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Abstract. In this paper, we try to extend and obtain some more results inspired by P. Goswami and Aljouiee [9]. Here we are 
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analytic bi-univalent functions. Also we find both some initial and general coefficient bounds. 
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1. Introduction and Preliminary 

 

Let 𝑓(𝑧) be analytic and univalent in △. Then, since 𝑓′(0) ≠ 0, the function 

                      𝑓(𝑧) = 𝑧 + ∑ 𝑎𝑛𝑧
𝑛.∞

𝑛=2                        (1.1) 

In the open unit disk △defined as △= {𝑧: 𝑧 ∈ 𝐶and |𝑧| < 1}, these functions are analytic and follows the 

normalization condition 𝑓(0) = 𝑓′(0) − 1 = 0 

Assume subclass S of A to be univalent in △. According to koebe one quarter theorem [1], all the functions 

belonging to S has their inverse in △.Therefore if 𝑓 ∈ 𝑆, then we have 𝑓−1defined as 

𝑓−1(𝑓(𝑧)) = 𝑧, (𝑧 ∈△) 
and 

𝑓−1(𝑓(𝑤)) = 𝑤, (|𝑤| < 𝑟0(𝑓); 𝑟0(𝑓) ≥
1

4
) 

where 

𝑓−1(𝑤) = 𝑤 − 𝑎2𝑤
2 + (2𝑎2 − 𝑎3)𝑤

3 − (5𝑎2
3 − 5𝑎2𝑎3 + 𝑎4)𝑤

4+. ..            (1.2) 

𝑓 is said to be biunivalent function if its inverse𝑓−1 is also univalent in △. We denote the class of biunivalent 

function by symbol 𝜎. 

Suppose M is class having functions which are of the form, 

𝜙(𝑧) = 1 + ∑ 𝜙𝑛𝑧
𝑛∞

𝑛=1                                                 (1.3) 

and are also regular in △. 

Definition 1.1. [2] Let 𝑃𝑚(𝛾) denote the class of analytic functions 𝐾(𝑧) in △, satisfying the properties 𝐾(0) =
1, and 

∫ |
𝑅𝐾(𝑧) − 𝛾

1 − 𝛾
|

2𝜋

0

𝑑𝜃 ≤ 𝑚𝜋, 

where 𝑧 = 𝑟𝑒𝑖𝜃 ,𝑚 ≥ 2𝑎𝑛𝑑0 ≤ 𝛾 < 1. 
For 𝑚 = 2, 𝑃2(𝛾) = 𝑃(𝛾). When 𝛾 = 0, 𝑃𝑚(𝛾) reduces to the class 𝑃𝑚(0) = 𝑃𝑚, defined by Pinchuk [3]. And 

with the help of this we get the class 𝑃2(0) = 𝑃of caratheodory function of positive real parts. 

Many mathematicians have worked in the field of biunivalent functions and obtained interesting results. The 

class σ of biunivalent functions was first investigated by Lewin [4]. He also found the bound for second coefficient. 

Certain subclasses of biunivalent functions similar to the subclasses of starlike, strongly starlike and convex 

functions are studied by Brannan and Taha [5]. 

In recent years, various researchers like Goyal and Goswami [8], Ali et al. [6], Aljouiee et al. [9], Srivastava et 

al. [7] have worked on the subclasses of bi-univalent functions and found the initial coefficient bounds.  

Robertson [10], in 1970, introduced concept of quasi-subordination which is defined as follows: 

Definition 1.2. If 𝑓(𝑧) and 𝐾(𝑧) be analytic function in △, them 𝑓(𝑧) is quasi-subordinate to 𝐾(𝑧) in △,i.e. 

