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Abstract: In this paper, we present new applications for the Shehu transform to solve some important partial differential
equations. Through obtained formulas for general solution of Laplace, Poisson and Telegraph equations under initial and
boundary condition.
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1. Introduction

Integral transform has played an important role in solving differential equations and integral equation, through
transform these equations to algebraic equation. In addition, there are many integral transforms that have been used
in many of the solution to the problems under initial conditions, which are difficult to resolve the classic ways like
Laplace, Elzaki, Temimi and Novel ...etc. [6,3,7,8].

Laplace transform is introduced by Pierre —Simon Laplace that became one of the famed transform in
mathematics, engineering and physics[6,11].

=====0=f= Laplace transform, that applied to differential equations and the initial value

problems with variable coefficients also [2,5]. Moreover, it applied to solve systems of ordinary differential
equations its defined by:

E[O]=T () =v [*f(t) e dt, =0 (L.1)

In 2016 introduced a new transform called the Novel transform to solve many differential equations defined
for the function is as follows:

Y()=Ny (y(®) == f;” e~*ty(t) dt, t>0 (1.2)
where y(t) is a real function, t> 0, %St is the kernel function [8,10].

We benefited in this paper from Laplace - type integral transform for solving both ordinary and partial
differential equations named Shehu transform [13,11].Moreover, it applied to solve transport and heat equation[4].

In this paper, we applied Shehu transform to solve Laplace, Poisson and Telegraph equations which are
homogeneous or non- homogeneous, through the derivation of general formulas for solutions of these equations.

In section 2, the definitions, properties and of Shehu transform for some functions are showed In section 3, we
obtained the general formulas to the solution of Laplace, Poisson and Telegraph equations. In last section, we
utilize from these formulas to solve some examples

2. Basic Definitions and Properties of Shehu Transform

The Shehu transform is defined by:

(oo}

—ut
S[ED] = s[E(we)] = fo exp (T”) £(0) dt
= Ol(l_r& foa exp (_T”t) £()dt=Q(p,e); u>0,e>0 (2.1)

Where £(t)is a real function, exp (_T”t) is the kernel function, and s is the operator of Shehu transform [11].
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The inverse of Shehu transform is given by:

s7HQ(W )] = Q(b), for t =0 (2.2)
QM = 70 9)] = 5= [ exp (£) QGw &) dt (23)

Property: If £, (x), £5(X),..., £,(x) have Shehu transform, then
S(B1E,(xX) + Rofy(X) + -+ B, £,(x)) =Ris(E; (X)) + B, s(E,(x))+. .. +s(E,(x)) (2.4)
where 8, 83,,..., 8, are constants and £, (x) , £,(X),..., £,(x) are defined function.
Theorem (2.1) [5]: Shehu transform of derivative.

If the function £ (t) is the derivative of the function £(t) with respect to t then its Shehu transform is defined
by:

S[E' (D] = £ s[E(w )] — £(x,0) (2.5)
s[E"(D] = —S[E(u, e)] — E£(X 0) —£'(x0) (2.6)
s[E”'(D] = “—3 [E(w &)] ——£(X 0) — £’(X. 0) —£"(x,0) (2.7)
n—(k+1)
SEP®] = Sslewal -2 (4) £ 0 (28)
Table 1: The Shehu transform for some functions:
S.No. | £(t) s[£(®)]
1 1 £
uZ
€
2 T P
e
3 |exp(« () | 1o
4 in(o t 70( &
sin(« t) 7 o &
EpL
5 cos(oc t) m
82
6 t eXp(OC t) m
] o g2
7 sinh(x t) m
Ep
8 cosh (o< t) m

3. General Formulas of Laplace, Poisson and Telegraph Equations
Formula(1)
Consider Laplace equations A£ = ¥, £, . = 0, X€ R"
If n=2, then Laplace equations in two dimension has the form:
£ (x, ) +Ex, (x, £)=0 (3.2)
with the initial and boundary conditions £(x,0) = 4,(x), £ :(x,0)=1, (x) and £(0, t)=£(1, t)=0.

By Applying the Shehu transform to both sides:
2
L SIEC 1 ] - 2EG6,0) - £0(x,0) + 2z [EG b, 2] =
After substitute the initial condition we get
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L SIEC 1 O] - £ 210 - 4 )+ s[ECx, 1, 9)] =0
f— S[ECo,w O] + Z—js[f(x, wal =5 40+ 2, (%) (3.2)

The above equation represent nonhomogeneous ODE of order two with dependent variable, s[£(x, u, £)],which
has the complementary solution:

sc[ £(x, 1, &)]= B, cos (%)x +R, sin( E )x
and particular solution can be obtained by variation of parameters

sp [ £(x, 1, )]= B, (x)cos (g)x +R,(x) sin (Eg )X

Since
ﬁ'l(x)cos(g)x+ fgz(x)sin(g)xzo (3.3)
— E ﬁ'l(x)sin(g)x+ Eﬁ'z(x) cos(g)x = Exll(x)+ A,(x) (3.4)
where
_ cos(%)x sin(%)x o
—Esin(%)x Ecos(g)x S
f§1(x)=%u 0 :in(gzx =—(%/11(x)+/1il(x))sin(%)x=>
;ll(x)+ A,(x) ;cos(;)x %
So
R,(x) =— Ef( %/Il(x) + A, (x))sin(%)x dx
In similar way:

