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Abstract: The most important aim of the prevailing paper is searching for a new fixed point theorems using rational 

Contractions in the setting of soft compact metric spaces which generalizes the results of Sayyed 𝑒𝑡 𝑎𝑙, [9]. In 

particular we investigate the soft compact space based rational expression with soft sets and get some new results. 

Keywords: Soft sets(𝑠𝑠), soft compact metric space(𝑠𝑐𝑚𝑠), rational expression, contraction mappings. 

 

𝟏  introduction 

  

Molodtsov [14] presented the possibility of delicate sets as another numerical gadget for overseeing 

vulnerabilities and has demonstrated a few utilizations of this hypothesis in fixing numerous down to earth 

inconveniences in different controls like as economics, engineering, etc. Maji 𝑒𝑡 𝑎𝑙. [11, 12] examined delicate set 

thought in detail and gave a utilization of (𝑠𝑠) in determination making issues. Chen 𝑒𝑡 𝑎𝑙. [2] worked on a fresh 

out of the plastic new meaning of markdown and expansion of parameters of (𝑠𝑠). Shabir and Naz [16] learned 

about soft topological territories and clarified the possibility of delicate factor by utilizing various methodologies. 

A profound conversation of soft set and compact spaces can be seen in ([1,4, 8 𝑎𝑛𝑑 13]). 
Compact metric spaces are one of the maximum vital lessons in popular topological areas [17]. They have 

many widely recognized homes which may be used in lots of disciplines. Zorlutuma 𝑒𝑡 𝑎𝑙. [2] introduced compact 

soft areas round a smooth topology. Sayyed 𝑒𝑡 𝑎𝑙. [9] defined the concept of (𝑠𝑐𝑚𝑠) and discuss some results 

of (𝑠𝑐𝑚𝑠). In the current work the concept of rational expression will be explore and generalize for (𝑠𝑐𝑚𝑠) and 

proved some fixed point results. Throughout this paper we represent Soft sets(𝒔𝒔), soft compact metric 

space(𝒔𝒄𝒎𝒔), and soft metric space(𝒔𝒎𝒔).  

 

𝟐   preliminaries 

 

Definition 𝟐. 𝟏. ([14])  Let 𝑉 be a universe and 𝐴 be a set of parameters. Let 𝑃(𝑉) denote the power set of 𝑉. 

A pair (𝐹, 𝐴) is called a (𝑠𝑠) over 𝑉, where 𝐹 is a mapping given by 𝐹: 𝐴 → 𝑃(𝑉). 

Definition 𝟐. 𝟐. ([𝟕])  A mapping �̃�: 𝑆𝑃(�̃�) × 𝑆𝑃(�̃�) → ℝ(𝐴∗) is said to be a (𝑠𝑚𝑠) on the (𝑠𝑠) �̃� if  

1) �̃�(𝑃Φ
𝑢, 𝑃ψ

𝑣 ) ≥ 0̃ 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑃Φ
𝑢, 𝑃ψ

𝑣 ∈ �̃�,  

2) �̃�(𝑃Φ
𝑢, 𝑃ψ

𝑣 ) = 0̃ 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑃Φ
𝑢 =  𝑃ψ

𝑣 , 

3) �̃�(𝑃Φ
𝑢, 𝑃ψ

𝑣 ) = �̃�(𝑃Φ
𝑣 , 𝑃ψ

𝑢 ) 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑃Φ
𝑢 , 𝑃ψ

𝑣 ∈ �̃�, 

4) �̃�(𝑃Φ
𝑢, 𝑃ψ

𝑣 ) ≤ �̃�(𝑃Φ
𝑢 , 𝑃ψ

𝑤 ) + �̃�(𝑃Φ
𝑤 , 𝑃ψ

𝑣 ) 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑃Φ
𝑢, 𝑃ψ

𝑣 , 𝑃ψ
𝑤 ∈ �̃�, 

The (𝑠𝑠) �̃� with the soft metric �̃� on �̃� is called a (𝑠𝑚𝑠) and denoted by (�̃�, �̃�, �̃�) or (�̃�, �̃�).  

