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1. Introduction
Let f ={w € C: |w| < 1} be an open unit disc in C. Let H(f) be the analytic functions class in f and let
fla, €] be the subclass of H(f) of the form

gw)=a + gqw! + aj4; witt +.--

where a € Cand! € N ={1,2, ...} with Ho = H[0,1] and H = H[1, 1]. Let g(w) be an analytic function an
open unit disc. If the equation wv=g(w) has never more than p-solutions in
f={weclC:|w| <1}, theng(w) is said to be p-valent in f. The class of all analytic p-valent functions is
denoted by P, where g is expressed of the forms
gwW)y=wr+ ¥ gqw!, (pleN={123.}wef). (D
l=p+s
The Hadamard product for two functions in Py, such that

(o)

kw)=wr + ¥ aw!, (we€ f) (2)

is given by o
gw) xk(w) =wr + 3 aicwt. (w € f) 3)

l=p+s

If ¢ and k are members of H(f), we can assume that a function g is subordinate to a function k or k is said to

be superordinate to g if there exists a Schwarz function I(w) which is analyticin f and [I{(w)| < 1, (w € f),

such that g(w) = k(I(w)). The term this subordination is used to describe this relationship
gw)<k(w)org<k.

Moreover, if the function k is univalent in f, then we have the following equivalence [1,6,7,11]
g(w) < k(w) < ¢(0) = k(0) and g(f) < k(f) .
The class V isnormalized convex functions in f, we define for from

wg"(w)

g»’(W))> 0,(W € f)}

V={g € A: Re(1 +

Miller and Mocanu proposed the differential subordinations approach in 1978 [12,16], and the theory began to
evolve in 1981 [10]. Miller and Mocanu compiled all of the information in a book published in 2000 [11,15]. If
p is analytic in f and meets the second-order differential subordination condition, then

T(pw), wp' (W), wp"(w); w) < h(w), C))
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p is known as a differential subordination solution. If p < g for all p satisfying, the univalent function q is
considered a dominant of the solutions of the differential subordination or simply a dominant (4). The best
dominant of all is a dominant g that satisfies g< q for all dominants (4).

See [3,4,5] for the use of generalized hypergeometric functions and Wright's generalized hypergeometric
functions in geometric function theory. For the purposes of this paper, we define a linear operator in terms of
Wright's generalized hypergeometric function.

Qt[(a,A)1,q;(B ,B )1,s]: At - At,
p n n n n P P

Dziok and Raina [2,8] looked into it recently. For a function g of the form(1), the following can be seen:

(e ,A)Lq; (B, BILsIg W) =w+ 3 x (@)a b w: (5)
n=p+1
where
q -1 S
Yo () = FOLEBA =D BB £ Bsln=pDn=ph——— _ Greqy  (GTG)D,

(a1 + Ai(n —p)) ... T (aq + 44(n — p)) ne1 nel
we have it for the sake of convenience

Qfa (g +RW) = [(a,A),..,(a ,A ) (B ,B), ... ,B)](g=*k)(w)
p 1 p 1 1 q q 1 1 N N
Using the relationship (5), it is clear that

wA: (g KgxlW) =& | —pAdtg 11@@xW) +atl 1+ 1](g*xkw). (6)
Fort € No,p =0, we let R, :(A) be the class of functions g € A satisfying
Re{(Qt [ocl](g *K)(wW))}<A,(0<A1<1,wef). @)
p
The following lemmas will be used to obtain our key results.

Lemma 1.1 ([13,9]). Let k be a convex function in f and let h(f) = k(w) + npwk'(w) , where 8 >0andn €
N. If p(w) = k(0) + pow™ + pyppwntl 4+ - - - is holomorphicin f and

p(w) + pwp'(w) < h(w),

p(w) < k(w).

then

n2+|c|2— |n2—cz|

Lemma 1.2 ([14]). Let Re{t} >0,neN,andlet M =__ " — "~ | et h be an analytic function in f with

" 4nRe{c} ’
k(0)=1, and Re{l+"" "> _M. Ifpw)=1+p wi+p wreti+--- , is analytic in f
h’(W) n n+1

and p(w) + ;wp'(w) < h(w), we get p(w) < q(w), where q is the differential equation's solution
n
qWw) +-wq'w) =hw),  q(0) =1,
then

qw) = —— [ te/m-1 h(D)dt, (we f).
nwe/n 7,

2. Main results

Theorem 2.1. Let g be convex function in f with q(0) = 1 and let h(w) = q(w) + o wq'(w),
u+l
where p € C, and Ref{u} > —1.1fg € R,:(B), & =yu (g * k), where

EW) = yii (g + k)W) = “W_T [ w1 (g = )(Ode, @)

0
then

3486



Shaheed Jameel Al-Dulaimi?®, Mustafa |. Hameed?

@ a 1(g )W) < h(w).
It imply ,
@k 15w < q(w).

Proof. We can deduce the following from the equality (7):

wi§ W) = (u+1) [ 1 (g k)(D)dt .