𝑓(𝑧) ≺𝑞 𝐾(𝑧),  (𝑧 ∈△) 

if there exist an analytic function 𝜓, (|𝜓(𝑧)| ≤ 1), such that (
𝑓(𝑧)

𝜓(𝑧)
)is analytic in △,and  

(
𝑓(𝑧)

𝜓(𝑧)
) ≺ 𝐾(𝑧),  (𝑧 ∈△) 

i.e. there exist the Schwarz function 𝑤(𝑧) such that 

𝑓(𝑧) = 𝜓(𝑧). 𝐾(𝑤(𝑧)) 
And we know from [1] that 𝑓(𝑧) is subordinate to 𝐾(𝑧)𝑖. 𝑒. 𝑓(𝑧) ≺ 𝐾(𝑧), if there exist a Schwarz functions 

𝑤(𝑧) in △ such that 𝑓(𝑧) = 𝐾(𝑤(𝑧)), with 𝑤(0) = 0and |𝑤(𝑧)| < 1, (𝑧 ∈△). 
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Jacson [11], in 1908, introduced the concept of q-derivative, which is defined as follows: 

Definition 1.3. The q-derivative of a function 𝑓is defined on a subset of 𝐶is given by 

(𝐷𝑞𝑓)(𝑧) =
𝑓(𝑧)−𝑓(𝑧𝑞)

(1−𝑞)𝑧
, (𝑧 ≠ 0)  (1.4) 

and(𝐷𝑞𝑓)(𝑧) = 𝑓
′(0) provided 𝑓′(0) exists. 

If 𝑓is differential, then 

𝑙𝑖𝑚
𝑞→1−

(𝐷𝑞𝑓)(𝑧) = 𝑙𝑖𝑚
𝑞→1−

𝑓(𝑧)−𝑓(𝑧𝑞)

(1−𝑞)𝑧
=

𝑑𝑓(𝑧)

𝑑𝑧
,  

From (1.4) and (1.1), we get 

(𝐷𝑞𝑓)(𝑧) = 1 + ∑ [𝑛]𝑞𝑎𝑛𝑧
𝑛−1∞

𝑛=2      (1.5) 

Where [𝑛]𝑞 =
1−𝑞𝑛

1−𝑞
, (𝑞 ≠ 1) 

Definition 1.4. If 𝑓(𝑧) be a function defined by (1.1), then for any function𝑙(𝑧) of the form, 

𝑙(𝑧) = 𝑧 +∑ 𝑙𝑛𝑧
𝑛

∞

𝑛=2

 

Convolution of 𝑓(𝑧) and 𝑙(𝑧) is defined by, 

(𝑓 ∗ 𝑙)(𝑧) = 𝑧 + ∑ 𝑎𝑛𝑙𝑛𝑧
𝑛∞

𝑛=2 , 𝑧 ∈△    (1.6) 

Sahsene Altinkaya [11] in 2018 introduced the class 𝑇𝜎(𝑞,⋋) and obtain the upper bounds for coefficient of 

functions of this subclass. 

A function 𝑓 ∈ 𝜎is in 𝑇𝜎(𝑞,⋋), (⋋≥ 1) if satisfy the condition as follows: 

 

 

                                     (1 −⋋)
𝑓(𝑧)

𝑧
+⋋ (𝐷𝑞𝑓)(𝑧) ≺𝑞 𝜓(𝑧)           

 

And             

                                     (1 −⋋)
𝐹(𝑤)

𝑤
+⋋ (𝐷𝑞𝐹)(𝑤) ≺𝑞 𝜓(𝑤)   

 

 

where 𝐹 = 𝑓−1, and 𝜓 ∈ 𝑀be univalent in △and 𝜓 (△) be symmetrical about the real axes with 𝜓′(0) > 0. 
Definition 1.5. Let 𝜓 ∈ 𝑀be an univalent function in △and let 𝜓(△) be symmetrical about the real axis with 

𝜓′(0) > 0. A function 𝑓 ∈ 𝜎, is in the class 𝑀𝜎
𝛼(𝑞,⋋), (⋋≥ 1, 𝛼 ∈ 𝑅), if it satisfy the conditions given below: 

 (1 −⋋) (
𝑓(𝑧)

𝑧
)
𝛼

+⋋ ((𝐷𝑞𝑓)(𝑧))
𝛼
≺𝑞 𝜓(𝑧), (𝑧 ∈△)         (1.7) 

and 

(1 −⋋) (
𝐹(𝑤)

𝑤
)
𝛼

+⋋ ((𝐷𝑞𝐹)(𝑤))
𝛼
≺𝑞 𝜓(𝑤), (𝑤 ∈△)                       (1.8) 

where 𝐹 = 𝑓−1 

Considering these definitions, we will define a new subclass of bi-univalent functions by q-derivative and 

convolution, and also obtain general and initial coefficient bounds by means of Taylor expansion formula. 