Definition 𝟐. 𝟑. ([𝟕])   Let (�̃�, �̃�, �̃�) be a (𝑠𝑚𝑠) and �̃� be a non negative soft real number. Then the soft set 

𝐵(𝑃Φ
𝑢, �̃�) = {𝑃ψ

𝑣 ∈ 𝑆𝑃(�̃�): �̃�(𝑃Φ
𝑢, 𝑃ψ

𝑣 ) <̃ �̃�} is called soft open ball with center 𝑃Φ
𝑢 and of radius �̃�. 

 

𝟑   Soft Compact Metric Space 

 

Definition 𝟑. 𝟏. ([𝟗]) A (𝑠𝑚𝑠) (�̃�, �̃�, �̃�) be a (𝑠𝑐𝑚𝑠). Let ℂ̃ = {(𝐶𝑖 , 𝐴𝑖)} be a family of soft open cover of �̃�. 

Then ℂ̃ is called a soft open cover of �̃� if each soft point of �̃� is in some (𝐶𝑖 , 𝐴𝑖) in ℂ̃, that is, ⋃ (𝐶𝑖 , 𝐴𝑖) = �̃�.(𝐶𝑖,𝐴𝑖)∈ℂ̃  

A sub collection of ℂ̃̃~ of ℂ̃ whose union is again �̃� then ℂ̃̃~ is called soft sub cover of �̃� in ℂ̃. If ℂ̃̃~ is finite; it 

is called finite soft sub-cover of �̃� in ℂ̃. 

Definition 𝟑. 𝟐. ([𝟗]) Let (�̃�, �̃�, �̃�) be a soft metric is called (𝑠𝑐𝑚𝑠) if every soft cover of �̃� has a finite soft 

subcover of �̃�.  
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Definition 𝟑. 𝟑.  ([𝟗])  Let (�̃�, �̃�, �̃�) be a (𝑠𝑐𝑚𝑠), and (𝑌, 𝐴) be a non-empty soft subset of �̃�. then �̃� is said to 

be soft compact in �̃� if �̃� is soft compact as a subspace of �̃�.  

Definition 𝟑. 𝟒.  A (𝑠𝑚𝑠) (�̃�, �̃�, �̃�) is called a soft compact if it is soft complete and soft totally bounded. 

Proposition 𝟑. 𝟓.  Let (�̃�, �̃�, �̃�) be a (𝑠𝑐𝑚𝑠). If (�̃�, �̃�, �̃�) is a soft sequence(𝑐𝑚𝑠), then (�̃�, 𝑑α̃) is a 

sequence(𝑐𝑚𝑠) for each α ∈ 𝐴, where 𝐴 is a countable set. Here 𝑑α̃ stands for the soft metric for only parameter α.  

Example 𝟑. 𝟔. Let �̃� = ℕ, 𝑋 = [0, 1] and let soft metric �̃� be defined as follows:  

�̃�(𝑝α
𝑢, �̃�α′

𝑣 ) = |α − α′| + |𝑝 − �̃�| + |𝑢 − 𝑣| 

�̃�(𝑝α
𝑢 , �̃�α′

𝑣 ) = �̃�(α, α′) − (�̃�(α, α′) − �̃�(𝑝, �̃�) − �̃�|𝑢 − 𝑣|) 

�̃�(𝑝α
𝑢, �̃�α′

𝑣 ) = �̃�(α, α′) − �̃�(α, α′) 

Where ℕ is a natural number of set. Therefore (�̃�, �̃�, �̃�) be a (𝑠𝑐𝑚𝑠) 

 

𝟒   main results 

 

   

In this section we use 𝑋 ̃ → (𝐶(𝑋))̃  rational contraction mapping and prove some common fixed point theorems 

in the framework of (𝑠𝑐𝑚𝑠). 