(% L)+ A, (x)) cos(%)x

fgz(x) =

M
£
g((u n
R (x) = l_lj<; () + A, (x)) cos(z)x dx

so the general solution of equation (2) is:

S[E(x, , 8] = [Clcos ( %) xC, sin ( % ) X]+
[(— Ef (g L)+ 4, (x))sin(%)xdx)cos(%)x + (Ef (% A(x) + 4, (x))cos(%)xdx)sin(%)x]
From utilizing to the boundary condition yields:
C,=C=0
s [E(x, 1, 0] = [(— Ef <% L)+ A, (x)) sin ( g) x dx) cos ( %) x

+(§f(%/11(X)+12 (x))cos(g)xdx)sin(%)x]

After Taking the inverse of both sides we get the general solution of equation (3.1):
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£(x,t)=st [(— Ef <E L)+ Ay (x)) sin(%) xdx) cos(%)x + (Ef (E A +
Ay (x) ) cos ( %) x dx) sin ( %) x] (3.5)

Formula(2):
Consider Poisson equations A£(t. x)=f(x, t) (3.6)
with the initial and boundary conditions £(x, 0) = 4,(x), £ .(x,0)=4,(x) and £(0, t)=£(1, t)=0
Applying the Shehu transform to both sides:
2 2
Z—ZS[E(X, K, g)] - EE(x, O) - £t(xl 0)+%§[£(x' 1, g)] ZS[f(x' t)]

Also,

L slECon ) + SslECr i ] = sl 0] +£ 2,0+ 4, ()

The above equation is ordinary equation of order two with s[£(x, u, £)] dependent variable and it has the
solution:

s[E(x, 1, 8] = [Clcos (%)X+C2 sin(%)x]+

[(— Ef ((s[f(x. ] + % L)+ A, (x)) sin(%)x) dx) cos(g)x

‘ e M . (MK
+ <Ef (s[f(x, ] + - () + 4, (%) ) cos(z)xdx) sm(;)xl
by substitute boundary conditions £(0, t)=0 and £(1,t)=0,we get C; = C,= 0, then:

s[E(x, p, &)] = [(— Ef < s[f(x, t)] + % () + A, (x)) sin ( %) x dx) cos ( E) x
+ (EI (s[f(x, )] + g () + A, (x) ) cos (%) x dx) sin(g) x]
after taking the inverse of both sides , we get the solution of equation (4)
£(x,t)=st [(— ﬁf ( s[f(x, t)] + E () + A, (x)) sin (E)x dx) cos(g) X+ (ﬁf (S[f(x, ]+ E A (x) +
Ay (%) ) cos (E) x dx) sin ( E) x] (3.7
Formula(3):
The Telegraph equation has the form:
£ (x, )2DE, (x, t)+R%E(x, )=, +T(x, t) (3.8)
If f(x,t) =0 then equation homogeneous Telegraph equation,
under the conditions £(x,0) = 4,(x), £ ;(x,0)=1, (x) and £(0,t)=£(1,t)=0
By taking the Shehu transform to both sides, yields:

L SIEGH 1, )] - BEG6,0) - £0(x,0) 2D 2 S[ECx, 1, 9] -2DE(x, 0) + BZS[ECx, b, )] = 17 SIECK, 1, ] +51f(x, V]
After substituting initial conditions:
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b SIECe 1, 1-2 21(0) - 4, (1) - 2D s[ECx, 1w, 9] - 2D 4, (o) + R2S[ECx, b, 9] = -5 s[£x, 1, &)] + s[f(Cx, )],
2= S[ECx, , 9] (§+ 2D + ng) SIEGG 1 O] = -2 4 () - 2D () A,(x) - s[f(x, )] (3.9)

The general solution of equation (3.9), after using variation of parameters to obtain the particular solution, has
the form

SE@ L] = ¢ e (“?+ZD%+BZ)x+Cze— /(”;+ZD§+BZ)x + _ 1 [f
2 (“?+ZD‘—;+BZ)
A, () — §[f(u,t)]) - /(t—j+zng+gz) x d(x) ]e /<§+Zbg+ﬂz)x_ﬁ [f (_E A (x) —
2 J(5+2p 54 02 ¢
2D 1,(x) — A, () —s[f(u D] )e<57+ D) x ]e‘d(”?”*’%*‘gz)"‘ (3.10)

(=& 40 - 2D 2400) -

From utilizing the boundary conditions C; = C, = 0 and the equation (3.10) become:

1

S[E(x' W, ‘9)] = ) |:f - E./,ll(x) —2b ﬂ’l(x) -

2
2 (“7+ 2D 44 g2
& &

( +2D +B> +2D +f§)

Az (1) s[f(w, )] e

S S A
2 /(iz—2+ 2pks 82) [f ¢ )
S[E( D] e(t—2+ 2ty f;z) * d(x) ] - (“?+ 2pbs f;z)x (3.11)

