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Abstract: The purpose of this investigation is to introduce different forms of multiplicative inverse functional
equations, to solve them and to establish the stability results of them in the framework of matrix normed spaces.
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1. Introduction & Preliminaries
Various linear spaces of bounded Hilbert space operators such as mapping spaces, tensor products of
operator spaces, quotients spaces in operator theory are abstractly characterized through matrix normed spaces
[19]. The characterization of these spaces indicates that they further be considered as spaces of operator. Due to
this result, the operator spaces theory has noteworthy application in operator algebra theory [5]. The result
obtained in [19] is invoked to the theory of ordered operator spaces [19]. The proof given in [6] is achieved by
the technique applied in [13].
Here, we evoke the fundamental ideas of matrix normed spaces. We utilize the ensuing notions:
o M,(A) is the set of all square matrices of order r in a normed space A;
e e, €M, ;(C) denotes n't element is 1, and the other elements are 0;
e E,, €M,.(C)means (m,n)™-element is 1, and the other elements are 0;
e E,,Quc€ M, (A) indicates (m,n)™-element is u, and the other elements are 0.
o Forue M, (A),veEM;(A),

0
udv= (1(; v)'
Definition 1.1 Let A be a normed space with norm ||-||. Then A is called as a matrix normed space with norm

[I-]l, if and only if M,.(A) is a normed space with norm ||-||, for each integer r > 0 and ||[XulY]|s <
11 NY N el s true for X € M, (C), u = (u;;) € M,(X) and Y € M, ;(C).
Definition 1.2 (A, ||-|l,) is a matrix complete normed space (or matrix Banach space) if and only if A is a
complete normed space (or Banach space) and a matrix normed space with norm [|-]|,-.
Definition 1.3 Let A be a matrix normed space with norm ||-||.. Then A is said to be an L*- matrix normed
space if ||u @ v||,+s = max{||ull,, ||v]ls} holds for all u € M,.(A) and all v € My(A).

Suppose A; and A, are vector spaces. Then for a given mapping q: A; — A, and for an integer r > 0,
define q,: M,.(4,) — M,.(4,) by

qr([umn]) = [qWimn)]

for all [u,,,] € M,.(A,). More information pertinent to matrix normed spaces are available in [12, 27]

The inspiration for the stability theory of mathematical equations is due to the question raised in [28]
regarding homomorphisms in group theory. There are various responses provided in [1, 8, 11, 14, 15] to the
question posed in [28]. For the first time, the functional equation

P06
P01 +62) = 6w (1.1)
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where the mapping r is defined in the domain of real numbers excluding zero, is dealt with and its stableness is
investigated pertinent to the fundamental stability theory in [17]. The equation (1.1) is called as reciprocal or
multiplicative inverse or rational functional equation whose solution is a reciprocal function p(6) = g, where

6(# 0) € Rand k is any real constant.

The non-Archimedean stability of the multiplicative inverse fourth power functional equation
6:1)q(6
q(0, +6,) = —EICD (12)
[q(91)1+q(92)1]

is obtained in [10]. It can be easily verified that the multiplicative inverse fourth power mapping q(6) = %
satisfies equation (1.2).

Later, there are several published papers on solutions, stability results and applications of various forms of
multiplicative inverse or rational type or reciprocal functional equations in the literature. For further details, one
can refer to [3, 9, 16, 18, 20, 21, 22, 23, 24, 25, 26].

In order to explore applications further, we extend equation (1.2) to new forms as, multiplicative inverse
fourth power difference functional equation

0,46 15q(61)q(62)
q(2222) — q (0, + 6,) = O (13)
[Q(91)Z+Q(92)Z]
and a multiplicative inverse fourth power adjoint functional equation
0,46 17q(61)q(62)
q(2222) + q (0, + 0,) = 11O (1.4)
q(91)z+q(92)1]

