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Abstract: In this work, we use Novel transform which has the form N,(H(t)) = %fow e~Pt H(t)dt to solve a system of linear

differential equations, while homogeneous or non-homogeneous system. Moreover, general formula of the set solution of
systems of first and second order are derived.
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1. Introduction

Linear system have great importance in applied mathematics and have a great role in other sciences such as
physics, chemistry and other sciences [5]. In the last two centuries, integral transforms have been used successfully
to solve many issues in mathematics. These transforms have been used on a large scale to solve differential
equations [9].

It has also been extensively in physics, astronomy, and engineering, and most of these transformation are
derived from the Laplace transform and Fourier transform [8], which have been used to solve ordinary and partial
differential equations Elzaki, Shehu, Sumudu, Temimi,---, etc. [3, 10, 4, 2].

In 2016 introduced a new integral transform which used to solve linear equations with constant coefficients,
called the Novel transform[1]. It is also used to solve differential equations arising from the heat transform problem
and solve other differential equations [7 ,6,11].

In this paper, some formulas of general solution for system of one and second order in dimension n, whereas
homogenous or non-homogenous from using Novel transform.

In section 2, the definitions, properties and Novel transform for some fundamental functions. In section 3, we
derive the general formula for a system of first order in dimension n, while homogeneous or non-homogeneous by
using Novel transform. In last section, we used these formulas to solve some examples.

2. Basic Definitions and Properties of Novel Transform

The Novel transform for the function H(t),t > 0 is defined by the following integer:

Qp) =N,(H®)) = %fome‘ptH(t)dt,t >0 (2.1)

. . -pt . . .
where H (t)is a real function, eT is the kernel function, and N; is the operator of Novel transform.

The inverse of Novel transform is given by:
N71Q(p) = H(t) fort > 0 (2.2)
where N; 1 returns the transformation to the original function.
To display the duality relationship Novel transform and Laplace transform, which Laplace transform

Defined by:
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g@%=hwan=%ﬁkwm@mLt>o,u 2.3)

Where L; is the operator of LT.

) = N(H®) =~ [;" e P H(e)de -~ (2.4)

) =5 Li(H®) =2 g(p). t >0 (2.5)
Property: If H,(t) ,H,(t), ..., H,(t) have Novel transform then:
N;(a H () + aHy(t) + -+ + ap,Hy (1)) = a;Ni(Hy (t)) + ay N, (H,(t)) + -+ + a,N;(H,(t)) (2.6)
where a4, a5, ..., a, are constants, the functions y;, (t), y,(t), ..., andy, (t)are defined.
Theorem (2-1): [6] Novel transform of derivative.

If the function H (t) is the derivative of the function H (t)with respect to t then its Novel transform is defined
by:

N,(H'(©) = pNy(H (D)) =2 @27)
N, (H" (9)) = PN, (H () = H(0) =2 28)
N,(H"(©)) = PN, (H(D) = pH(0) = H'(0) = =2 29)

where n represent the derivatives, n € N
Ny (H®@®) = p"Ni(H(©) = p"2H(0)=p"*H'(0) = -+~ HW=D(0) = ZH™) (210)

where, H™(t) is the n-order derivative of H(t).

Table 1. The Novel transform for some function

. 1
ID Function, H(t) Q(s) = ;L(H(t))
1 C :
p?
n!
2 th —
p(p™*1)
3 ert 1
p(p—1)
. T
4 sinrt 7p(p2 )
1
5 cosrt m
T
6 sinh rt ——— <
p(pzl-rz)
7 coshrt m

3. The Formula of General Solution for System of First Order

In this section, we derive the general formula for a system of first order in dimension n, while homogeneous or
non-homogeneous.

