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Abstractin this paper, we using (@« — y) — § —contraction fuctions in complete fuzzy metric space and establish
sequential characterization properties of Lebesgue fuzzy metric space. We prove the existence of common fixed
point theorems for (a¢ — ) — § — contractions mapping in fuzzy metric space using the property of Lebesgue
fuzzy metric space and give a few models on the side of our outcomes. We also inaugurate some motivating results
based on Lebesgue complete fuzzy (@ — ) — & —contractive mappings.
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1. Introduction

Topology is the study of geometric properties that does not depend only on the exact shape of the objects, but
rather it acts on how the points are connected to each other. Infact, topology deals with those properties that remain
invariant under the continuous transformation of a map. Zadeh (15) presented and examined the idea of a fuzzy
set in his fundamental paper. The investigation of fuzzy sets started a broad fuzzy of a few numerical ideas and
has applications to different parts of applied sciences. The idea of fuzzy measurement spaces was presented at first
by Kramasll and Michalek (10). Banach constriction standard is unquestionably an old style aftereffect of current
examination. Specifically, Mihet, (13) presented the ideas of fuzzy y —contractive mappings which grow the class
of fuzzy compressions in Gregori and Sapena (6) and numerous creators abbas. Samet and vetro (14) presented the
idea of @ — Y —contractive mappings and used similar ideas to make a few intriguing fixed statement hypotheses
in setting of metric spaces. Thereafter unique fixed point issues for @ — ¥ —constrictions in fuzzy measurement
spaces were talked about quickly by different authors (see [1,2,8,11,12,13,]).

In this paper utilizing the notion of lebesgue property in unique fixed point theorem for (@ —¢) — & —
contractions mapping in fuzzy metric space we prove a results which improves the recent works of Abbas et al.
[1], Arora and Kumar [2], Samet et al. [14].

2. Preliminaries

Definition 2.1. The 3-tuple (E, d,*) is called a fuzzy metric space if X is an arbitrary non-empty set, * is a
continuous t-norm and d is a fuzzy metric in X2 x [0, ] — [0,1], satisfying the following conditions: for all
x,y,Zz€ Xandt,s>0.

[FM.1] M(x,y,0) =0

[FM.2) M(x,y,t) =1Vt >0iff x =y.

[FM.3] M(x,y,t) = M(x,y,t)

[FM.4) M(x,y,t) * M(x,2,5) < M(x,z,t +s)

[FM.5] M(x,y,.):[0,0] — [0,1], Is left continuous

[FM. 6] P_TOM (e, y,t) = 1.

Definition 2. 2. Let (E, d,*) be a fuzzy metric space and let a sequence X,, in x is said to be converge to x € X
if iljgoM (X, x,t) =1,foreach t > 0.

Definition 2.3. let (E,d) be a metric space and T: X — X be a given mapping. We say that T is an a —
Y —contractive mapping if there exists two functions a:X x X = [0,4) and Y € ¥ : a(x,y)d(Tx, Ty) <
w(d(x,y)), Forall x,y € X.

Definition 2.4. LetT: X - X and a: X X X X [0, ) — [0,1], we say that T is « —admissible if

x,y€eEX, alX,y,t) <1 = a(Tx,Ty,t) < 1.
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3. Main Results
Theorem 3. 1. Let (E, d) be acomplete Fuzzy metric space. Let (T, ¢) be a fuzzy a — iy —contractive mapping
from (E, d) into itself satisfying the following:
(i) (T,¢)isafuzzy a —admissible,
(ii)  There exists f, °FC(E) such that (a, )M (f,°, (T, 9)f.,°) < 1,
(iii)y (T, ) is Fuzzy continuous.
Then (T, ¢) has a unique fixed point, that is, there exists f, € FC(E) such that
T, 9)fe = fe
Proof: Let f, ° € such that (a, ) M(f;,,°, (T, 9)f,,°) < 1.
Define the sequence {f,, "} in (E,d) by
fenﬂwr1 = (T, p)f., ", ¥n€N.

Iff,"=f,,, " forsomen € N, then f, = f, ™" is a unique fixed point of (T, ¢).
Assumethat f, " = f, ™', vneN.
Since T is a fuzzy a —admissible,
we have (a,®M(£.,° f.,") = (@, ®)(f.,° (T, 9)f;,°) < 1.
By induction, we get

@) (fo,’ o) S LVREN. (3.1.1)
Applying the inequality (3.1.1) with f, = fenH"“ and g, = f,,", and using (3.1.1), we obtain

A(fo" fones ™) = d (T for " T 0 e, 2 (T, 00, )
< (@, 0o, ™) (@D e, D (T 0o, (T 0L,
< (@, 0) e, (T, 0 e, T, 0)fe,")
< (0, 0)d ((T,9)f.," (T, )fo,")
S CI M)
By induction, we get
d(fo, " e, 0) W (d(fo,* o)) 0™ (A(fe, 2,7)) o VR EN (3.1.2)
From the inequality(3.1.2) and using the triangular inequality and for n,m € N with m > n,
A(fo," fon™) < A(fo," fonaa™) + A(forss™ " o) + o A(fer ™ fe ™)

I k k+1

- d(fek ’fek+1 )
k=n
™ k(e k k+1

= l/) (fek 'fek+1 )
k=n
m-—1 (5 o 1

<Y )

<is* (d(f,’ fe,1))
Letting k — oo, we obtain {fek"} is a Cauchy sequence in Fuzzy metric space in (E, d). since (E, d) is complete,

there exists fekk € FC(E) such that fek" - f, as n — oo, from the fuzzy continuity of (T, ¢), it follows that

forrs ! = T = (T, 0)f,
As n — oo. by the uniqueness of the limit, we get
fe= (T, 9)fe

Definition 3.2. Let (E, d) be a fuzzy metric space and (T, ¢) : (E,d) — (E,d) be a given fuzzy mapping.
Then we say that (T, ¢) is fuzzy (a, ) —Banach contractive mapping, if there exists two fuzzy functions
(a, ), (B,a) : FC(E) » R(E*) and 0 < r < 1 such that

(&, V) B, ) (G ((T, 0o, (T, @) fo, (T, )ger) S T.d(fer ger), Ve ger € FCE).