We prove the equivalency of equations (1.3) and (1.4) to achieve their solutions. The stability results of (1.3)
and (1.4) are investigated via direct and fixed point techniques in the domain of matrix normed spaces. An apt
instance is demonstrated to substantiate the non-stability result. The inferences of equations (1.3) and (1.4) are
acquired by employing them in certain occurences in fluid dynamics and Raman spectroscopy. In the entire
study, let us assume that 8, # —6, to avoid singularity in the main results. Also, unless or otherwise specified,
we consider A to be a matrix normed space containing non-singular square matrices of m with a norm ||-|| so
that ||0]| < 1 for all 6 € A and B to be a matrix complete normed space, respectively with norm ||-||,.. Then,

1

applying Taylor’s series expansion, we can find 87 after truncating to (p + 1) terms [2]. Thus, the rational
powers of 8 can be computed for all 8 € A. For a mapping q: A — B and for easy computation, let the
difference operators Dg: A X A — B and Dq,: M, (A X A) — M,(B) be defined by

15¢(61)4(82)
D00 =a (=) =0, + 0 - A G ST

2

DGy ([61,,], [62,,,))
1 2 15qr([91mn])Qr([92mn])

[0 (60, 1) + 4y 162,,0]

0, 0,
=q, <M) - Qr([glmn] + [gzmn])

forall 0,,0, € A,and all 6, = [0, 1], 0, = [05,,,] € M.(A).
2. Identicalness of equations (1.3) and (1.4)
In the ensuing theorem, we prove that equations (1.3) and (1.4) are equivalent to each other.
Theorem 2.1 Let g: R* — R be a mapping. Then, the following statements are equivalent.
e g issolution of (1.2).
e g issolution of (1.3).
e g issolution of (1.4).
Hence, the mapping q is a multiplicative inverse fourth power mapping.
Proof.

1. We assume that q is a solution of (1.2). Then g satisfies (1.2). Now, plugging (6, 6,) by (g%) in (1.2) and
then multiplying by 16, we obtain

6
q(2) = 169(0) (21)
for all & € R*. Now, replacing (6,,6,) by (%92—2) in (1.2) and in lieu of (2.1) in the resulting equation, one
finds
(91;'92) — 16(1(191)61(923 . (2.2)
[Q(91)Z+Q(92)Z]

for all 8,,0, € R*. Now, subtracting (1.2) from (2.2), we arrive at (1.3).
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2. Suppose q is a solution of (1.4). Then, it satisfies (1.4). Now, if (64, 8,) is replaced by (gg) in (1.4) and
simplified further, then we have

0
q(2) = 16q(6) (2.3)
forall 8 € R*. Using (2.3) in (1.3) and further simplifying, we obtain
01)q(6
q(0, +6,) = —EICD (24)
[q(91)1+q(92)1]
for all 6,, 6, € R*. Now, reinstating (6, 8,) by (%%) in (2.4) and then employing (1.3), we get
(91+92) _ _16q(61)q(62) (2.5)
)= .

1 14
[Q(91)4+Q(92)4]
for all 8,, 6, € R*. Summing (2.5) with (2.4), we obtain (1.4).
3. Suppose q is a solution of (1.4). Then it satisfies (1.4). By the analogous reasoning stated above, when

(6,,6,) is substituted by (gg) in (1.4) and simplified additionally, we have

a(3) = 164(0) (26)
for all 8 € R*. Utilizing the result of (2.6) in (1.4), it leads to (1.2).

Hence g is a multiplicative inverse fourth power mapping.
3. Stabilities of equation (1.3) via direct technique

In this part, we determine the stabilities of equation (1.3) in the domain of matrix normed spaces. The
following lemma is a key element to achieve our major results.
Lemma 3.1 [4] The following assertions are true:

*  |Emn & O4ll = |6,]| for 6, € A.

® ||91mn|| = ||[91mn]||r = Zrm.nzl ||91mn|| for [glmn] € Mr(dq)

o limp, =6, ifandonlyif lime, =6,  fore, =[6,,.] 6, =[6y,,]€M (A

Theorem 3.2 Let a mapping q,: A — B satisfies

”DQr([len]: [gzmn])”r < Y=t ¢(91mn:92mn) (3.1)
where : A X A — [0, o) is a function such that
o 6, 6
Y(61,6,) = 1672, 9 (2,2) < =, (32)

for all 64,6, € A, and all 6, =[0,,,], 6, =[0,,,,] € M,.(A). Then, there a unique solution Q:A — B of
(1.3) exists with the result that
lar ([6mn]) = Q@ ([Bmn DIl < Xinn=1 Y(Omn, Omn) (3.3)

forall 8 = [0,,,] € M,.(A).
Proof. Firstly, let us assume r = 1 in (3.1) and proceed to prove the result. Hence, we have