 

1. Main Results 

 

Lemma 2.1. [3] Suppose 𝜉be a function defined by 𝜉(𝑧) = 1 + ∑ 𝑐𝑛𝑧
𝑛∞

𝑛=1 is convex in △. If 𝜉(𝑧) ∈ 𝑃𝑚 ,      then 

                               |𝑐𝑛| ≤ 𝑚,  (𝑚 ∈ 𝑁) 
Definition 2.1.A function 𝑓(𝑧) ∈ 𝜎, is said to be in class 𝑀𝜎

𝛼(𝑓, 𝑙;⋋; 𝑡), 𝑓𝑜𝑟 ⋋≥ 0, 𝑡 ∈ (1/2,1], 𝛼 ∈ 𝑅, if the 

following condition is satisfied: 

(1 −⋋) (
(𝑓 ∗ 𝑙)(𝑧)

𝑧
)

𝛼

+⋋ ((𝐷𝑞(𝑓 ∗ 𝑙))(𝑧))
𝛼
≺𝑞 𝜓(𝑧), (𝑧 ∈△) 

and 

(1 −⋋)(
(𝐹 ∗ 𝑙)(𝑤)

𝑤
)

𝛼

+⋋ ((𝐷𝑞(𝐹 ∗ 𝑙))(𝑤))
𝛼
≺𝑞 𝜓(𝑤), (𝑤 ∈△) 

where𝐹 = 𝑓−1. 

This is very clear from the above definition that 𝑓 ∈ 𝑀𝜎
𝛼(𝑓, 𝑙;⋋; 𝑡), if there exist a function ℎ(|ℎ(𝑧)| ≤ 1), 

satisfying following conditions: 

(1−⋋)(
(𝑓∗𝑙)(𝑧)

𝑧
)
𝛼
+⋋((𝐷𝑞(𝑓∗𝑙))(𝑧))

𝛼

ℎ(𝑧)
≺ 𝜓(𝑧),  (𝑧 ∈△)                 (2.1) 

and 
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(1−⋋)(
(𝐹∗𝑙)(𝑤)

𝑤
)
𝛼
+⋋((𝐷𝑞(𝐹∗𝑙))(𝑤))

𝛼

ℎ(𝑤)
≺ 𝜓(𝑤),  (𝑤 ∈△)                (2.2) 

where 𝐹 = 𝑓−1. Here we suppose that 𝜓 ∈ 𝑀is of the form 

𝜓(𝑧) = 1 + 𝑐1𝑧 + 𝑐2𝑧
2+. . . , (𝑐𝑛 > 0, 𝑧 ∈△) 

and the function h analytic in △is taken as 

ℎ(𝑧) = 𝑋0 + 𝑋1𝑧 + 𝑋2𝑧
2+. . . , (|ℎ(𝑧)| ≤ 1, 𝑧 ∈△) 

Now our main results are as follows: 

Theorem 2.1. Let f be function given by (1.1) be in the class 𝑀𝜎
𝛼(𝑓, 𝑙;⋋; 𝑡), if 𝑎𝑚 = 0, for 2 ≤ 𝑚 ≤ 𝑛 − 1, 

then 

|𝑎𝑛| ≤
𝑐1+|𝑋𝑛−1|

𝛼[1+([𝑛]𝑞−1)⋋]|𝑙𝑛|
,  (𝑛 > 3). 

