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1. Introduction 

Let 𝑓 = {𝑤 ∈ ℂ ∶ |𝑤| < 1} be an open unit disc in ℂ. Let 𝐻(𝑓) be the analytic functions class in 𝑓 and let 

𝑓[𝑎, 𝜀] be the subclass of 𝐻(𝑓) οf the form 

 

ℊ(𝑤) = 𝑎 + 𝑎𝑙𝑤𝑙 + 𝑎𝑙+1 𝑤𝑙+1 + · · · , 

where 𝑎 ∈ ℂ and 𝑙 ∈ ℕ = {1,2, … } with 𝐻0 ≡ 𝐻[0, 1] and 𝐻 ≡ 𝐻[1, 1]. Let ℊ(𝑤) be an analytic function an 

open unit disc. If the equation 𝑣 = ℊ(𝑤) has never more than 𝑝-solutions in 

𝑓 = {𝑤 ∈ ℂ ∶ |𝑤| < 1}, then ℊ(𝑤) is said to be 𝑝-valent in 𝑓. The class of all analytic 𝑝-valent functions is 

denoted by 𝘗𝑝, where ℊ is expressed of the forms 
∞ 

ℊ(𝑤) = 𝑤𝑝 + ∑ 𝑎𝑙 𝑤𝑙 ,     (𝑝, 𝑙 ∈ ℕ = {1,2,3, … }, 𝑤 ∈ 𝑓). (1) 
𝑙=𝑝+𝗌 

The Hadamard product for two functions in 𝘗𝑝, such that 
∞ 

𝑘(𝑤) = 𝑤𝑝 +  ∑  𝑐𝑙 𝑤𝑙 ,   (𝑤 ∈  𝑓) (2) 
𝑙=𝑝+𝗌 

is given by  
∞ 

ℊ(𝑤) ∗ 𝑘(𝑤) = 𝑤𝑝 +  ∑ 𝑎𝑙 𝑐𝑙 𝑤𝑙 .   (𝑤 ∈  𝑓) (3) 
𝑙=𝑝+𝗌 

If ℊ and 𝑘 are members of 𝐻(𝑓), we can assume that a function ℊ is subordinate to a function 𝑘 or 𝑘 is said to 

be superordinate to ℊ if there exists a Schwarz function 𝑙(𝑤) which is analytic in 𝑓 and |𝑙(𝑤)| < 1, (𝑤 ∈ 𝑓), 
such that ℊ(𝑤) = 𝑘(𝑙(𝑤)). The term this subordination is used to describe this relationship 

ℊ(𝑤) ≺ 𝑘(𝑤) 𝑜𝑟 ℊ ≺ 𝑘 . 
 

Moreover, if the function 𝑘 is univalent in 𝑓, then we have the following equivalence [1,6,7,11] 
 

ℊ(𝑤) ≺ 𝑘(𝑤) ⇔ ℊ(0) = 𝑘(0) 𝑎𝑛𝑑 ℊ(𝑓) ⊂ 𝑘(𝑓) . 
 

The class 𝑉 is normalized convex functions in 𝑓, we define for from 
 

 

𝑉 = {ℊ ∈ 𝐴 ∶ ℜ𝑒 (1 + 
𝑤ℊ"(𝑤) 

ℊ′(𝑤) 
) > 0 , (𝑤 ∈ 𝑓) }. 

 

Miller and Mocanu proposed the differential subordinations approach in 1978 [12,16], and the theory began to 

evolve in 1981 [10]. Miller and Mocanu compiled all of the information in a book published in 2000 [11,15]. If 

𝑝 is analytic in 𝑓 and meets the second-order differential subordination condition, then 

𝑇(𝑝(𝑤), 𝑤𝑝′(𝑤), 𝑤𝑝"(𝑤); 𝑤) ≺ ℎ(𝑤), (4) 
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𝑝 1 1 𝑝 1 𝑝 

Subordination 
 

𝑝 is known as a differential subordination solution. If 𝑝 ≺ 𝑞 for all 𝑝 satisfying, the univalent function 𝑞 is 

considered a dominant of the solutions of the differential subordination or simply a dominant (4). The best 

dominant of all is a dominant 𝑞 that satisfies  𝑞̃ ≺ q for all dominants (4). 
 