3.1. The Formula of General Solution of a Homogeneous System of Order One

The system of first order has the formula H' = CH
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dHy
dt C1 Hl
dHy c

WhereH' = | ar |, c=| 2|, H= P{Z s0,

dHn/ Cn H1
dat
!
H; C11 C12 " Cip Hy
Hy\ [ Ca Caz "Con H,
H, Cm1 Cm2 """ Cmn Hy

After taking Novel transform for both sides, yields:

H,(0)

pN;(H;) —
H,(0)

pN,(H) —

H(0) '
pN;(H,) — P = 1 Ni(Hy) + cpoNy (Hp) + =+ + oy N (H),

where H,(0), H,(0), .. .,H,(0) are initial conditions.
_ Hi(0)
(p — c1)N;(Hy) — ¢12N; (Hp) — - — c1n N (Hy,) = 0
H,(0)
(p — c22)N;(Hp) — ¢y Nj(Hy) — - = c3n N, (Hy) =
' H(0)
(P - Cmn)NI(Hn) - leNI(Hl) -t CmZNI(Hn) = T .

Moreover, simple calculation to obtain N,(H,), -+, N;(H,),

(p—c11) —C12

—Cin
A=| TC21 (p —c22) . —Con
—Cm1 —Cm2 - (P - Cmn)
Also,
HO)
P 12 =~ C1n

H,(0)
N,(Hy) = % zp (P = €22) . —Con

H,(0)

—Cm2 - (.0 - Cmn)

Hy(0)
(p - C11)_C12 p
H,(0)
1]|_ _ 2
N,(H,) = A c21(p — €22) . )
. HO
mil m2 = p

3.1)

= ¢ N;(Hy) + 12N, (Hy) + -+ + ¢1, N (Hy,)

= ¢ Ny (Hy) + c2oNi(Hp) + -+ + ¢ N (Hy)
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The set solution of system (3.1) yields from taking the inverse of Novel transform for N;(H,),

i=123,- ,n
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3.2. The Formula of General Solution of Non-homogeneous System of Order One

A non-homogeneous system has the formula H' = CH + K

dHy

ddt' C]_ Hl k1

LiP) c H k

whereH' = | ac |,c=| 2 |,H=|"2] k=["2|so,

ﬂ Cn Hy kn

dt )
H, C11C12 - Cin H, K
H C21C9 . C H K.
S I Bt | Bl B s (32)
H, Cmi1Cm2 - Cmn H, K,

Novel transform for both side of the above system, yields:

H,(0)
- = c11N;(Hy) + ¢cipNi(Hp) + -+ + ¢y N, (Hy) + Ny (ky)

pN,(H,) —

H,(0)
2 = ¢ N;(Hy) + coNi(Hp) + -+ + ¢y Ny (Hy) + Np(k3)

pN,;(Hy) —

Hp(0) .
PNy (Hy) =52 = Ny (H)) + CaNi(Ho) + =+ ConNi(Hy) + Ny (),

where H,(0), H,(0),--- ,H,(0) are initial conditions.

(p — c11)N;(Hy) — ¢1oN, (Hp) — -+ — ¢4, N; (Hy) = HI,EO) + Ny (k1)
H,(0)
(p = c22)N (Hp) — €1 N (Hy) — =+ — oy N, (Hy,) = + N;(k3)
(,D - Cmn)NI(Hn) - leNI(Hl) -t CmZNI(Hn) = an(O) + Nl(kn)-

Similarly, with the formula (3.1), we have

(p —c11)—Ciz . —Cin
A= —c21(p _ sz:) T Con
—Cm1—Cm2 - (P - Cmn)

H,(0)
! + Ny (K1) —Cq2 - —Cip

N;(H,) :% HZ;EO) + NI(K‘Z‘)(p'— Crp) e —Con

H,(0)
T + N;(Kp)—Cma - (p — Cun)

H,(0)
(p — c11)—c12 T + N, (K;)

H,(0)

1] _
N,(H,) = A c21(p — C32) + N (K3)

'H,(0)

~Cm1—Cm2 "