Proof: We have 

𝑓(𝑧) = 𝑧 +∑𝑎𝑛𝑧
𝑛

∞

𝑛=2

, 

𝑙(𝑧) = 𝑧 +∑ 𝑙𝑛𝑧
𝑛

∞

𝑛=2

, 

so 

(𝑓 ∗ 𝑙)(𝑧) = 𝑧 +∑𝑎𝑛𝑙𝑛𝑧
𝑛

∞

𝑛=2

 

Now 

[
(𝑓 ∗ 𝑙)(𝑧)

𝑧
]

𝛼

= [1 +∑𝑎𝑛𝑙𝑛𝑧
𝑛−1

∞

𝑛=2

]

𝛼

 

and 

[(𝐷𝑞(𝑓 ∗ 𝑙))(𝑧)]
𝛼
= [1 +∑[𝑛]𝑞𝑎𝑛𝑙𝑛𝑧

𝑛−1

∞

𝑛=2

]

𝛼

 

Denoting 

𝑁(𝑧) = (
(𝑓∗𝑙)(𝑧)

𝑧
)
𝛼

; 𝑄(𝑧) = [(𝐷𝑞(𝑓 ∗ 𝑙))(𝑧)]
𝛼; 

𝑉(𝑤) = (
(𝐹∗𝑙)(𝑤)

𝑤
)
𝛼

;𝑊(𝑤) = [(𝐷𝑞(𝐹 ∗ 𝑙))(𝑤)]
𝛼. 

Then we have 

(1 −⋋)𝑁(𝑧) +⋋ 𝑄(𝑧) ≺𝑞 𝜓(𝑧),   (2.3) 

and 

(1 −⋋)𝑉(𝑤) +⋋𝑊(𝑤) ≺𝑞 𝜓(𝑤),    (2.4) 

By Taylor expansion formula we obtain 

𝑁(𝑧) = (
(𝑓 ∗ 𝑙)(𝑧)

𝑧
)

𝛼

= 𝑁(0) + 𝑧𝑁′(0) +
𝑧2

2!
𝑁′′(0)+. . . +

𝑧𝑛

𝑛!
𝑁(𝑛)(0)+. .. 

We can calculate 

𝑁(0) = 1, 

𝑁′(0) = 𝛼𝑎2𝑙2 

𝑁′′(0) = 𝛼(𝛼 − 1)(𝑎2𝑙2)
2 + 2𝛼𝑎3𝑙3 

𝑁′′′(0) = 𝛼(𝛼 − 1)(𝛼 − 2)(𝑎2𝑙2)
3 + 6𝛼(𝛼 − 1)𝑎2𝑎3𝑙2𝑙3 + 3! 𝛼𝑎4𝑙4 

… 

𝑁(𝑛−1)(0) = 𝐵(𝛼(𝛼 − 1)(𝛼 − 2). . . (𝛼 − 𝑛 + 1), 𝑎2, 𝑎3, . . . , 𝑎𝑛−1, 𝑙2, 𝑙3, . . . 𝑙𝑛−1,) + 𝛼(𝑛 − 1)! 𝑎𝑛𝑙𝑛 , 

where 𝐵(𝛼(𝛼 − 1)(𝛼 − 2). . . (𝛼 − 𝑛 + 1), 𝑎2, 𝑎3. . . , 𝑎𝑛−1, 𝑙2, 𝑙3, . . . 𝑙𝑛−1, ) is the sum of the functions formed 

by the product of 𝛼(𝛼 − 1)(𝛼 − 2). . . (𝛼 − 𝑛 + 1), 𝑎2, 𝑎3. . . , 𝑎𝑛−1, 𝑙2, 𝑙3, . . . 𝑙𝑛−1and atleast one of the product 

factor is 𝑎𝑖𝑙𝑖 , 2 ≤ 𝑖 ≤ 𝑛 − 1, 𝑠𝑜 

𝑁(𝑧) = 1 + 𝛼𝑎2𝑙2𝑧 +
𝑧2

2!
[𝛼(𝛼 − 1)𝑎2

2𝑙2
2 + 2𝛼𝑎3𝑙3]      

 

                 +
𝑧3

3!
[𝛼(𝛼 − 1)(𝛼 − 2)𝑎2

3𝑙2
3 + 3!𝛼(𝛼 − 1)𝑎2𝑎3𝑙2𝑙3 + 3!𝛼𝑎4𝑙4]+. ..  

