1) / 2.  

  HBT1(Cn) =
2

)()( ])()([( 
ue

GTGT eeue

 

 = 
2

)()(

2

)()( ])()([(])()([(  
ve

GTGT

ue

GTGT eeveeeue  

=
2

)()(

)(

)()( ))]()(()()([(( eeveeeue GTGT

GEuv

GTGT 


 

=  [(k + 1 + k + 1)2 + (k + 1 + k + 1)2] =  [2(2k + 2)2]  

= 2n(2k + 2)2 = 8n(k + 1)2 = 8n

2

2

1







 n
 

HBT2(Cn) =
2

)()( ])().([(
ue

GTGT eeue  

=
2

)()(

)(

)()( ))]().(()().([(( eeveeeue GTGT

GEuv

GTGT 


 

=  [((k + 1) (k + 1))2 + ((k + 1) (k + 1))2]  

=  [(k + 1)4 + (k + 1)4] =  [2(k + 1)4] 

= 2n(k + 1)4 = 2n

4

2

1







 n
 

HBT1(Cn) = 
2

)()( ])()([ 
ue

GTGT eeue  

=
2

)()(

)(

)()( ))]()(.())()([( eeveeeue GTGT

GEuv

GTGT 


 

=  [((k + 1 + k + 1))2 . ((k + 1 + k + 1))2]  

=  [(2k + 2)2 (2k + 2)2] = (2k + 2)4n = (n + 1)4n 
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HBT2(Cn) = 
2

)()( ])().([
ue

GTGT eeue  

 = 
2

)()()()( ))]().().()().([( eeveeeue GTGT

ue

GTGT  

 =  [((k + 1)(k + 1))2((k + 1)(k + 1))2] =  (k + 1)8 

= (k + 1)8n = 

n
n

8

2

1







 
 

Case(i): n is even. 

Let n = 2k. In T(G), each point vertex has eccentricity n / 2and line has eccentricity n / 2. 

Let n = 2k.  

  HBT1(Cn) = 
2

)()( ])()([( 
ue

GTGT eeue  

=
2

)()(

)(

)()( ))]()(()()([(( eeveeeue GTGT

GEuv

GTGT 


 

=   [ (k + k)2 + (k + k)2] =   2(2k)2 = n8k2 = 8n(n / 2)2  = 2n3. 

  HBT2(Cn) = 
2

)()( ])().([(
ue

GTGT eeue  

=
2

)()(

)(

)()( ))]().(()().([(( eeveeeue GTGT

GEuv

GTGT 


 

 =   [(k .k )2 + (k . k)2] =  (2k4) = n2k4 = n5 / 8. 

  HBT1(Cn) = 
2

)()( ])()([ 
ue

GTGT eeue  

=
2

)()(

)(

)()( ))]()(.())()([( eeveeeue GTGT

GEuv

GTGT 


 

 =   [ (k + k)2 . (k + k)2] =   (2k)4 = (2k)4n = n4n 

HBT2(Cn) = 
2

)()( ])().([
ue

GTGT eeue  

 = 
2

)()()()( ))]().().()().([( eeveeeue GTGT

ue

GTGT  

=  [(k  k )2(k   k)2] =  (k)8 

 = (k)8n = 

n
n

8

2








 

Theorem 2.12: Let Wn be a wheelwith n ≥ 5 vertices. Then  

(i)HBT1(Wn) = 113n 

(ii) HBT2(Wn) = 214n 

(iii) HBT1(Wn) = (720)2n. 

(iv) HBT2(Wn) = (1944)2n. 

Proof: Let Wn be a wheel with n + 1 vertices. Then Wn has 2n edges. Every edge of Wn is incident with exactly two 

vertices.     

Let Wn = K1 + Cn. Let v be the central vertex of Wn, and v1, v2, …, vn be the vertices of Cn. We have n edges of G 

which are incident with the central vertex and n egdes on the cycle. 

Let E1(G) = {set of all edges incident with central vertex}. E2(G) = {set of all edges on with cycle}. If ei = vvi 

E1(G), then eT(ei) = 2 and eT(v) = 2, eT(vi) = 3. If eii+1 = vivi+1 E2(G). Then eT(eii+1) = 3, eT(vi) = 3. 

HBT1(Wn) = 
2

)()( ])()([( 
ue

GTGT eeue

 

=
2

)()(

)(

)()( ))]()(()()([(( eeveeeue GTGT

GEuv

GTGT 
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=



1

))32()22(( 22

Ee

+



2

))33()33(( 22

Ee

= (41) +(72) = 113n. 