+ N (Ky)

After taking inverse of Novel transform to N, (H,), -+ , N;(H,,), obtaining the solution of the system (3.2).
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3.3. The Formula of General Solution of Homogeneous System of Second Order

System of second order with constants has the formula H'" = CH' + RH

LHy dHy
2 c atz T
whereH" = | a2z |, C=[ 7 |,H JR=|"7) ., H= I_{z SO,
dZ:Hn Cn \dHn/ T Hy
dtz n !
H; €11C12 " C1pn 11712 =" T1n H,
) < () () ()
Hn Cm1Cm2 " Cmn Hn "m1"m2 " Tmn Hn
By taking Novel transform to (3.3),
Hi(0)
p?N;(H,) — Hy (0) ——
H,(0) H,(0) H,(0)

= ¢11pN,(Hy) — ¢ T + c12pN;(Hy) — ¢4 + o4 cipN(Hy) — C1p
+ 111Ny (Hy) + 11, N, (Hy) + -+ + 1, N, (Hy,)

P2N, (Hy) — Hy(0) — Hé/fo)

H,(0) H,(0) H,(0)
= ¢21pN;(H;) — €31 1T + C220N;(H) — ¢33 et ConpNi(Hy) = Con———

+ 121N (Hy) + 15, N, (Hp) + -+ + TZnNI(Hn)

Hy, (0 1~1 (0) H3(0)
PN, (Hy) = Hy(0) = ™52 = s pN; (Hy) = ey “52 4 CnapN;i (o) = € 52 4+ 4 CounpNy (Hy) =

H (o)
Cmn ——— + T N, (Hy) + Tmle(Hz) + o+ BN (Hy)

Where H,(0) ,H,(0), -+ ,H,(0) andH;(0),H;(0),-- , H(0) are initial conditions.

(PZ = c11p — 110N (Hy) — (€12p + 112) N (Hp) — -+ — (c1np + 11) N, (Hy,)
O RO B0 HO)
1 P 11 P 12 P 1n
(P2 — Ca2p — T22) N (Hy) — (521€) ;‘ 7’21)N1(Ig1% - (Cz(nl)) + 12N, (H,,)
H;(0 H{(0 H,(0 H,(0)
= H,(0) + zp —C21 1p — (a2 2p — T O “
HTL
(0% = CrnP = )Ny (Hy) = (Conap + TN (H) =+ = (Cona + Ting) Ny (Hy) = Hy (0) + 2252
Hi(0) _ HZ_(O)_..._C Hn(0)
mil p m2 p mn p
Through simple steps can be find the formula of N,(H;), -+ ,N,(H,) :
(p? = c11p —111) —(C12p + 112) - = (C1np + T1n)
A= —(c1p *+ 121) (p? = Ca2p — 123) = —(Conp + Tan)
_(lep + rml) _(szp + rmz) (pz — CmiP — Cmn)
Also,
—(C12p +112) = (C1np + T1p)

N,(Hy) = % P2(p? — C2p _7'22) —(C2np + T2n)

<Pm_(Cm2P + rmz) (pz — Cm1P — Cmn)
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(pz —c1p —1ripy—(C2p + le) Sy
NI(Hn) :% —(€21p + 121) . (,02 —szp—rzz)...(pz

_(lep + rml) _(szp + rmz) Pm
where,
H(0) H,(0) H,(0) H,(0)
@, = H;(0) + F(’)_Cll "E)_Clz %)_"'_Clnﬁ
H;(0 H; (0 H,(0 H,(0
= H,(0) + —-c —c — =y ————
() 2 P 21 ,0' 22 P 2n 0
Hp(0) H, ) H,(0) Hp (0
Pn = Hn(o) + P — Cm1 1p — Cm2 Zp — "~ Cmn p( )-

After taking the inverse of Novel transform for (N, (Hi))i = 1,2,3, ...,n, we obtained the set solution of system
(3.3).