See [3,4,5] for the use of generalized hypergeometric functions and Wright's generalized hypergeometric 

functions in geometric function theory. For the purposes of this paper, we define a linear operator in terms of 

Wright's generalized hypergeometric function. 
 

Ω𝑡 [(α , A )1, 𝑞; (β , 𝐵 )1, 𝑠]: 𝐴𝑡 → 𝐴𝑡 , 
𝑝 n n n 𝑛 𝑃 𝑃 

 

Dziok and Raina [2,8] looked into it recently. For a function ℊ of the form(1), the following can be seen: 
∞ 

Ω𝑡 [(α  , A  )1, 𝑞; (β  , 𝐵 )1, 𝑠](ℊ ∗ k)(w) = 𝑤𝑃 +  ∑   χ (𝛼 ) 𝑎 𝑏  𝑤𝑛, (5) 

 
where 

𝑝 n n n 𝑛 𝑛 

𝑛=𝑝+1 

1 𝑛    𝑛 
 
 

𝑞 

 
 

−1 𝑠 

χ   (𝛼 ) = 𝜋 
Γ(𝛽1 + 𝐵1(𝑛 − 𝑝)) … Γ(𝛽𝑆 + 𝐵𝑆(𝑛 − 𝑝))(𝑛 − 𝑝)! 

, 𝜋 = (𝖦 Γ(α  )
 (𝖦Γ(β  ), 

𝑛 1 
Γ(𝛼1 + 𝐴1(𝑛 − 𝑝)) … Γ (𝛼𝑞 + 𝐴𝑞(𝑛 − 𝑝)) 

n 

𝑛=1 

n 

𝑛=1 

we have it for the sake of convenience 
 

Ω𝑡 [α ](ℊ ∗ k)(w) = Ω𝑡 [(α , A ), … , (α , A ); (𝛽 , B ), … , (𝛽 , B ) ](ℊ ∗ k)(w) 
𝑝     1 𝑝 1 1 q 𝑞 1 1 𝑠 𝑠 

 

Using the relationship (5), it is clear that 
 

𝑤𝐴1 (𝑡 [𝛼 ](ℊ ∗ 𝑘)(𝑤)) ′ = (𝛼 − 𝑝𝐴 )𝑡 [𝛼 ](ℊ ∗ 𝑘)(𝑤) + 𝛼 𝑡 [𝛼 + 1](ℊ ∗ 𝑘)(𝑤). (6) 
 

For 𝑡 ∈ ℕ0 , 𝑝 ≥ 0, we let ℜ𝑝,𝑡(λ) be the class of functions ℊ ∈ 𝐴 satisfying 
 

ℜ𝑒{(Ω𝑡 [α   ](ℊ ∗ k)(w))′} ≤ λ , (0 ≤ 𝜆 < 1, w ∈ 𝑓). (7) 
𝑝     1 

 

The following lemmas will be used to obtain our key results. 
 

Lemma 1.1 ([13,9]). Let 𝑘 be a convex function in 𝑓 and let ℎ(𝑓) = 𝑘(𝑤) + 𝑛𝛽𝑤𝑘′(𝑤) , where 𝛽 > 0 and 𝑛 ∈ 
ℕ. If 𝑝(𝑤) = 𝑘(0) + 𝑝𝑛𝑤𝑛 + 𝑝𝑛+1𝑤𝑛+1 + · · · , is holomorphic in 𝑓 and 

 

 
then 

𝑝(𝑤) + 𝛽𝑤𝑝′(𝑤) ≺ ℎ(𝑤), 
 

𝑝(𝑤) ≺ 𝑘(𝑤). 
 

