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Abstract: A reinfection model with Carrier state for pneumonia was formulated. The boundedness and positiveness of the state
variables were verified. The local and global stability of the model was established. By the equilibrium analysis the optimal
values of Susceptible, Infectious, Carrier and Recovery were found. Through the numerical simulations, the flow of S,I,C,R
and the flow of variables for different set of parameters were studied.
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1. Introduction

Mathematicians use different models to analyse the spread of infectious disease. The SICR model was
developed from the basic SIR model with a carrier state. In the carrier state, the infectious person can spread the
disease to others without any symptoms. The reinfection model defines as the recovery individuals can be affected
by the infection again. So the transition of disease passes from the recovery state to the susceptible state.

Pneumonia is one of the respiratory disease which leads to the limitation of the oxygen and cause the breathing
difficulty. Pneumonia was being the biggest killer disease among the acute respiratory infection in 2018, on the
report of National Health Profile (NHP) India. According to UNICEF, in 2018 India is in the second rank in the
deaths of children under the age of five due to pneumonia.

Talawar [8] has analysed the stability of SIS epidemic model with vaccination. Li-Ming Cai [5] has studied
the malaria model with partial immunity to reinfection. Wang [3] has developed an SIS epidemic model with
saturated and incidence rate. Cyrus G.Ngari [1] has formulated the SI model with the class treatment among
children for Pneumonia. Fulgensia Kamugisha Mbabazi [2] has investigated the SVECI model with carrier and
vaccination states for pneumonia. Victor Okhuese [9] has established an reinfection endemic model SEIRUS for
covid-19. In this paper we formulated the reinfection model with carrier state for pneumonia and analysed the
model with the different values of parameters as in [4, 6, 7].

2. Formulation of the Model

The SICR reinfection model of Pneumonia is represented by the following system of four ordinary differential

equations

ds
== @NO+aR®) — (B +mS©)

dl

a=(1—a)ﬁ5(t)—(y+u+d)l(t) (1)

ac _ S é c
R N OB CRIN IO

dR
i Y1) +8C() — (@ +w) R(®)
With the initial conditions S(t), I(t),C(t),R(t) = 0. Alsog,8,y,u, d, w,a, 6 > 0,
N(®)=S(t)+1()+C(H)+R(t) )

The following figure shows the SICR reinfection model for pneumonia.
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Figure 1. Reinfection model for pneumonia
Where S(t),I(t),C(t),R(t) are the Susceptible, Infectious, Carrier and Recovery state respectively
and o - Average birth rate, 1 - Average death rate, § - Infectious rate, ¢ - Factor of new infection, y - Recovery
rate , o - Reinfectious rate, 8 - Immunity rate, d - disease induced death rate, N(t) — Total Population.
3. Boundedness and Positiveness
First we prove the Positiveness of the variables,

-

From (1),

a2 B+u

dl

AT L @
dc
7=~ (3)
dR
= = —(@+mR (6)

From (3),

1
EdS > —-(B+pwdt

Integrating on both the sides with respect to t,

jtl ds = —(,8+,u)Jtdt
0 S 0
S(t) = S(0)e~Brmt
S(t)=0,as5(0)=0
From (4),

1
7d1 > —(@y+pu+dat
Integrating on both the sides with respect to t,

tl t
f—dl —(y+u+d)fdt
OI 0

I\

I1(t) = 1(0)e~rrut+ad)t
I(t) = 0,as1(0) =0
From (5),

1
FdC = (6 +pdt

Integrating on both the sides with respect to t,

tl t
J—dC —(6+u)jdt
0 0

v

c
C(t) = C(0)e~G+mt

C(t)=0,asC(0)=0
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From (6),
1
EdR > —((I+M)dt