3.4. The Formula of General Solution of Non-homogeneous System of Order Two

A non-homogeneous system has the formula H” = CH' + RH + K

&Hy dHy
dztz G dt n H, ky
d°Hp c dHy T H
where H' =| a2z |, C = :2 JH =] at [, R= 2 , H= :2 K= k:2 S0,
) o/ la) WS W)
dt2 dt
Hl " C11C12 "  C1n H1 ! 11712 =" T1n Hl kl
S I IS | Il I B O el P (el IER)
Hn Cmi1Cm2 " Cmn Hn "m1"m2 " Tmn Hn kn
Novel transform for both side of the above system, yields:
Hi(0)
PZNI(H1) — H.(0) —
H,(0) H,(0) H,(0)
= c11pN;(Hy) — 11 T + c12pN;(Hy) — ¢q2 + -+ cinpN (Hy) — C1nn—

+ 111N (Hy) + 112N, (Hy) +

o + 1Ny (H,) + Ny (ky)
H;(0)
p*N;(H,) — H,(0) —

H,(0) H,(0) H,(0)
= ¢31pN;(H;) — ¢31 1T + C2pN;(Hy) — ¢33 = + -+ cenpN,(Hy) — Cznn—

+ 121 Ni(Hy) + 12, N, (Hp) + -+ + 15, N (Hy,) + Ny (k)

H}, (0 H (0) H,(0)

pZNI(Hn) - H,(0) - p( ) - Cm1PN;(Hy) — Cm11T + Cm2pN;(Hy) — Cz zp + -+ CmnpN; (Hy) —
Hn(0

Cmn p( ) 4 TNy (Hy) + Ty Ni(Hp) + -+ + 150y N (H) + Ny (ky),

where H, (0),H,(0),-+ , H,(0) andH;(0) ,H;(0),--- , H,, (0) are initial conditions.

(Pz — c11p — 111N (Hy) = (€12p + 112) Ny (Hp) — -+ — (C1pp + 11) Ny (Hy)
H;(0) H,(0) H,(0) H,(0)
= H,(0) + - 11T_C12 P _"'_C1nT+N1(k1)
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(p% = Ca2p — 122)N; (Hp) — (C21€ ;' 7’21)N1(I‘(11)) — = (C2n€ ‘)" T20)N; (Hy,) ©
H;(0 H,(0 H,(0 H,(0
= H,(0) + —c - — o —Cyy——+ N;(k
2 p 21 p 22 p 2n p I( 2)
(pz — CmnP — rmn)NI(Hn) - (lep + rml)NI(Hl) -t (CmZ.D + rmZ)NI(HZ)
H, (0 H{(0 H,(0 H, (0
=Hn(0)+ ( )_ Cm1 1( )_sz 2( )_"'_Cmn ( )+N1(kn)
p p p p

Through simple steps can be find the formula of N,(H,), -+ , N,(H,,):

(P2 —C11p — 7'11)_(C12P + 7"12) o= (C1p + T13)

A= —(c21p +121) (0% = €220 = 122) e —(Conp + T2y)
_(lep + "m1) _(szp + rmz) (p2 — GmP — Cmn)
Yi—(€12p +112) o = (C1np + 110)

NI(Hl) — % Y2 (PZ — C22P —7"22) _(Can + an)

Vm_(cmzp + Tmz) (pz — Cm1P — Cmn)

(PZ —cp —1npy—(Cr2p + 7’12) V1

N, (H,) = % —(Cz1p + 121) i} (p2 — CpaP — T22) V2
—(cm1p + Tma) ”—(c'mzp + Ti2) wVm
where,
vy = Hy(0) + Hio) — ey ngm — e HZIEO) Cegy, H";O) + N, (ky)
Y2 = H(0) + HZI[SO) — (21 Hll[gO) — Ca2 HZ[EO) - CannT(O) + N (k2)
Vi = Hn(0) + H"T(‘” e _ Cma P52 — o = D Ny ()

After taking the inverse of Novel transform for (N,(H,)),i = 1,2,3,....n, we obtained the set solution of
system (3.4).