Lemma 1.2 ([14]). Let ℜ𝑒{τ} > 0, 𝑛 ∈ ℕ, and let 𝑀 = 
𝑛2+|𝑐|2− |𝑛2−𝑐2| 

Let ℎ be an analytic function in 𝑓 with 
4𝑛𝑅𝑒{𝑐} 

𝑘(0) = 1,   and ℜ𝑒 {1 + 
𝑤ℎ"(𝑤)

} > −M .   If 𝑝(𝑤) = 1 + 𝑝 𝑤𝑛 + 𝑝 
 

𝑤𝑛+1 + · · ·   ,    is   analytic   in   𝑓 
ℎ′(𝑤) 𝑛 𝑛+1 

and 𝑝(𝑤) + 
1 

𝑤𝑝′(𝑤) ≺ ℎ(𝑤), we get 𝑝(𝑤) ≺ 𝑞(𝑤), where 𝑞 is the differential equation's solution 
𝑐 

 

then 

𝑛 
𝑞(𝑤) + 

𝑟 
𝑤𝑞′(𝑤) = ℎ(𝑤), 𝑞(0) = 1, 

 
 
 

2. Main results 

𝑞(𝑤) = 
𝑟 

 
 

𝑛𝑤𝑐⁄𝑛 

𝑤 

∫  𝑡(𝑐⁄𝑛)−1 ℎ(𝑡)𝑑𝑡 , (𝑤 ∈ 𝑓). 
0 

 

Theorem 2.1. Let 𝑞 be convex function in 𝑓 with 𝑞(0) = 1 and let ℎ(𝑤) = 𝑞(𝑤) + 
1

 
𝜇+1 

𝑤𝑞′(𝑤), 

where 𝜇 ∈ ℂ, and ℜ𝑒{𝜇} > −1. If ℊ ∈ ℜ𝑝,𝑡(𝛽), 𝜉 = 𝛾𝜇 (ℊ ∗ 𝑘), where 
𝑤 

𝜉 (𝑤) = 𝛾𝜇 (ℊ ∗ 𝑘)(𝑤) = 
𝜇 + 1 

∫ 𝑡𝜇−1 (ℊ ∗ 𝑘)(𝑡)𝑑𝑡, (7) 
𝑤𝜇 

0 

then 

1 1 1 
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𝑝     1 

. 

 

 

 
 

(Ω𝑡 [𝛼   ](ℊ ∗ 𝑘)(𝑤))′ ≺ ℎ(𝑤) . (8) 

It imply 
𝑝 

 
 

(Ω𝑡 [𝛼 

1 

 
′ 

]𝜉(𝑤)) 

 
 
≺ 𝑞(𝑤). 

𝑝     1 
 

Proof. We can deduce the following from the equality (7): 
𝑤 

𝑤𝜇 𝜉 (𝑤) = (𝜇 + 1) ∫ 𝑡𝜇−1 (ℊ ∗ 𝑘)(𝑡)𝑑𝑡 . (9) 

0 

When we differentiate the equality (9) in terms of 𝑤, we get 
 

 
then, we obtain 

(𝜇)𝜉 (𝑤) + 𝑤𝜉′(𝑤) = (𝜇 + 1)(ℊ ∗ 𝑘)(𝑤), 
 

(𝜇)Ω𝑡 [𝛼 ]𝜉(𝑤) + 𝑤(Ω𝑡 [𝛼 ]𝜉(𝑤))′ = (𝜇 + 1)Ω𝑡 [𝛼 ](ℊ ∗ 𝑘)(𝑤). (10) 
𝑝     1 𝑝     1 𝑝     1 

 

When we differentiate (8) in terms of 𝑤, we get 
 

(Ω𝑡 [𝛼 ]𝜉 (𝑤))′ + 
1

 

 
 

𝑤((Ω𝑡 [𝛼 ]𝜉 (𝑤))" = ((Ω𝑡 [𝛼 ]ℊ(𝑤))′ . (11) 
𝑝     1 

 

𝜇 + 1 𝑝     1 𝑝     1 

 

In the equality problem, use differential subordination (8). (11), we obtain 
𝑡 

1 
𝑡 

 

Now, let us define 

 
Then, with a quick calculation, 

∞ 

(Ω𝑝[𝛼1]𝜉(𝑤))′ + 
𝜇 + 1 

𝑤((Ω𝑝[𝛼1]𝜉(𝑤))" ≺ ℎ(𝑤). (12) 