Definition 3.3. A fuzzy metric space (E,d) is said to have the lebesgue property if given an open cover
G of (E,ty), thereexistr € (0,1),t > 0 such that {FC(x, r,t): x € X} refines G. we call such fuzzy metric spaces
lebesgue.

Proposition 3.4. Let (E, d) be a metric space. Then (E, d) is lebesgue if and only if (E, 7,) is lebesgue.

Definition 3.5. 7, is called the lebesgue topology induced by (E, d).

Theorem 3.6. Let (E,d) be a complete fuzzy metric space. Let (T, @) be a Lebesgue fuzzy (a — ) —
& —contractive mapping from (E, d) into itself satisfying the following:

(i) (T, ) isa Lebesgue fuzzy type a —admissible,
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(ii)  Thereexists f,,° € FC(E) such that (&, )M (f,,°, (T, 9)f,,°) < 1,

(iii) I {f,,"} isasequence in (E, d) such that (¢, )M (£, " f.,,.,"*') <1V n€eN.

And f, " - f, asn - 4o, then (a, )M(f, ", f.) <1V n€eN.

(@) (T, ) is fuzzy continuous,

(b) If {f, "} is asequence in (E,d) such that {f, "} - f,FC(E) asn > o and (a,§)M(f,,") <1V n€
N, then (a, )M (f,) < 1.

Then (T, ) has a unique fixed point. Furthermore, if (a,¥)f, <1 and (8,9)f, < 1, for all fixed point
f.FLC(E), then (T, ¢) has a unique fixed point.

Proof: Let feOO € FLC(E) such that («, 1,[))]’600 <1 and (B, (Z))feo0 < 1. we will construct the iterative
sequence {f, "}, where f, " =(T,@)f, "' foralln€N. Since (T,¢) is a lebesgue fuzzy sets
(a, B) —admissible mapping, we have

(@M, ° <1= B0 f.," = BT, 0)fo,) <1
And

B.OMSf, " <1= (@ P)fy,' = (@P)T, 9)fp,*) <1

By similar method, we get
(@, Y)Mf,,° <land (B,0)f, " <1,VneN
From the fuzzy set (a, 8) —lebesgue condition of (T, ¢), we have
A(fo" fones™™) = M (T, )" (T, 002, ")

<(@Pfe, " L BOf " MT, 9, " (T, 0)fe,"
<r.M(f,_ " f,")foralln €N,
Where

A(fous" fon) - max{M(f," fon," ™) MAT, @) fon, "™ fened ™) M(T, @) fo " fo™)
SUMT, @) e " fo") + Mo, (T 0)fe, 1)
= max{M(£.,", for ," ) MU for "ML )
%[(M(fen",fen”) + Mfop," ™ fen O

< max{M(fo," feus ™ ) M(fens ™ o)}
ThUS M(ﬁf’nn’ fen+1n+1) =. maX{M(fenn’fen—ln_l)’ M(fenn’ f;?n+1n+1)’ M(f;fn—ln_l’ f;’n+1n+1)}
Suppose (f,, "' for,, ") is maximum. Then
M(fenn’ fen+1n+1) = M(fenn’fen+1n+1) = M(fenn'fen+1n+1)
<M(f," f.,," ") is a contradiction.
Let n,m € N such that n > m. Then we get

M(fo™ for) < M(Fop,™ o ™)+ M (fors ™ fora™ ) + 4 M(fo "7 o)
< @™+ g Y M1, 0 o))
m

< MES LD
Sl Ve e

Thus this implies

M(f,, ™ f.,") > 0as (m,n - o).

So {f,,, ™} is a fuzzy Cauchy sequence, by the completeness of (E, d), there is a fuzzy point f, € FLC(E) such
that f, ™ = f, as (n - ).

Now we assume that (T, ¢) is fuzzy lebesgue continuous. Then, we obtain

fo=lim £, "' = lim (T,9) £, = (T,9) (Iim £,,") = (T, 9.
Now we will assume that the condition (b) holds. Then (3, (D)fen” < 1. thus we have for eachn € N,
M((T, @)oo o) < M (T, e (T, ), ") + M (T, 0)fe," )
< (@¥)fe," B0V fo- M (T, 0o, T, 0)F,") + M (T, )12, 1)
P M(fe," fe) A M(fenys ™ fer™) + M(fe" fenss™™)
Mo, L) M (T, 00f," fo,") M(CT, @) f2)
=T. max{ }

= (ORI A R (RAGEOTA]
+M(f.," fe)-
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Letting n — oo, we get

M((T, 9o f2) < 7. M((T, 9)fo, (T, 9)f.) + M((T, ©) f., f2)
M((T, )fo 1)

This is a contradiction. Then(T, ) f, = f,. This shows that f, is a fixed point of (T, ¢).
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