4. Applications
In this section, using the formulas found in the previous section, we apply them to a number of systems.

Example (1): To solvethe system of order one in dimension two

5

H' = AH where A:(3

) HO=() @

Solution: By using Novel transform and apply formal (1), yields:

3 4

N,(H,) = ! p
I 1 YR
-2)(p—-1|2
p=2(p-1|2 (0+2)
p
After simple calculation using partition fraction:
4 1

N = ) T h - D)
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Now, taking inverse of Novel transform to both sides of the above equation, we obtain:
H;(t) = 4e?* — ¢t

In similar way, N;(H,) can be obtained by:

(p—5)
T -2 -D|

3.1
plp—=2) plp—-1)

N;(H)

DIND| W

NI(HZ) =

Also, by the inverse of Novel transform for the above equation,
H,(t) = 3e?* —et,

where H, (t)andH, (t)represent the set solution of the system (4.1). Figure (1)

o de" -1

Figure 1.

Example (2): To find the general solution of the system H' = AH + K

wea=(8 Do () w0

Solution: Using formal (3.2), yields:

2 1
—— 1
Ny () = — b 0P+ 1) _ 1 <292+2
N =211 0 T p2_1 211
P —+—5— (-0 Pt
p pitl

Simple fiction and taking inverse Novel transform to both sides of the above equation,
H,(t) = 2 cosh(t)

In similar way, N;(H,) can be obtained by:
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2 1
N (H,) = = (p=0) 2+ 0y _ 1 p2—2p2+3)
I 04 1 |7 21 p(p?Hy)
p pH1

= p(p?+1) + p(p2-1)

Also, by the inverse of Novel transform for the above equation:
H, = —2sin(t) + sinh(t),

where H, (t)andH, (t)represent the set solution of the system (4.2). Figure (2).
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Figure 2.
Example (3): To solve the system of order two in dimension two

H" = AH where A = (_j _3?) JH(0) = ((1)) , H'(0) = ((1)) -+ (4.3)

Solution: Using formal (3.3), yield:

1 1 2
JE—— s 2

(02+D(0?-1) | (p*—3)
_ 2p 4 p 2

T2+ p(p2+1)  p(p2-1) | p(p?-1)

NI(H1) =

Now, taking inverse Novel transform to both sides of the above equation:
H, (t) = 2 cos(t) — 4sin(t) — cosh(t) + 2sinh (t)
In similar way, N;(H,) can be obtained by:

2
N,(H,) = 1 (P*=-3) 1 _ 1 p2+3
B2 2o | -4 % = e Cp
2 2p 1

Tol—1 p(@+D p(2+1D)

+4)

taking inverse Novel transform to both sides of the above equation
H,(t) = 2e* — 2 cos(t) — sin (t)

Where H; (t) and H, (t)represent the set solution of the system (4.3). Figure (3)
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Figure 3.

Example (4): To find the general solution of the system H"” = RH + K,

where R= (71 7). k=(3)n@ =) w@=(]) @

Solution: By using Novel transform and apply formula (2.4), yields:

2

0
1 2 1/2p%2+1
Ni(Hy) =— p1 =F< p? )
1+p—2 (P?>+1)

Taking inverse of Novel transform of N;(H,):

H,(t) = v + ! t*
T2 T
In similar way, N;(H,) can be obtained by:
2

(Pz -1) 2

1 2 1 -1 2

Ni(Hp) = — P =— e -1 )+(p2—1)+—
p* [ p*\ p? p?

Taking inverse of Novel transform to both sides of the above equation obtain:
Hy(t) =1 +it4,

where H; (t) and H, (t)represent the set solution of the system (4.4).

Figure 4.
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