 

                      +
𝑧𝑛−1

(𝑛−1)!
[𝐵(𝛼(𝛼 − 1)(𝛼 − 2). . . (𝛼 − 𝑛 + 1), 𝑎2, 𝑎3, . . . , 𝑎𝑛−1, 𝑙2, 𝑙3, . . . 𝑙𝑛−1) +

𝛼(𝑛 − 1)! 𝑎𝑛𝑙𝑛]+. ..                (2.5) 

Now, 
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𝑄(𝑧) = [(𝐷𝑞(𝑓 ∗ 𝑙))(𝑧)]
𝛼 = [1 +∑[𝑛]𝑞𝑎𝑛𝑙𝑛𝑧

𝑛−1

∞

𝑛=2

]

𝛼

 

= [1 + [2]𝑞𝑎2𝑙2𝑧
1 + [3]𝑞𝑎3𝑙3𝑧

2+. . . ]𝛼 

By Taylor expansion formula, 

𝑄(𝑧) = 𝑄(0) + 𝑧𝑄′(0) +
𝑧2

2!
𝑄′′(0)+. . . +

𝑧𝑛

𝑛!
𝑄(𝑛)(0)+. .. 

By calculations, we get 

𝑄(0) = 1, 
𝑄′(0) = 𝛼[2]𝑞𝑎2𝑙2, 

𝑄′′(0) = 𝛼(𝛼 − 1)([2]𝑞𝑎2𝑙2)
2
+ 2𝛼[3]𝑞𝑎3𝑙3, 

𝑄′′′(0) = 𝛼(𝛼 − 1)(𝛼 − 2)([2]𝑞𝑎2𝑙2)
3
+ 6𝛼(𝛼 − 1)([2]𝑞𝑎2𝑙2)([3]𝑞𝑎3𝑙3) + 3! 𝛼([4]𝑞𝑎4𝑙4), 

… 

𝑄(𝑛−1)(0) = 𝑌(𝛼(𝛼 − 1)(𝛼 − 2). . . (𝛼 − 𝑛 + 1), 𝑎2, 𝑎3, . . . , 𝑎𝑛−1, 𝑙2, 𝑙3, . . . 𝑙𝑛−1) + 𝛼(𝑛 − 1)! [𝑛]𝑞𝑎𝑛𝑙𝑛 , 

Therefore, we get 

𝑄(𝑧) = 1 + (𝛼[2]𝑞𝑎2𝑙2)𝑧 +
𝑧2

2!
(𝛼(𝛼 − 1)([2]𝑞𝑎2𝑙2)

2 + 2𝛼[3]𝑞𝑎3𝑙3)+. .. 

+
𝑧𝑛−1

(𝑛+1)!
[𝑌(𝛼(𝛼 − 1)(𝛼 − 2). . . (𝛼 − 𝑛 + 1), 𝑎2, 𝑎3, . . . , 𝑎𝑛−1, 𝑙2, 𝑙3. . . 𝑙𝑛−1) + 𝛼(𝑛 − 1)! [𝑛]𝑞𝑎𝑛𝑙𝑛]+. .. (2.6) 

where 𝑌(𝛼(𝛼 − 1)(𝛼 − 2). . . (𝛼 − 𝑛 + 1), 𝑎2, 𝑎3, . . . , 𝑎𝑛−1, 𝑙2, 𝑙3. . . 𝑙𝑛−1) the sum of the functions formed by 

the product of 𝛼(𝛼 − 1)(𝛼 − 2). . . (𝛼 − 𝑛 + 1), 𝑎2, 𝑎3, . . . , 𝑎𝑛−1, 𝑙2, 𝑙3. . . 𝑙𝑛−1and at least one of the product factors 

is 𝑎𝑖𝑙𝑖 , 2 ≤ 𝑚 ≤ 𝑛 − 1, 

Using (2.5) and (2.6) in (2.3), the coefficients of 
1,nz if−

𝑎𝑚 = 0for 2 ≤ 𝑖 ≤ 𝑛 − 1, is given by 

[1 + ([𝑛]𝑞 − 1) ⋋]𝛼𝑎𝑛𝑙𝑛 

Similarly, we can find the coefficient of 𝑤𝑛−1 in (2.4), i.e. 