𝑝(𝑤) = (Ω𝑡 [𝛼 ]𝜉(𝑤))′ . (13) 
 

′ 

𝜇 + 1 
𝑛

 

𝑝(𝑤) = [𝑤 + ∑ χ𝑛 (𝛼1) 
𝜇 + 𝑛 

𝑎𝑛𝑏𝑛𝑤  ] 
𝑛=2 

= 1 + 𝑝1𝑧 + 𝑝2𝑧 + . . ., (𝑝 ∈ 𝐻[1,1]) . 

In the equality problem, use differential subordination (12). (13), we have, 
 

𝑝(𝑤) + 
1

 
𝜇+1 

𝑤𝑝′(𝑤) ≺ ℎ(𝑤) = 𝑞(𝑤) +   
1

 
𝜇+1 

𝑤𝑞′(𝑤). 
 

Making use of Lemma 1.2, we obtain  
𝑝(𝑤) ≺ 𝑞(𝑤). 

 

Theorem 2.2. Let ℜ𝑒{μ} > −1 and let 𝑀 = 
1+|𝜇+1|2−|𝜇2+2𝜇| 

Let ℎ be an analytic function in 𝑓 with ℎ(0) = 1 
4𝑅𝑒{𝜇+1} 

and suppose that ℜ𝑒 {1 + 
𝑤ℎ"(𝑤)

} > −E. If (ℊ ∗ 𝑘) ∈ ℜ   (β) and ξ = 𝛾𝜆(ℊ ∗ 𝑘), where 𝜉 is defined by (10), 
 

then 
ℎ′(𝑤) 𝑝,𝑡 𝜇 

(Ω𝑡 [𝛼 ](ℊ ∗ 𝑘)(𝑤))′ ≺ ℎ(𝑤) (14) 

It imply 
𝑝     1 

(Ω𝑡 [𝛼 ]𝜉(𝑤))′ ≺ 𝑞(𝑤), 
𝑝     1 

 

where 𝑞 is the differential equation's solution 
1 

 
given by 

ℎ(𝑤) = 𝑞(𝑤) + 
𝜇 + 1 

𝑤𝑞′(𝑤) , 𝑞(0) = 1, 

𝑧 

𝑞(𝑤) = 
𝜇 + 1 

∫𝑡𝜇 (ℊ ∗ 𝑘)(𝑡)𝑑𝑡. 
𝑤𝜇+1 

0 

 

Proof. If we use 𝑛 = 1 and 𝛾 = 𝜇 + 1 in Lemma 1.2, then the proof is straightforward using the proof of 

Theorem 2.2. 

ℎ(𝑤) = 
1 + (2𝛽 − 1)𝑤 

1 + 𝑤 
, 0 ≤ 𝛽 < 1, 
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Subordination 
 

we get the following result from Theorem 2.2. 
 

Corollary   2.3.   If 0 ≤ 𝛽 < 1 , 0 ≤ 𝜁 < 1 , 𝑝 ≥ 0, ℜ𝑒{μ} > −1 and 𝜉 = 𝛾𝜇 (ℊ ∗ 𝑘)   is   defined   by   the 
equationℜ𝑒{Ω𝑡 [𝛼 ]ℎ(𝑤))′} > 𝛽, then, we have γ (ℜ (β)) ⊂ ℜ (ζ), where   ζ = min ℜ𝑒{𝑞(𝑤)} = ζ( μ, β). 

 
Also, 

𝑝     1 μ 𝑝,𝑡 𝑝,𝑡 
|𝑤|=1 

 
where 

ζ = ζ(μ, β) = (2β – 1) + 2(μ + 1)(1– β)τ(μ), (15) 
 

1 

𝑡𝜇 

 

 
Proof. Let f ∈ ℜ𝑝,𝑡(𝛽). By from (7), we get 

τ(μ) = ∫ 

0 

 
 

1 + 𝑡 
𝑑𝑡. (16) 

ℜ𝑒{(Ω𝑡 [α ](ℊ ∗ 𝑘)(𝑤))′} > β 

this is the same as 
𝑝     1 

(Ω𝑡 [𝛼 ](ℊ ∗ 𝑘)(𝑤))′ ≺ ℎ(𝑧). 