HBT2(Wn) = 
2

)()( ])().([(
ue

GTGT eeue  

=
2

)()(

)(

)()( ))]().(()().([(( eeveeeue GTGT

GEuv

GTGT 


 

= 



1

))3.2()2.2(( 22

Ee

 + 



2

))3.3()3.3(( 22

Ee

= (52) + (162) = 214n. 

HBT1(Wn) =
2

)()( ])()([ 
ue

GTGT eeue
 
 

=
2

)()(

)(

)()( ))]()(.())()([( eeveeeue GTGT

GEuv

GTGT 


 

= 



1

])32.()22[( 22

Ee





2

])33.()33[( 22

Ee

= (20)2(36)2 

= (20)2n.(36)2n = (720)2n. 

HBT2(Wn) =
2

)()( ])().([
ue

GTGT eeue
 

 

= 
2

)()()()( ))]().().()().([( eeveeeue GTGT

ue

GTGT  

=
 1

])3.2.()2.2[( 22

Ee


 2

])3.3.()3.3[( 22

Ee

= (24)2(81)2 

= (24)2n.(81)2n = (1944)2n. 

Remark: (i)HBT1(W4) = 64 (ii) HBT2(W4) = 64 (iii) HBT1(W4) = (256)2(iv) HBT1(W4) = (256)2 

Theorem 2.13: Let K1,n be a star graph. Then  

(i)HBT1(K1,n) = 25n. 

(ii) HBT2(K1,n) = 20n. 

(iii) HBT1(K1,n) = (12)2n. 

(iv) HBT2(K1,n) = (8)2n. 

Proof : Let K1,n be a star graph with n + 1 vertices and n edges. Every edge of K1,n is incident with exactly two 

vertices. Let u be a central vertex. Eccentricity of u is one and all other point and line vertices are of eccentricity two 
in T(G). 

HBT1(K1,n) = 
2

)()( ])()([( 
ue

GTGT eeue  

=
2

)()(

)(

)()( ))]()(()()([(( eeveeeue GTGT

GEuv

GTGT 


 

= [(1 + 2)2 + (2 + 2)2] = (25)= 25n. 

HBT2(K1,n) = 
2

)()( ])().([(
ue

GTGT eeue  

=
2

)()(

)(

)()( ))]().(()().([(( eeveeeue GTGT

GEuv

GTGT 


 

= [(1. 2)2 + (2 . 2)2] = (20) = 20n. 

HBT1(K1,n) = 
2

)()( ])()([ 
ue

GTGT eeue  

=
2

)()(

)(

)()( ))]()(.())()([( eeveeeue GTGT

GEuv

GTGT 


 

=  [(1 + 2)2 (2 + 2)2] =  (12)2 = (12)2n. 

HBT2(K1,n) = 
2

)()( ])().([
ue

GTGT eeue  
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 =
2

)()()()( ))]().().()().([( eeveeeue GTGT

ue

GTGT
 

=  [(1 . 2)2(2 . 2)2] =  (8)2 = (8)2n. 
Theorem 2.14: Let Km,n be a complete graph with 2 ≤ m ≤ n. Then  

(i)HBT1(Km,n) = 32mn. 

(ii) HBT1(Km,n) = 32mn. 

(iii) HBT1(Km,n) = (16)2mn. 

(iv) BT2(Km,n) = (16)2mn. 

Proof : Let Km,n  be a complete bipartite graph with m + n vertices, mn edges and │V1│= m, │V1│= n, V(Km,n) = 

V1 V2. Every edge of Km,n is incident with exactly two vertices. Every vertex of V1 is incident with n edges and 

every vertex of V2 is incident with m edges. Every point vertices and line vertices have eccentricity 2 in T(G). 

HBT1(Km,n) = 
2

)()( ])()([( 
ue

GTGT eeue  

=
2

)()(

)(

)()( ))]()(()()([(( eeveeeue GTGT

GEuv

GTGT 


 

= [(2 + 2)2 + (2 + 2)2] =  (32) = 32mn. 

HBT2(Km,n) =
2

)()( ])().([(
ue

GTGT eeue  

 =
2

)()(

)(

)()( ))]().(()().([(( eeveeeue GTGT

GEuv

GTGT 


 

 = [(2 . 2)2 + (2 . 2)2] =  (32) = 32mn. 

HBT1(Km,n) =  
2

)()( ])()([ 
ue

GTGT eeue  

=
2

)()(

)(

)()( ))]()(.())()([( eeveeeue GTGT

GEuv

GTGT 


 

=  [(2 + 2)2 . (2 + 2)2]=  (16)2 = (16)2mn. 

HBT2(Km,n) = 
2

)()( ])().([
ue

GTGT eeue  

 =
2

)()()()( ))]().().()().([( eeveeeue GTGT

ue

GTGT  

=  [(2 .2)2 . (2.2)2] =  (16)2 = (16)2mn. 