IDq (61, 02)1l < ¥(64,62)
for all 6,,0, € A. Then, a unique multiplicative inverse fourth power mapping Q: A — B exists which is
unique and

lla(®) — Q(O)II <Y(6,0)
for all 6 € A. Now, let a mapping Q: A — B be defined as Q(8) = lli_)rgﬁq (%) for all 6 € A. In view of the

outcome of Lemma 3.1, we find
”"Ir([emn]) - Qr([emn])”r < Z:n,nzl ||Q(9mn) - Q(Gmn)” < Zrm,nzl ¢(9mn' gmn)
for all 6 = [6,,,] € M,.(A). Therefore, Q: A — B is a unique solution of (3.3) and hence it is multiplicative
inverse fourth power mapping, as required. This completes the proof.
Corollary 3.3 Suppose s > —4 and A(= 0) € R. Let a mapping q: A — B satisfies

||qu([91mn]’ [gzmn])”r < Z;anl A(Hglmn”S + ||92mn||s) (34)
forall 6, =[0,,,1, 6> = [0;,,,] € M;.(A). Then, a solution Q: A — B of (1.3) exists which is unique with the

result that
321

”‘h([emn]) - Qr([emn])”r < rn,nzl m ”9mn”5
forall 8 = [0,,,] € M,.(A).
Proof. The required outcome goes along with the proof of Theorem 3.2 by letting ¥(6,,,,,6,,,) =
N N
/1(||91mn|| + ||92mn|| )
Theorem 3.4 Let a mapping q: A — B satisfies (3.1). Suppose a function : X x X — [0, c0) satisfies
Y(6:,0;) = 16 32, 16'9(216,,2!0,) < 0 (3.5)
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forall 6,0, € A. Then, a solution Q: A — B of (1.3) exists which is unique with the result that
||Qr([9mn]) - Qr([emn])”r < rm,n:l Y(emn' Gmn)
forall 8 = [0,,,] € M,.(A).
Proof. The proof goes through the same way as in Theorem 3.2, and so it is excluded.
Corollary 3.5 Suppose s < —4 and A(= 0) € R. Let a mapping gq: A — B satisfies (3.4). Then, a solution
Q: A — B of (1.3) exists which is unique and with the result that

”‘h([emn]) - Qr([ mn])”r = mn 1 25+4 ”9mn”S

forall @ = [0,,n] € M,.(A).
Proof. The proof is a direct consequence of Theorem 3.4 by considering (6, ,6,, )= /1(||01mn||5 +
”9271111”5)'

The ensuing lemma plays a key role in proving our major results.
Lemma 3.6 [27]. Let F be a L”-matrix normed space. Then |[[0, ]l < I[[18ma 111l for all [6,,,] € M,.(F).
Theorem 3.7 Assume that B to be a L*-normed Banach space. Let a mapping q,: A — B satisfies

106, (181, ) (02 DIl < ([0, 02, )] (3.6)

where @:A X A — [0,0) is a function which satisfies (3.1) for all 8, =[6,, 1, 6, =[6,,,] € M (A).
Then, a solution Q: A — B of 3 exists which is unique with the result that

Ilg (Bmn) — Q@mm) ]Il < Y (s O]l - 3.7)
forall @ = [0,,,] € M,.(A). Here Y is assumed as in Theorem 3.2.