Theorem 𝟒. 𝟏. Let (�̃�, �̃�, �̃�) be a (𝑺𝑪𝑴𝑺)and �̃� be a metric on �̃� such that (�̃�, �̃�) is complete soft metric set 

and let mappings 𝑇, 𝑆: �̃� → (𝐶(𝑋))̃  ,satisfy the following conditions; 

 

i) For each �̃� ∈ �̃�, 𝑇(�̃�), 𝑆(�̃�) ∈ closed set(�̃�), 

ii) 𝐻(𝑇(�̃�), 𝑆(𝛽)) ≤ 𝜓1[𝑑(�̃�, 𝑇(�̃�)) + 𝑑(𝛽, 𝑆(𝛽))] + 𝜓2[𝑑(�̃�, 𝑆(𝛽)) + 𝑑(𝛽, 𝑇(�̃�))]  

Where 𝜓1, 𝜓2 are non-negative real numbers and 𝜓1 +  𝜓2 < 1. Then 𝑇 𝑎𝑛𝑑 𝑆 has a common fixed point. 

Proof. Let 𝛼0̃ ∈ 𝑋, 𝑇(𝛼0̃)  is a non-empty closed set of �̃�. We can choose that 𝛼1̃ ∈ 𝑇(𝛼0̃), for this 𝛼1̃ by the 

same reason mentioned above 𝑆(𝛼1̃) is non-empty closed set of �̃�.     

Since 𝛼1̃ ∈ 𝑇(𝛼0̃) and 𝑆(𝛼1̃) are closed set of �̃�, there exist 𝛼2̃ ∈ 𝑆(𝛼1̃)  

such that 

𝑑(𝛼1̃, 𝛼2̃) ≤ 𝐻(𝑇(𝛼0̃), 𝑆(𝛼1̃)) + Φ, 

Where Φ = 𝑚𝑎𝑥 {
𝜓1+ 𝜓2

1−(𝜓1+ 𝜓2)
,

𝜓1+ 𝜓2

1−(𝜓1+ 𝜓2)
}  

𝑑(𝛼1̃, 𝛼2̃) 

≤ 𝐻(𝑇(𝛼0̃), 𝑆(𝛼1̃)) + Φ 

     ≤ 𝜓1[𝑑(𝛼0̃, 𝑇(𝛼0̃)) + 𝑑(𝛼1̃, 𝑆(𝛼1̃))] + 𝜓2[𝑑(𝛼0̃, 𝑆(𝛼1̃)) + 𝑑(𝛼1̃, 𝑇(𝛼0̃))] + Φ 

      ≤ 𝜓1[𝑑(𝛼0̃, 𝛼1̃) + 𝑑(𝛼1̃, 𝛼2̃)] + 𝜓2[𝑑(𝛼0̃, 𝛼2̃) + 𝑑(𝛼1̃, 𝛼1̃)] + Φ  

         ≤ 𝜓1[𝑑(𝛼0̃, 𝛼1̃) + 𝑑(𝛼1̃, 𝛼2̃)] + 𝜓2[𝑑(𝛼0̃, 𝛼1̃) + 𝑑(𝛼1̃, 𝛼2̃)] + Φ  

𝑑(𝛼1̃, 𝛼2̃) ≤
𝜓1+ 𝜓2

1−(𝜓1+ 𝜓2)
𝑑(𝛼0̃, 𝛼1̃) + Φ  

𝑑(𝛼1̃, 𝛼2̃) ≤ Φ𝑑(𝛼0̃, 𝛼1̃) + Φ  

Thus for this 𝛼2̃, 𝑇(𝛼2̃) is a non-empty closed set of �̃�. 