[1 + ([𝑛]𝑞 − 1) ⋋]𝛼𝑏𝑛𝑙𝑛 

Where 

𝐹(𝑤) = 𝑤 + ∑ 𝑏𝑛𝑤
𝑛 ,∞

𝑛=2   𝐹 = 𝑓−1 

From definition (2.2), it is clear that there exist two Schwarz functions 𝜙(𝑧) = ∑ 𝑑𝑛
∞
𝑛=1 𝑧𝑛and 𝜑(𝑤) =

∑ 𝑠𝑛𝑤
𝑛 , |𝑑𝑛|

∞
𝑛=1 ≤ 1, |𝑠𝑛| ≤ 1, such that 

(1 −⋋) [
(𝑓∗𝑙)(𝑧)

𝑧
]
𝛼

+⋋ [(𝐷𝑞(𝑓 ∗ 𝑙))(𝑧)]
𝛼
= ℎ(𝑧)𝜓(𝜙(𝑧)),   (2.7) 

and 

(1 −⋋) [
(𝐹∗𝑙)(𝑤)

𝑤
]
𝛼

+⋋ [(𝐷𝑞(𝐹 ∗ 𝑙))(𝑤)]
𝛼
= ℎ(𝑤)𝜓(𝜙(𝑤)),   (2.8) 

Thus from definition (2.2), and (2.7) 

[1 + ([𝑛]𝑞 − 1) ⋋]𝛼𝑎𝑛𝑙𝑛 = 𝑋𝑛−1 +∑ ∑ 𝑐𝑘 △𝑛
𝑘∞

𝑘=1
∞
𝑡=1 (𝑑1, 𝑑2, . . . 𝑑𝑛). 𝑋𝑛−(𝑡+1),(𝑋0 = 1) (2.9) 

Similarly by definition (2.2) and (2.8), we get 

[1 + ([𝑛]𝑞 − 1) ⋋]𝛼𝑏𝑛𝑙𝑛 = 𝑋𝑛−1 +∑∑𝑐𝑘 △𝑛
𝑘

∞

𝑘=1

∞

𝑡=1

(𝑠1, 𝑠2...,𝑠𝑛). 𝑋𝑛−(𝑡+1), 

For𝑎𝑚 = 0, (2 ≤ 𝑚 ≤ 𝑛 − 1), we have 𝑏𝑛 = −𝑎𝑛and so 

𝛼[1 + ([𝑛]𝑞 − 1) ⋋]𝑎𝑛𝑙𝑛 = 𝛼𝑎𝑛𝑙𝑛 + 𝛼 ⋋ ([𝑛]𝑞 − 1) = 𝑐1𝑑𝑛−1 + 𝑋𝑛−1  (2.10) 

and 

𝛼[1 + ([𝑛]𝑞 − 1) ⋋]𝑏𝑛𝑙𝑛 = 𝑐1𝑠𝑛−1 + 𝑋𝑛−1      (2.11) 

Now taking the absolute value of the above equations, we get 

|𝑎𝑛| =
|𝑐1𝑑𝑛−1+𝑋𝑛−1|

|𝛼[1+([𝑛]𝑞−1)⋋]||𝑙𝑛|
≤

𝑐1+|𝑋𝑛−1|

𝛼[1+([𝑛]𝑞−1)⋋]|𝑙𝑛|
, (𝑛 > 3). (2.12) 

This completes proof. 

Theorem 2.2. Let the function 𝑓 ∈ 𝑀𝜎
𝛼(𝑓, 𝑙;⋋; 𝑡), be given by (1.1). If 𝑎𝑘 = 0for 2 ≤ 𝑘 ≤ 𝑛 − 1, then we have 

|𝑎𝑛| ≤
𝑚(1−⋋)

𝛼|𝑙𝑛|
, (𝑛 ≥ 3) 

Proof: We have from (2.5) 

(
(𝑓 ∗ 𝑙)(𝑧)

𝑧
)

𝛼

= 1 + 𝛼𝑎2𝑙2𝑧 +
𝑧2

2!
(𝛼(𝛼 − 1)(𝑎2𝑙2)

2 + 2𝛼𝑎3𝑙3)+. . . +
𝑧𝑛−1

(𝑛 − 1)!
 