Proof. Using the identical arguments applied to prove Theorem 3.2, we find that a multiplicative inverse fourth
power mapping Q: A — B exists and unique so that [|q(8) — Q(8)]| < Y(6,0) for all 8 € A. The mapping

Q: A — Bisgivenby Q(0) = lli_)rgl%lq (%) forall 6 € A. Itis not hard to demonstrate that if 0 < w,,, < Vi,

for all m, n, then
Iumnllly < Hvmn]ll- (3.8)
By Lemma 3.6 and inequality (3.8), we have
1@ (Omn) = Q@mn)lllr < NG (Emn) = QEmm) NIl < [[Y (B, 0:)|
for all 8 = [0,,,] € M,.(A). Hence, we have the inequality (3.7), which concludes the proof.
Corollary 3.8 Let B be a L”-complete normed space. Let s > —4 and A1(= 0) € R. Let a mapping q: A — B
satisfies

||qu([91mn]’ [gzmn])”r = ”[A(Helmn”s + ||92mn||s)]||r (39)
forall 6, = [6,,,,1], 0, = [0,,,] € M.(A). Then, a solution Q: A — B of (1.3) exists which is unique with

the result that
321 ]

19, ((Brn]) = Qe (DIl < ||[555 16mall®

forall 8 = [0,,,] € M,.(A).
Proof. The aspired result is achieved through Theorem 3.7 by taking (6;, 6,) = A(||6,11° + 1|62 11%).
Theorem 3.9 Assume that B to be a L*-complete normed space. Let a mapping q: A — B satisfies (3.6) and
P: A X A — [0,00) is a function satisfying (3.5). Then, a solution Q: A — B of (1.3) exists whihc is unique
with the result that
“[q(emn) - Q(emn)]”r < ”[Y(emn' emn)]”r
forall @ = [0,,,] € M,.(A). Here Y is defined as in Theorem 3.4.
Proof. The required result follows via the proof of Theorem 3.7, and so the details are neglected.
Corollary 3.10 Let B be a L*-complete normed space. Let s < —4 and A(= 0) € R. Let a mapping q: A — B

satisfies (3.9). Then, a solution Q: A — B of (1. 3) exists whihc is unique with the result that
321

19, ((Bmn] = @ ([Bren D)y < [|[ ez 16

forall 8 = [0,,,] € M,.(A).
Proof. The similar arguments as in the proof of Theorem 3.9 will lead to the proof of this corollary by taking
N N
lp(elmn’ szn) = /1(”9177”1” + ||92mn|| )'
4. Stabilities of (1.3) via fixed point technique
Employing fixed point method, we obtain the stabilities of equation (1.3) in the framework of matrix normed

spaces.
Theorem 4.1 Let a mapping q: A — B satisfies
DG, ([61,1,) (62, DIl < Zhn=1 ¥(61,0 02, (4.1)
where Y: A X A — [0, o) is a function such that there exists an P < 1 with
0, 6
W6, 0,) < 9 (2,%2) (4.2)
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forall 6,0, € A, forall 6, = [0,,,],0, = [6,,,] € M,(A). Then, there a solution Q: A — B of (1.3) which
is unique with the result that

”qr([emn]) Qr([emn])”r < mn 1 116P¢(9mn’9mn) (4-3)
forall @ = [0,,,] € M,.(A).
Proof. First, let us consider » = 1 in (4.1) and proceed to prove the result. Then, we have

IDq (61, 6) < (6,,0,)
for all 8,,6, € A. Substituting 6; = 68, = 0 in above inequality and then multiplying by 16 on its both sides,
we get
llg(6) — 16q(26)I| < 16y(6,6) (4.4)
for all & € A. Suppose the following is the generalized metric defined on a set X = {h: A — B}:
d(u,v) = inf{a € R,: ||u(8) — v(O)|l < 1(6,0),V0 € A},

with the convention that infy) = 4oo. It is not hard to show the completeness of X. Suppose a mapping J from X
to X with the property that Ju(8) = 16u(0), for all 8 € A. Assume d(u,v) = A for given u, v € X. Then, we
have

lu(8) — vl < 2y (8, 6)
for all 8 € A. Therefore, we find
Ju(8) —Jv(@)l = l116u(26) — 16v(26)|l < Ay(6, )
for all 8 € A. Consequently, d(u,v) = A produces d(Ju, Jv) < 6A. This indicates that
d(Ju,jJv) < Ad(u,v)
1. Q isafixed point of the mapping J, that is,
Q(26) = -Q(6) (4.5)
for all 8 € A. We notice that the mapping @ is unique and it is fixed point of J in the set
M={g€S:d(Q,g) < =}
This indicates the uniquess of @ and hence it satisifes (5) with a A € (0, ) satisfying ||q(8) — Q(8)| <
AP(6,0), forall 8 € A;
2. d(J'q,Q) approaces 0 as I tends to oo. This produces the existence of the limit lim,,.16'q(2'9)