Since 𝛼2̃ ∈ 𝑆(𝛼1̃) and 𝑆(𝛼1̃) and 𝑇(𝛼2̃)  are closed set of �̃�, there exist 𝛼3̃ ∈ 𝑇(𝛼2̃)    

 

Such that 

𝑑(𝛼2̃, 𝛼3̃) 

≤ 𝐻(𝑇(𝛼2̃), 𝑆(𝛼1̃)) + Φ2 

     ≤ 𝜓1[𝑑(𝛼2̃, 𝑇(𝛼2̃)) + 𝑑(𝛼1̃, 𝑆(𝛼1̃))] 

+𝜓2[𝑑(𝛼2̃, 𝑆(𝛼1̃)) + 𝑑(𝛼1̃, 𝑇(𝛼2̃))] + Φ2 

      ≤ 𝜓1[𝑑(𝛼2̃, 𝛼3̃) + 𝑑(𝛼1̃, 𝛼2̃)] + 𝜓2[𝑑(𝛼2̃, 𝛼2̃) + 𝑑(𝛼1̃, 𝛼3̃)] + Φ2  

      ≤ 𝜓1[𝑑(𝛼2̃, 𝛼3̃) + 𝑑(𝛼1̃, 𝛼2̃)] + 𝜓2[𝑑(𝛼1̃, 𝛼2̃) + 𝑑(𝛼2̃, 𝛼3̃)] + Φ2  

𝑑(𝛼2̃, 𝛼3̃) 

≤
𝜓1 + 𝜓2

1 − (𝜓1 +  𝜓2)
𝑑(𝛼1̃, 𝛼2̃) + Φ2 

≤ Φ𝑑(𝛼1̃, 𝛼2̃) + Φ2 

≤ Φ{Φ𝑑(𝛼0̃, 𝛼1̃) + Φ} + Φ2 

𝑑(𝛼2̃, 𝛼3̃) ≤ Φ2𝑑(𝛼0̃, 𝛼1̃) + 2Φ2  

Similarly this process continue and we get a sequence {𝛼�̃�} such that 𝛼𝑛+1̃ ∈ 𝑆(𝛼�̃�) or 𝛼𝑛+1̃ ∈ 𝑇(𝛼�̃�)  

And 

 𝑑(𝛼𝑛+1̃, 𝛼�̃�) ≤ Φ𝑛𝑑(𝛼0̃, 𝛼1̃) + 𝑛Φ𝑛. 
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Suppose 0 ≪ 𝑢 be given, choose that, a natural number 𝑁1 such that  Φ𝑛𝑑(𝛼0̃, 𝛼1̃) + 𝑛Φ𝑛 ≪ 𝑢 ∀ 𝑛 ≥ 𝑁1 

⇒  𝑑(𝛼𝑛+1̃, 𝛼�̃�) ≪ 𝑢. 

∴ {𝛼�̃�}  is a Cauchy sequence in (�̃�, �̃�, �̃�) is a (𝑺𝑪𝑴𝑺)∃ 𝑝 ∈ �̃� such that 𝛼�̃� → 𝑝. So choose a natural number 

𝑁2 such that 

𝑑(𝛼�̃�, 𝑝) ≪
𝑢(1−(𝜓1+ 𝜓2))

2𝑣(1+(𝜓1+ 𝜓2))
  

and  

𝑑(𝛼𝑛−1̃, 𝑝) ≪
𝑢(1−(𝜓1+ 𝜓2))

2𝑣(𝜓1+ 𝜓2)
∀ 𝑛 ≥ 𝑁2. 