We obtain by applying Theorem 2.1. 
𝑝     1 

 
(Ω𝑡 [𝛼 ]𝜉(𝑧))′ ≺ 𝑞(𝑧). 

If we consider 
𝑝     1 

ℎ(𝑤) = 
1 + (2𝛽 − 1)𝑤 

1 + 𝑤 
,   0 ≤ 𝛽 < 1 . 

 

Then ℎ is convex , and we have by Theorem 2.2 
 

𝑤 
′ 𝜇 + 1 

 
1 + (2𝛽 − 1)𝑡 

𝑤 
(1 − 𝛽)(𝜇 + 1) 𝑡𝜇 

(Ω𝑡 [𝛼 ]𝜉(𝑤)) ≺ 𝑞(𝑤) = ∫ 𝑡𝜇 𝑑𝑡 = (2𝛽– 1) + 2 
 

∫ 𝑑𝑡. 
 

𝑝     1 
𝑤𝜇+1 

0 
1 + 𝑡 𝑤𝜇+1 1 + 𝑡 

0 

If ℜ𝑒{μ} > −1, and 𝑞(𝑓) is symmetric with respect to the real axis because of its convexity, we obtain 
 

ℜ𝑒{(Ω𝑡 [𝛼 ]𝜉(𝑤))′} ≥ 𝑚𝑖𝑛 ℜ𝑒{𝑞(𝑤)} = ℜ𝑒{𝑞(1)} = 𝜁(𝜇, 𝛽) = (2𝛽 – 1) + 2(𝜇 + 1)(1 – 𝛽)𝑟(𝜇), (17) 
𝑝     1 

|𝑤|=1 
 

where 𝑟(𝜇) is the value of (16). We have inequity (17) as a result of injustice 
 

γμ(ℜ𝑝,𝑡(β)) ⊂ ℜ𝑝,𝑡(ζ), 
where 𝜁 is given by (15). 

 

Theorem 2.4. If 𝑞 be a convex function and 𝑞(0) = 1. Let ℎ a function such that ℎ(𝑤) = 𝑞(𝑤) + 𝑤𝑞′(𝑤), and 
𝑘 ∈ ℕ0, 𝑝 ≥ 0, ℊ ∈ 𝐴, such that 

 
(Ω𝑡 [𝛼 ](ℊ ∗ 𝑘)(𝑤))′ ≺ ℎ(𝑤) = 𝑞(𝑤) + 𝑤𝑞′(𝑤), (18) 

then 
𝑝     1 

 
Ω𝑡 [α ](ℊ ∗ 𝑘)(w) 

 

 
Proof. Let 

𝑝     1 

𝑤 
≺ q(w). 

 

 
Ω𝑡 [α ](ℊ ∗ 𝑘)(w) 

 
We have (19) as a differentiator. 

𝑝(𝑤) =    
𝑝      1

 

𝑤 
. (19) 

 

Ω𝑡 [𝛼 ](ℊ ∗ 𝑘)(𝑤))′ = 𝑝(𝑤) + 𝑤𝑝′(𝑤). (𝑤 ∈ 𝑓) 

When you use (18), you get 
𝑝     1 

𝑝(𝑤) + 𝑤𝑝′(𝑤) ≺ ℎ(𝑤) = 𝑞(𝑤) + 𝑤𝑞′(𝑤), 
 

we can use Lemma 1.1 to solve this problem 

 

𝑝(𝑤) ≺ 𝑞(𝑤). 
 

Then, we obtain 
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( ) 

 

 

 
Ω𝑡 [𝛼 ](ℊ ∗ 𝑘)(𝑤) 

𝑝     1 

𝑤 
≺ 𝑞(𝑤). 