approaching to Q(O) forall 8 € A,;
3. d(q,0) < —d(q Jq), which gives the inequality d(q, Q) <=
Hence, we have
la(8) — ()l < gw(e, 0) (4.6)
forall 8 € A. In lieu of (4.2) and (4.1), we obtain that
IDQ (64, 6,)Il = }1@0161|qu(2191,2192)||
< lim1611,b(21491 2'9,)

1644(81.82) -0

< lim —5

-0
forall 8,,6, € A. Thus, we have
150(91)Q(92)

0,+6
Q (%) - 06, +6,) =
[Q(91)4+Q(92)4]
for all ,, 0, € A, which indicates that Q: A — B is a multiplicative inverse fourth power mapping. By Lemma
3.1 and (4.6), we have
47 ([8mn]) = @r([BmnDlr < X0 ||Q(9mn) = QOmn)ll
< Zhne1 7Y By Oen)
for all @ = [0,,,] € M,.(A), which shows that Q: A — B is unique satisfying (4.3).
Corollary 4.2 Let s, A be positive real numbers with s < 4. Let q: A — B be a mapping such that
N N
||qu([91mn]’ [62mn])||r = :n,n:l [/‘l(Hglmn” + ||62mn|| )] (47)
for all 6, =1[6,,,,], 6> =[0>,,,] € M,(A). Then, there exists a unique mapping Q: A — B satisfying (1.3)
such that
P 321 s
||Qr([9mn]) - Qr([emn])”r < mn=1 ]_,s+4 ”9mn”
forall @ = [0,,n] € M,.(A).
Proof. The proof of this corollary is obtained via Theorem 4.1 by letting (6., ,,6,,,) = /1(||61mn||s +
162,.|”) for all 65,6, € A. Then, we can choose P = 2°** to obtain the desired result.
Theorem 4.3 Suppose a mapping q: A — B satisfies (4.1). Assume that there exists a function y: A X A —

[0, 00) with a P < 1 such that
(6, 6,) < 16LY(20,, 26,) (4.8)
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for all 8,,0, € A. Then, a unique mapping Q: A — B exists and satisfies (2.3) such that

”qr([emn]) Qr([emn])”r —_ mn 1 1— Plpcgmn! mn)
forall 8 = [6,,,] € M,.(A).
Proof. Suppose (X, d) is the generalized metric space defined as in Theorem 4.1. Now, we consider a mapping
J: X — X such that

0
J9©®) ==3(3)
for all 6 € A. By virtue of (4.4), we find that

la@) =55 Ol = v G.2) = 5wee.o)

forall @ € A. Thend(q,Q) < i Therefore, we have

d(q,]Q) < =
The enduring part of proof is obtained through similar arguments as in Theorem 4.1.
Corollary 4.4 Let 5,1 be positive real numbers with s > —4. Let q: A — B be a mapping satisfying (4.7).

Then, there exists a unique mapping Q: A — B satisfying (1.3) With the result that
3214

19(Bmn]) = QUUBmnDllr < T2, ey o0 18l
forall 8 = [0,,n] € M,.(A).
Proof. It is easy to prove this corollary through Theorem 4.3 by taking ¥(6;, .6, ) = A(||6x,,.|I" +
162,,..|I”) and then choosing P = 2-(+4),

In the ensuing outcomes, let us assume that B is an L*-complete normed space and q::A — B is a
mapping.
Theorem 4.5 Let a function i: A X A — [0, o) satisfies (4.2) and

106, (161,) 102, DII.. < B2, 2, (4.9)

for all 6, = [64,,.],0, =1[6,,,,]1 € M(A). Then, a solution Q: A — B of (1.3) exists which is unique and
satisfying the following approximation

laC161,,,1) = @161, DIl < 5 (O1,61,,,0]| (4.10)
forall 6, = [0,,,,] € M.(A).
Proof. Using the similar arguments akin to the proof of Theorem 4.1, a solution Q: A — B of (1.3) exists such
that
19([Bmn]) = Q[On DI < |25 1 Brrs B
forall @ = [0,,,] € M,.(A). It is easy to show that if 0 < u,,, < vmn for all m, n, then
Iwmn]lly < Wvmn]ll:- (4.11)