𝑑(𝑇(𝑝), 𝑝) ≤ 𝑑(𝑝, 𝛼�̃�) + 𝑑(𝛼�̃�, 𝑇(𝑝))  

       ≤ 𝑑(𝑝, 𝛼�̃�) + 𝐻(𝑆(𝛼𝑛−1̃), 𝑇(𝑝))  

                 ≤ 𝑑(𝑝, 𝛼�̃�) + 𝜓1[𝑑(𝛼𝑛−1̃, 𝑆(𝛼𝑛−1̃)) + 𝑑(𝑝, 𝑇(𝑝))] 

+𝜓2[𝑑(𝛼𝑛−1̃, 𝑇(𝑝)) + 𝑑(𝑝, 𝑆(𝛼𝑛−1̃))] 

                 ≤ 𝑑(𝑝, 𝛼�̃�) + 𝜓1[𝑑(𝛼𝑛−1̃, 𝛼�̃�) + 𝑑(𝑝, 𝑇(𝑝))] 

+𝜓2[𝑑(𝛼𝑛−1̃, 𝑇(𝑝)) + 𝑑(𝑝, 𝛼�̃�)] 

      ≤ 𝑑(𝑝, 𝛼�̃�) + 𝜓1[𝑑(𝛼𝑛−1̃, 𝑝) + 𝑑(𝑝, 𝛼�̃�) + 𝑑(𝑝, 𝑇(𝑝))]  

  +𝜓2[𝑑((𝛼𝑛−1̃, 𝑝) + (𝑝, 𝑇(𝑝)) + 𝑑(𝑝, 𝛼�̃�)]  

𝑑(𝑇(𝑝), 𝑝) ≤
𝜓1+ 𝜓2

1−(𝜓1+ 𝜓2)
𝑑(𝛼𝑛−1̃, 𝑝) +

(1+(𝜓1+ 𝜓2)

(1−(𝜓1+ 𝜓2)
 𝑑(𝛼�̃�, 𝑝)∀ 𝑛 ≥ 𝑁2. 

𝑑(𝑇(𝑝), 𝑝) ≪
𝑢

𝑣
 for all 𝑣 ≥ 1, we get 

𝑢

𝑣
− 𝑑(𝑇(𝑝), 𝑝) ∈ 𝑃  

And , as 𝑛 → ∞, we get 
𝑢

𝑣
→ 0 

And P is closed −𝑑(𝑇(𝑝), 𝑝) ∈ 𝑃 but 𝑑(𝑇(𝑝), 𝑝) ∈ 𝑃. 

Therefore 𝑑(𝑇(𝑝), 𝑝) = 0 and so 𝑝 ∈ 𝑇(𝑝).  

Similarly it can be established that 𝑝 ∈ 𝑆(𝑝). Hence 𝑇 and 𝑆 has a common fixed point.  

Theorem 𝟒. 𝟐.  Let (�̃�, �̃�, �̃�) be a (𝑺𝑪𝑴𝑺)and �̃� be a metric on �̃� such that (�̃�, �̃�) is complete soft metric set 

and let mappings 𝑇, 𝑆: 𝑋 ̃ → (𝐶(𝑋))̃    

Satisfy the following conditions; 

i. For each �̃� ∈ �̃�, 𝑇(�̃�), 𝑆(�̃�) ∈ closed set(�̃�), 

ii. 𝐻(𝑇(�̃�), 𝑆(𝛽)) ≤ 𝜓1 [𝑑(�̃�, 𝛽)) + 𝑑 (𝛽, 𝑆(𝛽))] + 𝜓2[𝑑(𝛽, 𝑆(𝛽)) + 𝑑(�̃�, 𝑇(�̃�))] 

                                           +𝜓3[𝑑(𝛽, 𝑇(�̃�)) + 𝑑(�̃�, 𝑆(𝛽))]  

where 𝜓1, 𝜓2, 𝜓3 are non-negative real numbers and 𝜓1 +  𝜓2 + 𝜓3 <
1

3
. Then 𝑇 𝑎𝑛𝑑 𝑆 has a common fixed 

point. 

Proof. Let 𝛼0̃ ∈ �̃�, 𝑇(𝛼0̃)  is a non-empty closed set of �̃�. We can choose that 𝛼1̃ ∈ 𝑇(𝛼0̃), for this 𝛼1̃ by the 

same reason mentioned above 𝑆(𝛼1̃) is non-empty closed subset of �̃�.     