Corollary 2.2: Let Kn,n be a complete bipartite graph. Then   

(i)HBT1(Kn,n) = 32n2. 

(ii) HBT2(Kn,n) = 32n2. 

(iii) HBT1(Kn,n) = 
22)16( n

 . 

(iv) HBT2(Kn,n) = 
22)16( n

 

Proof: Put m = n in the previous theorem. 

Theorem 2.15: Let Fn be a fan graph. Then  
(i)HBT1(Fn) = 41n + 72(n – 1) 

(ii) HBT2(Fn) = 52n + 162(n – 1). 

(iii) HBT1(Fn) = (20)2n (36)2(n – 1). 

(iv) HBT2(Fn) = (24)2n(81)2(n – 1). 

Proof : Let Fn be a fan graph with n + 1 vertices and 2n – 1 edges. 

Let Fn = K1 + Pn. Let v be a cetral vertex of Fn, and v1, v2, v3, …, vn be the vertices of Pn. We have n edges of G 

which are incident with the central vertex and n – 1 edges on the path. Let E1(G) = {set of all edges incident with 

central vertex v}. E2(G) = {set of all edges on the path Pn}. If ei = vvi E1(G), then eT(ei) = 2 and eT(v) = 2, eT(vi) = 

3. If eii+1 = vivi+1 E2(G). Then eT(eii+1) = 3, eT(vi) = 3. 

HBT1(Fn) = 
2

)()( ])()([( 
ue

GTGT eeue  
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= 



1

))23()22(( 22

Ee

 + 



2

))33()33(( 22

Ee

 = (41) +(72)  

= 41n + 72(n – 1). 

HBT2(Fn) = 
2

)()( ])().([(
ue

GTGT eeue  

=
2
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)()( ))]().(()().([(( eeveeeue GTGT

GEuv

GTGT 


 

= 



1

))2.3()2.2(( 22

Ee

 + 



2

))3.3()3.3(( 22

Ee

= (52) + (162)  

= 52n + 162(n – 1). 

HBT1(Fn) = 
2

)()( ])()([ 
ue

GTGT eeue  

=
2

)()(

)(

)()( ))]()(.())()([( eeveeeue GTGT

GEuv

GTGT 


 

= 



1

])32.()22[( 22

Ee





2

])33.()33[( 22

Ee

=  (20)2 (36)2 

= (20)2n(36)2(n – 1). 

HBT2(Fn) = 
2

)()( ])().([
ue

GTGT eeue  

=
2

)()()()( ))]().().()().([( eeveeeue GTGT

ue

GTGT  

= 
2

1

)]3.2).(2.2[(
Ee

2

2

)]3.3).(3.3[(
Ee

=  (24)2 (81)2 

= (24)2n(81)2(n – 1). 

Theorem 2.16: (i) HBT1(K2n – F) = 64n(n – 1).  

(ii) HBT2(K2n – F) = 64n(n – 1).    

(iii) HBT1(K2n – F) = 
)22(2 2

)16( nn 
. 

(iv) HBT2(K2n – F) = 
)22(2 2

)16( nn 
. 

Proof : Let K2n be a complete graph with 2n vertices and 
2

)12(2 nn
 = 2n2 – n edges. F is a 1-factor of K2n. K2n – 

F has 2n2 – n – n edges = 2n2 – 2n edges. Every point vertices and line vertices have eccentricity two in T(K2n – F). 

HBT1(K2n – F) = 
2

)()( ])()([( 
ue

GTGT eeue  

=
2

)()(

)(

)()( ))]()(()()([(( eeveeeue GTGT

GEuv

GTGT 


 

= [(2 + 2)2 + (2 + 2)2] =  32 = 32(2n2 – 2n) = 64n(n – 1). 

HBT2(K2n – F) = 
2

)()( ])().([(
ue

GTGT eeue  

=
2

)()(

)(

)()( ))]().(()().([(( eeveeeue GTGT

GEuv

GTGT 


 

= [(2 . 2)2 + (2 . 2)2] = 32 = 32(2n2 – 2n) = 64n(n – 1). 

HBT1(K2n – F) =  
2

)()( ])()([ 
ue

GTGT eeue  
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=  [(2 + 2)2. (2 + 2)2] =  (16)2 = 
)22(2 2

)16( nn 
. 

HBT2(K2n – F) =  
2

)()( ])().([
ue

GTGT eeue  

 =
2

)()()()( ))]().().()().([( eeveeeue GTGT

ue

GTGT  

 =  [(2 . 2)2. (2 .2)2] =  (16)2 = 
)22(2 2
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.           
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