0
When we differentiate the equality (9) in terms of w, we get

W W) +w&'w) = (u + D(g *Hw),

then, we obtain

W [a J§w) +w(Qt [a JEW)) = (1 + D [a 1(g * k) (w).
p 1 p 1 p 1

When we differentiate (8) in terms of w, we get

1
@t fa 1§ W)’ + W((Qt [a ]f w))" = ((Qt [a ]Q(W))
Pt p+1

In the equality problem, use differential subordinatign (8). (11), we obtain
t

Qpla]Ew))’ * y 4 1 W @[S w))" < h(w).
p(W) = (Q,Z[al]f(W))'-

Now, let us define

Then, with a quick calculation,

u+1

pw) = W+ Xxn (@) 55

n=2

In the equality problem, use differential subordination (12). (13), we have,
1 , 1
p(w) +—wp'(w) < h(w) = q(W) + — wq'(w).
u+1 u+1

Making use of Lemma 1.2, we obtain
p(w) < qg(w).

1+|p+11?

Theorem 2.2. Let Re{pu} > —1and let M

apbow”] =1+ p1z + p2z+.., (p€H[LI]).

8)

€))

(10)

an

(12)
(13)

_ —|u?+2u . . . . _
=_"" " ™ let hbe an analytic function in f with h(0) =1

(14)

w 4Re{u+1} ’ . .
and suppose that Re {1 + W )} >—E. If (g k) EMER (B) and & = yA(g = k), where ¢ is defined by (10),
R (w) pt 5
then
(ﬂ; CHICE K)(W))" < h(w)
It imply

@ [a ]Ew))’ < q(w),
p 1

where q is the differential equation's solution .
hw) = qw) + 777 wa ‘W), q(0) =1,
given by
q(w) = ftﬂ(g * k)(t)d.

W
0

Proof. If we use n=1 and y =u+1 in Lemma 1.2, then the proof is straightforward using the proof of

Theorem 2.2.
1+ @2 —-1Dw

hw)= ——— <
w) TTw , 0<B<1,
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we get the following result from Theorem 2.2.

&]%ra?tlllo%r e{%lfs[ IIh(W()))% g E, %h'en have Y (91 (%ﬁ c SR (() heté' (3? = ani}%eﬂqe{wr%d—%% u,ﬂé%
Also, =
=0 p)=02B-1)+2(u+ D(-B)t(w), (15)
where )
u
(w=J 1+: dt. (16)

0

Proof. Let f € R,.(B). By from (7
roof. Le p(B)- By from (7), we gsne{(ﬂt [ (g * )W)} > B
this is the same as
@ [a (g * )W) < h(z).
We obtain by applying Theorem 2.1. (Q;[al]g(z))’ < q(2).
If we consider
_1+@2p-Dw
W) = —— 0sB<1.

Then h is convex , and we have by Theorem 2.2

@k W) <qw) =Pt a TP 4 py 2 APWED v gy
p 1 Wll+10 1+t witl 0 1+t

If Re{u} > —1, and q(f) is symmetric with respect to the real axis because of its convexity, we obtain

‘Re{(ﬂ;[al]f(W))'} = minRe{gw)} = Re{q(D} =W p) = -V +2(u + DA-pHr(w), (A7)

Iwl=1

where r(w) is the value of (16). We have inequity (17) as a result of injustice

Yu(@Rp,t(B)) © Ry (D),
where ¢ is given by (15).

Theorem 2.4. If g be a convex function and q(0) = 1. Let h a function such that h(w) = q(w) + wq'(w), and
k € No,p =0, g €4, such that

(@[ g+ DY < A(w) = G0w) +wq'(w), (a8
then Qt [a](g * k)(w)
p_1 < q(w).
Proof. Let Qe )(g * k)(w)
p(w) = ” : (19)

We have (19) as a differentiator.

ﬂ; [21(g « )W) = p(w) +wp'(W). (W € )
When you use (18), you get
p(w) + wp'(w) < h(w) = g(w) + wq'(w),

we can use Lemma 1.1 to solve this problem
p(w) < g(w).

Then, we obtain
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Qt[a](g = K)(w)
p 1

w

< qw).
Theorem 2.5. If g be a convex function and q(0) = 1. Let h the function h(w) = q(w) + wq'(w),
and k € No, p =0, g € 4, such that

2la +1](g W)
o @GR ) < h(w), (20)
14

then Qt [al +1](g * k)(w)

3 < q(w).
U; [ g * )W)

Proof. In the case of the function g € A, which is given by the equation (1), we get
Qf , A)LqgB,B)Lslg+k)w)=w+3Xx (a)a b wr=Q[a [(g*k)(w).
1 n n n n n 1 n n p 1

n=2
Hence
u+1
t w+XY* x & +1) +abwn
Q[ﬂ +1 * k) (w n=2 n 1 n nn
p(w) = pﬂtjfa](g,*k)(w) = —w+re—x (u)“”ﬁu b
p 1 n=2 n 1 u+n n n
1 ® ut1 _
_ + anzxn@ 1+1) e a, bnwn 1.
1+X° x (@)™ a p yn
n=2 n 1 ,Ll+Tl n n
then , ,
o (e, +1](g * k) (w) ( )(pr[al](g*k)(W))
(W) = —afattgiotm—" " —arfattg=iotw—
p 1 p 1
we obtain

(wilg %11 * )W)
‘la )(g + )W)

p(w) + wp'(w) =
As a result of the relationship (20),
pw) + wp'(w) < h(w) = q(w) + wq'(w),

We can use Lemma 1.1 to solve this problem

p(w) < q(w).
Therefor
2 fal(g < W)
” < qw).
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