By Lemma 3.1 and (4.11), we have

14 (Emn) = @Gl < 111G En) = Q)1 < || 759 Buns ) ||

forall @ = [0,,,] € M,.(A). Hence, we acquire the inequality (4.10).
Corollary 4.6 Lets,A > 0 be real numbers with s < —4. Let the mapping q satisfies

ID1 (01,1, 102, DI, < NACO, I+ 1102, D], (412)
forall 6, = [6,,,,1,0, = [0,,,,] € M,.(A). Then, a solution Q: A — B of (1.3) which is unique and satisfying
the ensuing approximation

i 16,mall®

g, ([6mn)) — Qr ([Bmn Dl < ||[

321 ]

forall 8 = [0,,,] € M,.(A).
Theorem 4.7 Let the mapping q and a function y: A X A — [0, ) satisfy (4.8) and (4.9), respectively. Then,
a solution Q: A — B of (1.3) exists which is unique and satisfies the following inequality

1a([mn]) = QUOmn Dl < || 5% s O | (4.13)

forall @ = [0,,,] € M,.(A).
Proof. The desire result is obtained similar to Theorem 4.5.
Corollary 4.8 Lets > —4,1 > 0 be real numbers. Let the mapping q satisfies (4.12). Then, a unique mapping
Q: A — B exists with the result that
327 ]

14, ((Brn]) = Qr B Dlly < ||[ s 16 l®

forall 8 = [0,,,] € M,.(A).
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Proof. The proof follows by taking ¥ (6, 82, ) = A(||61,,. ||” + ||62,,,.]|") and then choosing P = 2-6*4 in
Theorem 4.7.

Remark 4.9 The stability results associated with equation (1.4) are similar to the results of equation (1.3).
Hence, we omit the results of equation (1.4).

5. An instance for the failure of stability of equation (1.3)

Persuaded through the excellent illustration proved in [7], in this section, we demonstrate an apt example to
prove the failure of stability of equation (1.3) for the critical case when s = —4 in Corollaries 3.3, 3.5, 3.8 and
3.10.

Theorem 5.1 Let a mapping ¢: R* — R be defined as follows:

¢(e)={$' if 1<f <o
U, otherwise

where u is a positive constant and a mapping q: R* — R defined by
q(0) =Y, 167%p(27%6) forall 6 € R
Then the mapping q satisfies the ensuing approximation
IDg@r, 01 < Z ([ +12]) 51
for every 6,6, € R*. Then, a multlpllcatlve mverse fourth power mapping Q: R* — R and a positive constant
p do not exist so that

4
@) - Q@I <pls|  forevery seR" (5.2)
Proof. Firstly, let us show that g is bounded. In lieu of the mapping g’s definition, we obtain |q(0)| <

Yo 167kp(27%0) = X5, ﬁ = 116—5” which indicates that g is bounded. Let us show that g satisfies the

4 4
inequality (1). Suppose |i| + |i| > 1. Then the left hand side of (1) is not greater than or equal to % On

|—| < 1. Then there exists a positive integer r such that

the contrary,

1 4 1

16r+1 = 16" (5.3)

N . . 1\*

which in turn gives rise to 16" (—) <1,16" (—) <1 and hencet we have
1
61+6
o 1(91)> L= (02) > Lo (6: +6) > 1, (25%2) > 1.
Therefore, for every k = 0, 1 -1, we notice that
" (91) > 1,0 (0,) > L, (0 +6;) > 1, (222) > 1
and Dq(167%6,,167%0,) = 0.for k = 0,1,2, T — 1. In view of the definition of g and (5.3), we obtain
|Dq(61,0,) < Xi-r 1% +522k=r 1% + ng =r 1%
47u 1 752u 1 7 u 1
- ?E S T16k+1 — (l |4 | 6, |4)

for every 6,,6, € R*, which indicates that g satlsfles (5.1) for all 6,,0, € R*. Next is to prove that (1.3)
fails to be stable for s = —4 in Corollaries 3.3, 3.5, 3.8 and 3.10. Suppose a reciprocal fourth power mapping
Q: R* — R and a constant p > 0 satisfy (5.2). Since q is bounded above and using the result of Corollaries 3.3,