[𝐵(𝛼(𝛼 − 1)(𝛼 − 2). . . (𝛼 − 𝑛 + 1), 𝑎2, 𝑎3, . . . , 𝑎𝑛−1, 𝑙2, 𝑙3. . . 𝑙𝑛−1 + 𝛼(𝑛 − 1)! 𝑎𝑛𝑙𝑛]+. . ., (2.13) 

Similarly, for𝐹 = 𝑓−1 = 𝑤 + ∑ 𝑏𝑛𝑤
𝑛 ,∞

𝑛=2  
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(
(𝐹 ∗ 𝑙)(𝑤)

𝑤
)

𝛼

= 1 + 𝛼𝑏2𝑙2𝑤 +
𝑤2

2!
(𝛼(𝛼 − 1)(𝑏2𝑙2)

2 + 2𝛼𝑏3𝑙3)+. . . +
𝑤𝑛−1

(𝑛 − 1)!
 

[𝐴(𝛼(𝛼 − 1)(𝛼 − 2). . . (𝛼 − 𝑛 + 1), 𝑏2, 𝑏3, . . . , 𝑏𝑛−1, 𝑙2, 𝑙3. . . 𝑙𝑛−1) + 𝛼(𝑛 − 1)! 𝑏𝑛𝑙𝑛], (2.14) 

By definition and Lemma (2.1), there exist two functions 

𝑢(𝑧) = 1 + ∑ 𝑢𝑛𝑧
𝑛∞

𝑛=1 ∈ 𝑃𝑚,       (2.15) 

𝑣(𝑤) = 1 + ∑ 𝑣𝑛𝑤
𝑛∞

𝑛=1 ∈ 𝑃𝑚,       (2.16) 
|𝑢𝑛| ≤ 𝑚, |𝑣𝑛| ≤ 𝑚, 

such that 

            (
(𝑓∗𝑙)(𝑧)

𝑧
)
𝛼

=⋋ +(1 −⋋)𝑢(𝑧) 

                 = 1 + (1 −⋋)𝑢1𝑧 + (1 −⋋)𝑢2𝑧
2+. . .,               (2.17) 

         (
(𝐹∗𝑙)(𝑤)

𝑤
)
𝛼

=⋋ +(1 −⋋)𝑣(𝑤) 

= 1 + (1 −⋋)𝑣1𝑤 + (1 −⋋)𝑣2𝑤
2+. . .,                              (2.18) 

Now comparing the coefficients of (2.13) and (2.17), 
1

(𝑛−1)!
[𝐵(𝛼(𝛼 − 1)(𝛼 − 2). . . (𝛼 − 𝑛 + 1), 𝑎2, 𝑎3, . . . , 𝑎𝑛−1, 𝑙2, 𝑙3, . . . 𝑙𝑛𝑛−1 + 𝛼(𝑛 − 1)! 𝑎𝑛𝑙𝑛)] = (1 −⋋)𝑢𝑛−1 

(2.19) 

also comparing the coefficients of (2.14) and (2.18) 
1

(𝑛−1)!
[𝐴(𝛼(𝛼 − 1)(𝛼 − 2). . . (𝛼 − 𝑛 + 1), 𝑏2, 𝑏3, . . . , 𝑏𝑛−1, 𝑙2, 𝑙3, . . . 𝑙𝑛−1 + 𝛼(𝑛 − 1)! 𝑏𝑛𝑙𝑛)] = (1 −⋋)𝑣𝑛−1 

(2.20) 

If𝑎𝑘, 𝑙𝑘 = 0for 2≤ 𝑘 ≤ 𝑛 − 1, then 
𝛼(𝑛 − 1)! 𝑎𝑛𝑙𝑛
(𝑛 − 1)!

= (1 −⋋)𝑢𝑛−1 

or 

𝑎𝑛 =
1

𝛼𝑙𝑛
(1 −⋋)𝑢𝑛−1 

Similarly 

𝑏𝑛 =
1

𝛼𝑙𝑛
(1 −⋋)𝑣𝑛−1 

Taking absolute value, we get 

|𝑎𝑛| ≤
(1−⋋)|𝑢𝑛−1|

𝛼|𝑙𝑛|
≤

(1−⋋)𝑚

𝛼|𝑙𝑛|
   (2.21) 

Here we get the desired result. 