Theorem 2.5. If 𝑞 be a convex function and 𝑞(0) = 1 . Let h the function ℎ(𝑤) = 𝑞(𝑤) + 𝑤𝑞′(𝑤), 
and 𝑘 ∈ ℕ0, 𝑝 ≥ 0, ℊ ∈ 𝐴, such that 

 

Ω𝑡 [𝛼 + 1](ℊ ∗ 𝑘)(𝑤) 
′
 

    𝑝     1  
Ω𝑡 [𝛼 ](ℊ ∗ 𝑘)(𝑤) ≺ ℎ(𝑤), (20) 

then 
𝑝     1 

Ω𝑡 [𝛼 + 1](ℊ ∗ 𝑘)(𝑤) 
𝑝     1 ≺ 𝑞(𝑤). 
Ω𝑡 [𝛼 ](ℊ ∗ 𝑘)(𝑤) 

𝑝     1 
 

Proof. In the case of the function ℊ ∈ 𝐴, which is given by the equation (1), we get 
∞ 

Ω𝑡 [(𝛼 , 𝐴 )1, 𝑞; (𝛽 , 𝐵 )1, 𝑠](ℊ ∗ 𝑘)(𝑤) = 𝑤 + ∑ χ (𝛼 ) 𝑎 𝑏 𝑤𝑛 = Ω𝑡 [𝛼 ](ℊ ∗ 𝑘)(𝑤). 

 
Hence 

𝑝 𝑛 𝑛 𝑛 𝑛 𝑛 1 

𝑛=2 

𝑛    𝑛 𝑝     1 

𝑡 𝑤 + ∑∞ χ (𝛼 + 1) 
𝜇 + 1 

𝑎 𝑏  𝑤𝑛 

𝑝(𝑤) = 
Ω𝑝[𝛼1 + 1 ](ℊ ∗ 𝑘)(𝑤) 

=
 𝑛=2    𝑛 1 𝜇 + 𝑛 𝑛    𝑛 

Ω𝑡 [𝛼 ](ℊ ∗ 𝑘)(𝑤) 𝑤 + ∑∞    χ   (𝛼  ) 
𝜇 + 1 

𝑎 𝑏  𝑤𝑛 
𝑝     1 

𝑛=2   𝑛 1     𝜇 + 𝑛 𝑛    𝑛 

1 + ∑∞ χ (𝛼 ) 
𝜇 + 1 

𝑎
 𝑏 𝑤𝑛−1 

𝑛=2  𝑛 
= 

1+1 𝜇 + 𝑛 𝑛    𝑛 
, 

1 + ∑∞    χ   (𝛼 ) 
𝜇 + 1 

𝑎 𝑏 𝑤𝑛−1 

 

then 

𝑛=2   𝑛 1     𝜇 + 𝑛 𝑛    𝑛 
 

′ ′ 
(Ω𝑡 [𝛼 + 1](ℊ ∗ 𝑘)(𝑤)) (Ω𝑡 [𝛼 ](ℊ ∗ 𝑘)(𝑤)) 

′ 𝑝     1 𝑝     1 

(𝑝(𝑤)) = Ω𝑡 [𝛼 ](ℊ ∗ 𝑘)(𝑤) 
– 𝑝(𝑤)

 Ω𝑡 [𝛼 ](ℊ ∗ 𝑘)(𝑤)   
,
 

we obtain 
𝑝     1 𝑝     1 

 
′ 

(𝑤𝑡 [𝛼 + 1 ](ℊ ∗ 𝑘)(𝑤)) 
𝑝(𝑤) + 𝑤𝑝′(𝑤) =

 𝑝      1 
 

𝑡 [𝛼 ](ℊ ∗ 𝑘)(𝑤) 

As a result of the relationship (20), 
𝑝     1 

 

𝑝(𝑤) + 𝑤𝑝′(𝑤) ≺ ℎ(𝑤) = 𝑞(𝑤) + 𝑤𝑞′(𝑤), 
 

We can use Lemma 1.1 to solve this problem 
 

𝑝(𝑤) ≺ 𝑞(𝑤). 
 

Therefor 
Ω𝑡 [𝛼 ](ℊ ∗ 𝑘)(𝑤) 
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