. . . k *
3.5, 3.8 and 3.10, the mapping Q(6) must be a reciprocal fourth power mapping and Q(6) = o forany 6 € R*.
Therefore, we arrive at
4
la@1 < (o + kD [5] - (5.4)

At the same time, we can choose an integer m > 0 with mu > p + |r|. Suppose 0 < theta < 2™7!, then 1 <
27%k9 < o forevery k = 0,1, ..., m — 1. Hence, for this 6, we obtain
o ¢(2_ (2 1 1
q(0) = Xizo =iy =mp> (p+ kD5

16k 16k
which is a contradiction to (5.4). Hence, (5.3) fails to be stable for s = —4 in Corollaries 3.3, 3.5, 3.8 and 3.10.

6. Pertinence of equations (1.3) and (1.4) in fluid dynamics and Raman Spectroscopy
In this section, we present the pertinence of equations (1.3) and (1.4) in various field such as fluid dynamics
and Raman spectroscopy.
6.1. Fluid Dynamics
The fundamental factors that are necessary to find the blood flow resistance (R) within a single vessel are the
radius of the vessel (1), the length of the vessel (L) and the viscoscity of the blood (). Among the above three
factors, the most signifcant factor is the radius of the vessel in terms of quantity and physiology. Since the
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vascular smooth muscle in the wall of the blood vessel contracts and expands, the radius of the blood vessel is a
primary factor. Also, a very small change in the radius of vessel leads to large change in resistance, where as
length of vessel does not change significantly and viscosity of blood normally stays within a small range (except
when hematocrit changes). Then the fluid resistance is directionary proportional to n and L and inversely
proportional to r#, which is given by

R cnlL
T

where ¢ is constant of proportionality. Suppose n and L are kept constant, then the fluid resistance is given by
R =-—

where k is a constant. If r; and r, are the radii of two blood vessels, then the fluid resistances in those blood
vessels can be considered as q(r;) and q(r3), respectively, where q is a remprocal fourth power mapping. Also,

q (””2) and q(r, +r,) represent the fluid resistances of vessel radius =2 and r, + r,, respectively. The

1t

exposition of equation (1.3) is the difference between the fluid resistances g ( ) and q(r, + 1) is given by

the ratio of 15q(r;)q(r,) and [q(rl)Z + q(rz)_] Similarly, the explication of equation (4) is the sum of the

fluid resistances q ( ) and q(ry + ) is equal to the ratio of 17q(r,)q(r,) and [q(r1)4 +q(ry)+ ]

6.1. Raman Spectroscopy

In Raman spectroscopy, the solution of equations (1.3) and (1.4) can be applied in studying the nongraphite
samples with distinct crystallite sizes and laser energies. The disorder-induced Raman bands D and G are
denoted by I, and I;. Then the intensity ratio of these disorder-induced Raman bands I, /1 is proportional to
the multiplicative inverse fourth power of the laser energies.

7. Discussion and Conclusions

As of our knowledge, our findings in this study are novel in the field of stability theory. This is our
antecedent endevavour to deal with new type of reciprocal fourth power functional equations. It is shown that
the equations (1.3) and (1.4) are equivalent to each other to conclude that their solution is reciprocal fourth
power mapping. The stability results of different forms of reciprocal functional equations are obtained by many
mathematicians in various spaces. But, in this work, we have considered matrix normed spaces to analyze the
results of equations (1.3) and (1.4) and they are found to be stable except for a singular case. For the failure of
stability result when critical case arises, we have illustrated an apt example. At the end of this study, we have
presented pertinency of equations (1.3) and (1.4) in fluid dynamics and Raman spectroscopy.

Acknowledgement. The first and second authors are supported by The Research Council, Oman (Under
Project proposal ID: BFP/RGP/CBS/18/099).
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