The general solution of equation (3.8) result from taking the inverse of Shehu transform to both sides of
equation (3.11):

d(x) ] (

=2D 41 (x) — A (x) —

£(x, t)=s" l f(—%xil(x)—ZB 2,(x) —

+2{) +f32

+2D

22 () = sl 0]) e

+zB +f52) _ 1 [f(_g/h(x)_

2
B By @2
2 (SZ+ZBS+B)

2D 4 () 4z () - sl 1) el 5 ) g ]e‘d (oot gﬂ (3.12)

Formula(4):
Moreover, if f(x,t) = 0 t then the equation (3.8) has the form
£, H2DE(x, £)+R2E(x, t)=E£,y (3.13)
which represent homogeneous Telegraph equation with the same condition
£(x,0) = A,(x), £ (x,0)=Xk, (x) and £(0,t)=£(1,t)=0

So, from equation (3.12) the general solution of (3.13), has the form

1763



Turkish Journal of Computer and Mathematics Education Vol.12 No.10 (2021), 1759-1768

Research Article

£(x, t)=s"1 -2D 4 (x) -

(="
L [Ewrs) (-2 me

- )[f (=% A 2D 4,00 -

2
2 (“7+ 2D B4 g2
& &

A, () ) e(‘:—z+ 2pks f$2> x d(x) ] - (“?+ 2t 82) x‘ (3.14)

4. Applications
In this section, some examples are solved by using the formulas that obtained in the previous section.
Example (1):
To solve Laplace equation
£ (x, ) +E, (%, £)= 0 4.2)
with the conditions £(x, 0)=0, £,(x,0)=xand £(0,t)=£(1,t)=0
Sol:

Using the for formula (1) with the equation (3.5)

£,0767 (=) o+ 02 sn)ain ()]
£, 015 [ 2 cos (£)"x — S in () xcos (£) -+ Zsin (2)” + Fsin (2) cos (4) ]

£(x,t)=st [Zz—zx]
£(x,t)=tx

which represent the solution of equation (4.1) as shown in figure(1).

Figure 1.
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Example (2):
To solve Poisson equation
£00(x, ) +E (x, )= xe’ (4.2)
with the conditions £(x,0) =0, £,(x,0)=xand £(0,t)=£(1,t)=0
Sol:

Using equation (3.7) and after substitute the conditions

£(x,t) =st [(—EJ- (x( " i 5) + x) sin (%) xdx) cos (%) x
+ (E[ (x(uig> +x)cos(%)xdx)sin(%)x]
uf_zugx cos (E) X — u3izu sin (E) x) cos (E) x + (H;_zugx sin (E) x + H3izu cos (E) x) sin (E) x]

Simplification of the above equation yields

£(x,t)=st [(

£(x, t)=s"* L;_zugx cos (%)2 X — u3izu sin (%) x cos (E) x+ uzg_zugx sin (5)2 x+ u3izu sin (E) X cos (%) x]
—s1[2

£(x, )= |0

£(x, t)=s"1 [u—fgx - Ex]

£(x,t)=etx — x ,

X

which represent the solution of equation (4.2) as shown in figure (2).

Figure 2.

Example (3)
To obtain the solution of Telegraph equation:
£, (x, )+E.(x, )+E(x, t)=E,, (x, £)+2e 7%t sinh(x) (4.3)

Under the conditions £(x, 0) = sinh(x), £ ;(x,0)=-2 sinh(x) and £(0,t)=£(1,t)=0
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Sol:

From formula (3) with the equation (3.12)

£(x,t)=st l; <f (sinh(x) - Esinh(x) — 2sinh(x) u+_€25) e V <S_;+E+1) * dx> eV (E_ZZ%H) -

2
L
2] (t+441)

2 2
ﬁ (f sinh(x) — Esinh(x) — 2 sinh(x) u+—525e‘1 <27+E+1 ) *dx ) e\ (t_z%’“) x\
2] (1

Using Euler's formula and some simple calculations:

B2 w2 p? u?  p?
| Y . 2 (?+e_2+1> _x 2 (?J'?H
£(x, t)=s e —e —
u2 w2 1—(ﬁ+ﬁ+1> 1—(ﬁ+ﬁ+1)

4 (?+?+1) 272 22

Qb 2
£(x, t)=s" | —35—7**<sinh(x)
)
£(x, t)=s"1 [sinh(x) ufzg]

Lastly, the solution of equation (4.3) is
£(x, t)=sinh(x) et

as shown in figure (3).

Figure 3.

Example (4):
To solve the homogeneous Telegraph equation
£ (6, OFE(x, )HE(x, )=E (4.4)
Under the conditions £(x, 0) = e*, £.(x,0)=-e* and £(0,t) = £(1,t) =0

By using equation (3.14) and after substituting the conditions, it yields:
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£(x, £)=s1 - (‘;2—2+%+1) x

After simple calculation

x €

X
| = e
5(1_(Ei+%+1)) wte

£(x, t)=e*t

£(x, t)=s~

which represent the solution of equation (4.4) as shown in figure (4).

Figure 4.
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