If we relax the condition𝑎𝑘 = 0for2 ≤ 𝑘 ≤ 𝑛 − 1, then we have the following consequence: 

Corollary 2.1. If𝑎𝑘 ≠ 0for 2 ≤ 𝑘 ≤ 𝑛 − 1, then we have, 

|𝑎2| ≤

{
 
 

 
 
√

2𝑚(1 −⋋)

𝛼[(𝛼 − 1)|𝑙2|
2 + 2|𝑙3|]

, 0 ≤⋋≤ 1 −
2𝛼|𝑙2|

2

𝑚[(𝛼 − 1)|𝑙2|
2 + 2|𝑙3|]

𝑚(1 −⋋)

𝛼|𝑙2|
, 1 −

2𝛼|𝑙2|
2

𝑚[(𝛼 − 1)|𝑙2|
2 + 2|𝑙3|]

≤⋋< 1
}
 
 

 
 

 

and 

|𝑎3| ≤

{
 
 

 
 
√

2𝑚(1 −⋋)

𝛼[(𝛼 − 1)|𝑙2|
2 + 2|𝑙3|]

, 0 ≤⋋≤ 1 −
2𝛼|𝑙2|

2

𝑚[(𝛼 − 1)|𝑙2|
2 + 2|𝑙3|]

𝑚2(1 −⋋)2

𝛼2|𝑙2|
2

+
𝑚(1 −⋋)

𝛼|𝑙3|
, 1 >⋋≥ 1 −

2𝛼|𝑙2|
2

𝑚[(𝛼 − 1)|𝑙2|
2 + 2|𝑙3|]

,
}
 
 

 
 

 

Proof: If 𝑎𝑘 ≠ 0for 2 ≤ 𝑘 ≤ 𝑛 − 1, then from (2.21), we have 

|𝑎2| ≤
(1−⋋)𝑚

𝛼|𝑙2|
     (2.22) 

Again, on comparing the coefficients of 𝑧2in (2.13) and (2.17), we get 
1

2!
(𝛼(𝛼 − 1)(𝑎2𝑙2)

2 + 2𝛼𝑎3𝑙3) = (1 −⋋)𝑐2  (2.23) 

Using (2.14) and (2.18), comparing the coefficients of𝑤2,we get 
1

2!
(𝛼(𝛼 − 1)(𝑎2𝑙2)

2 + 2𝛼(2𝑎2
2 − 𝑎3)𝑙3) = (1 −⋋)𝑑2 (2.24) 

Now adding (2.23) and (2.24), we get 

𝑎2
2 =

(1 −⋋)(𝑐2 + 𝑑2)

𝛼((𝛼 − 1)𝑙2
2 + 2𝑙3)

 

taking absolute value, we get the result. 

Again subtracting (2.24) from (2.23), we get 
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𝑎3 =
(1−⋋)(𝑐2−𝑑2)+2𝛼𝑎2

2𝑙3

2𝑙3𝛼
                   (2.25) 

Taking absolute value, and using the value of|𝑎2|
2,we get the required result. 

Remark 2.1 For𝛼 = 1, we get, 

|𝑎2| ≤

{
 
 

 
 √𝑚(1 −⋋)

|𝑙3|
, 0 ≤⋋≤ 1 −

|𝑙2|
2

𝑚|𝑙3|

𝑚(1 −⋋)

|𝑙2|
, 1 −

|𝑙2|
2

𝑚|𝑙3|
≤⋋< 1

}
 
 

 
 

 

and 

|𝑎3| ≤

{
 
 

 
 2𝑚(1 −⋋)

|𝑙3|
, 0 ≤⋋≤ 1 −

|𝑙2|
2

𝑚|𝑙3|

𝑚2(1 −⋋)2

|𝑙2|
2

+
𝑚(1 −⋋)

|𝑙3|
, 1 −

|𝑙2|
2

𝑚|𝑙3|
≤⋋< 1

}
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