Since 𝛼1̃ ∈ 𝑇(𝛼0̃) and 𝑆(𝛼1̃) are closed set of �̃�, there exist 𝛼2̃ ∈ 𝑆(𝛼1̃) such that 

𝑑(𝛼1̃, 𝛼2̃) ≤ 𝐻(𝑇(𝛼0̃), 𝑆(𝛼1̃)) + Φ, 

Where Φ = 𝑚𝑎𝑥 {
𝜓1+ 𝜓2+𝜓3

1−(𝜓1+ 𝜓2+𝜓3)
,

𝜓1+ 𝜓2+𝜓3

1−(𝜓1+ 𝜓2+𝜓3)
} 

 𝑑(𝛼1̃, 𝛼2̃) ≤ 𝐻(𝑇(𝛼0̃), 𝑆(𝛼1̃)) + Φ  

     ≤ 𝜓1[𝑑(𝛼0̃, 𝛼1̃) + 𝑑(𝛼1̃, 𝑆(𝛼1̃))] + 𝜓2[𝑑(𝛼1̃, 𝑆(𝛼1̃)) + 𝑑(𝛼0̃, 𝑇(𝛼0̃))] 

                +𝜓3[𝑑(𝛼1̃, 𝑇(𝛼0̃)) + 𝑑(𝛼0̃, 𝑆(𝛼1̃))] + Φ 

      ≤ 𝜓1[𝑑(𝛼0̃, 𝛼1̃) + 𝑑(𝛼1̃, 𝛼2̃)] + 𝜓2[𝑑(𝛼1̃, 𝛼2̃) + 𝑑(𝛼0̃, 𝛼1̃)] 
                             +𝜓3[𝑑(𝛼1̃, 𝛼1̃) + 𝑑(𝛼0̃, 𝛼2̃)] + Φ    

                ≤ 𝜓1[𝑑(𝛼0̃, 𝛼1̃) + 𝑑(𝛼1̃, 𝛼2̃)] + 𝜓2[𝑑(𝛼1̃, 𝛼2̃) + 𝑑(𝛼0̃, 𝛼1̃)] 
                             +𝜓3[𝑑(𝛼1̃, 𝛼1̃) + 𝑑(𝛼0̃, 𝛼2̃) + 𝑑(𝛼2̃, 𝛼2̃)] + Φ    

                 ≤ 𝜓1[𝑑(𝛼0̃, 𝛼1̃) + 𝑑(𝛼1̃, 𝛼2̃)] + 𝜓2[𝑑(𝛼1̃, 𝛼2̃) + 𝑑(𝛼0̃, 𝛼1̃)] 
                             +𝜓3[𝑑(𝛼1̃, 𝛼1̃) + 𝑑(𝛼0̃, 𝛼2̃) + 𝑑(𝛼1̃, 𝛼2̃)] + Φ    

𝑑(𝛼1̃, 𝛼2̃) ≤
𝜓1+ 𝜓2+𝜓3

1−(𝜓1+ 𝜓2+𝜓3)
𝑑(𝛼𝑜, 𝛼1̃) + Φ  

𝑑(𝛼1̃, 𝛼2̃) ≤ Φ𝑑(𝛼𝑜, 𝛼1̃) + Φ  

Thus for this 𝛼2̃, 𝑇(𝛼2̃) is a non-empty closed set of �̃�. 

Since 𝛼2̃ ∈ 𝑆(𝛼1̃) and 𝑆(𝛼1̃) and 𝑇(𝛼2̃)  are closed set of �̃�, there exist 𝛼3̃ ∈ 𝑇(𝛼2̃)    

such that 

𝑑(𝛼2̃, 𝛼3̃) ≤ 𝐻(𝑇(𝛼2̃), 𝑆(𝛼1̃)) + Φ2  

     ≤ 𝜓1[𝑑(𝛼2̃, 𝛼1̃) + 𝑑(𝛼1̃, 𝑆(𝛼1̃))] + 𝜓2[𝑑(𝛼1̃, 𝑆(𝛼1̃)) + 𝑑(𝛼2̃, 𝑇(𝛼2̃))] 

+𝜓3[𝑑(𝛼1̃, 𝑇(𝛼2̃)) + 𝑑(𝛼2̃, 𝑆(𝛼1̃))] + Φ2 
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      ≤ 𝜓1[𝑑(𝛼2̃, 𝛼1̃) + 𝑑(𝛼1̃, 𝛼2̃)] + 𝜓2[𝑑(𝛼1̃, 𝛼2̃) + 𝑑(𝛼2̃, 𝛼3̃)] 
+𝜓3[𝑑(𝛼1̃, 𝛼3̃) + 𝑑(𝛼2̃, 𝛼2̃)] + Φ2 

     ≤ 𝜓1[𝑑(𝛼2̃, 𝛼1̃) + 𝑑(𝛼1̃, 𝛼2̃)] + 𝜓2[𝑑(𝛼1̃, 𝛼2̃) + 𝑑(𝛼2̃, 𝛼3̃)] 
+𝜓3[𝑑(𝛼1̃, 𝛼2̃) + 𝑑(𝛼2̃, 𝛼3̃) + 𝑑(𝛼2̃, 𝛼2̃)] + Φ2 

𝑑(𝛼2̃, 𝛼3̃) ≤
𝜓1 +  𝜓2 + 𝜓3

1 − (𝜓1 + 𝜓2 + 𝜓3)
𝑑(𝛼1̃, 𝛼2̃) + Φ2 

≤ Φ𝑑(𝛼1̃, 𝛼2̃) + Φ2 

≤ Φ{Φ𝑑(𝛼0̃, 𝛼1̃) + Φ} + Φ2 

𝑑(𝛼2̃, 𝛼3̃) ≤ Φ2𝑑(𝛼0̃, 𝛼1̃) + 2Φ2  

Similarly this process continue and we get a sequence {𝛼�̃�} such that 𝛼𝑛+1̃ ∈ 𝑆(𝛼�̃�) or 𝛼𝑛+1̃ ∈ 𝑇(𝛼�̃�) and 

𝑑(𝛼𝑛+1̃, 𝛼�̃�) ≤ Φ𝑛𝑑(𝛼0̃, 𝛼1̃) + 𝑛Φ𝑛. 

Suppose 0 ≪ 𝑢 be given, choose that, a natural number 𝑁1 such that  Φ𝑛𝑑(𝛼0̃, 𝛼1̃) + 𝑛Φ𝑛 ≪ 𝑢 ∀ 𝑛 ≥ 𝑁1 

⇒  𝑑(𝛼𝑛+1̃, 𝛼�̃�) ≪ 𝑢. 

∴ {𝛼�̃�}  is a Cauchy sequence in (�̃�, �̃�, �̃�) be a (𝑺𝑪𝑴𝑺), ∃ 𝑝 ∈ �̃� such that 𝛼�̃� → 𝑝. So choose a natural number 

𝑁2 such that 

𝑑(𝛼�̃�, 𝑝) ≪
𝑢(1−(𝜓1+ 𝜓2+𝜓3))

2𝑣(1+(𝜓1+ 𝜓2+𝜓3))
  

and  

𝑑(𝛼𝑛−1̃, 𝑝) ≪
𝑢(1−(𝜓1+ 𝜓2+𝜓3))

2𝑣(𝜓1+ 𝜓2+𝜓3)
∀ 𝑛 ≥ 𝑁2. 

𝑑(𝑇(𝑝), 𝑝) ≤ 𝑑(𝑝, 𝛼�̃�) + 𝑑(𝛼�̃�, 𝑇(𝑝))  

       ≤ 𝑑(𝑝, 𝛼�̃�) + 𝐻(𝑆(𝛼𝑛−1̃), 𝑇(𝑝)) 

 ≤ 𝑑(𝑝, 𝛼�̃�) + 𝜓1[𝑑(𝛼𝑛−1̃, 𝑝) + 𝑑(𝑝, 𝑇(𝑝))] 

+𝜓2[𝑑(𝑝, 𝑇(𝑝)) + 𝑑(𝛼𝑛−1̃, 𝑆(𝛼𝑛−1̃))] 

+𝜓3[𝑑(𝑝, 𝑆(𝛼𝑛−1̃)) + 𝑑(𝛼𝑛−1̃, 𝑇(𝑝))] 

       ≤ 𝑑(𝑝, 𝛼�̃�) + 𝜓1[𝑑(𝛼𝑛−1̃, 𝑝) + 𝑑(𝑝, 𝑇(𝑝))] 

+𝜓2[𝑑(𝑝, 𝑇(𝑝)) + 𝑑(𝛼𝑛−1̃, 𝛼�̃�)] 
+𝜓3[𝑑(𝑝, 𝛼�̃�) + 𝑑(𝛼𝑛−1̃, 𝑇(𝑝))] 

≤ 𝑑(𝑝, 𝛼�̃�) + 𝜓1[𝑑(𝛼𝑛−1̃, 𝑝) + 𝑑(𝑝, 𝑇(𝑝))] 

                                                      +𝜓2[𝑑(𝑝, 𝑇(𝑝)) + 𝑑(𝛼𝑛−1̃, 𝑝) + 𝑑(𝑝, 𝛼�̃�)] 
                                 +𝜓3[𝑑(𝑝, 𝛼�̃�) + 𝑑((𝛼𝑛−1̃, 𝑝) + (𝑝, 𝑇(𝑝))]  

𝑑(𝑇(𝑝), 𝑝) ≤
𝜓1+ 𝜓2+𝜓3

1−(𝜓1+ 𝜓2+𝜓3)
𝑑(𝛼𝑛−1̃, 𝑝) +

1+( 𝜓2+𝜓3)

1−(𝜓1+ 𝜓2+𝜓3)
 𝑑(𝛼�̃� , 𝑝)∀ 𝑛 ≥ 𝑁2. 

𝑑(𝑇(𝑝), 𝑝) ≪
𝑢

𝑣
 for all 𝑣 ≥ 1, we get 

𝑢

𝑣
− 𝑑(𝑇(𝑝), 𝑝) ∈ 𝑃  

And 

 as 𝑛 → ∞, we get 
𝑢

𝑣
→ 0 and P is closed −𝑑(𝑇(𝑝), 𝑝) ∈ 𝑃 but 𝑑(𝑇(𝑝), 𝑝) ∈ 𝑃.  

Therefore 

𝑑(𝑇(𝑝), 𝑝) = 0 and so 𝑝 ∈ 𝑇(𝑝). 

Hence 𝑇 and 𝑆 has a fixed point. 

Corollary 𝟒. 𝟑. Let (�̃�, �̃�, �̃�) be (𝑺𝑪𝑴𝑺) and �̃� be a metric on �̃� such that (�̃�, �̃�, �̃�) be a complete (𝑺𝑪𝑴𝑺)and 

let mappings 𝑇, 𝑆: �̃� → 𝐶(�̃�)   

i. For each �̃� ∈ 𝑋, 𝑇1(�̃�), 𝑇2(�̃�) ∈ closed set(𝑋), 

ii. 𝐻(𝑇1(�̃�), 𝑇2(𝛽)) ≤ 𝜓𝑎 [𝑑(�̃�, 𝛽)) + 𝑑 (𝛽, 𝑇2(𝛽))] + 𝜓𝑐[𝑑(𝛽, 𝑇1(�̃�)) + 𝑑(�̃�, 𝑇2(𝛽))]  

Where 𝑎 and 𝑐 are non-negative real numbers and 𝑎 + 𝑐 <
1

2
. Then 𝑇 has a fixed point. 
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