Integrating on both the sides with respect to t,
t t
f ldR > —(a+u)f dt
0 R 0
R(t) = R(0)e~(a+mt
R(t) = 0,as R(0) =0
Hence we proved the positiveness of the state variables S, I, C and R.
Let us proceed with the boundedness of the variables,
From (2),
N=S+I1+C+R
Differentiating on both the sides with respect to t,
dN dS dI dC dR

at - aTat T ar

dN< N N
ac = YN TH

1
NdN <(w—p)dt

Integrating on both the sides with respect to t,

t t
j%dN S(w—u)jdt
0 0
N(t) < N(0)e@-mt
Hence, N (t) is bounded by a positive integer.
As S,I,C,R are positiveand N = S+ 1 + C + R, we conclude that S, . C. R are bounded.
4. Equilibrium Analysis
The steady states are G,(0,0,0,0), G,(S,1,0,0), G,(S,0,C,0),G5(S,0,0,R),G,(S',I',C’,0) and G5 (S*,I*,C*,R*)
Case 1: Trivial steady state G,(0,0,0,0) exists always
Case 2: (i) For G,(S,1,0,0)
Let S,1 be the positive solutions of % =0and % =0
From (1),
wN

B+w

S= (7)
From (1),

G+u+di=0-0)pS
Using (7), we have

o (1 -o0)BwN
S By +u+d
. wN (1 — 0)BwN
~G,(5,1,0,0) = G,( 0,0)

B+w B+wy+u+ad)’
(ii) For G,(S,0,C,0)

Let S,C be the positive solutions of % = 0and Z—f =0
From (1),
§= -2 N 8
AT ®
From (1),
_ S
L
(n+96)
Using (8), we have
c oBwN
B+wu+8)
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. G,(S5,0,C,0) = Gy( wN 0 opoN 0)
N N N RN TR
(i) For G5(S,0,0,R)
_ as dR
Let S, R be the positive solutions ofd— =0and T =0
From (1),
R=0
From (1),
as _ _
Ezo > oN+aR—-(B+u)sS=0
Using (9), we have
§= wN
B+
650,08 = 62 000)
e U3\, Y, Y, _3(ﬁ+l,l),’,
Case 3: For G,(S',I',C’,0)
o o . ds dl dc
Let S, I, C be the positive solutions of — =0,—=0and — =0
dt dt dt
From (1),
From (1) §= -2 N
 -aops B+
y+u+d
Using (10), we have
;L (1—-o0)BwN
B+w)y+u+d
From (1),
L aBS’
G+
Using (10), we have
. oBwN
G+w@B+uw
w N (1 -o0)BwN gBwN
" Gy(S',1,C",0) = G 0
a )= G TG T D BTG
Case 4:For Gs(S*,I*,C*,R*)
LetS*,I*,C*, R* be th iti luti de—Od[—OdC—O ddR—O
etS*I%,C", e the positive solutions o - V=0 = an pri
From (1),
R = B +wsS*— wN
- a
[ (- 0Bs
(@ tutd)
ylI*+ 6C*— (e + wWR* =0 5
Using (12), (13), (14) we have cr= P
6+
¢ = [ 1 (a+p+p+d) (a+wu+d)
(B+u) (1-0)yBa aofs
Using (15) in (13)
ey [ A-0)8 (a+p) (a+#)(u+5)(1—0)]
y+u+dB+w ya acgé(y +pu+d)
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9)
(10)
(11)
(12)
(13)
(14)
(15)

1260



Turkish Journal of Computer and Mathematics Education Vol.12 No.10 (2021), 1257 - 1265
Research Article

Using (15) in (14)
1 e+ tut+d) (a+p)
G+w@B+u) A-0)(+wyPa  aopd

c*= UﬁwN[

Using (15) in (12)
_oN@+p@+w [ +p+d)  (L+96)

k= azp 1-o0)y ad

Hence, the endemic equilibrium is

e pEY 1 (a+p)tutd)  (a+p)(u+d)
Gs(S™ 1", €7, RY) = (wN [(ﬂ+u) (1-o)pa acps ]

[ A-0)p  (a+p)  (a+w)(ut+8)(1-0) oﬁwN[ 1 _ (et ytptd)  (atp)
(r+ut+d)(B+u) ya acs(y+u+d) I S+ (B+r)  A-0)(S+wypa  aoBs)
_ oN(@+w)(B+pw) [(v+u+d) | (u+d) )

a?p (1-o)y )

5. Local Stability

By the Routh-Hurwitz criteria, we find the local stability of (1).
The Jacobian matrix for the system (1) is

—-B+w 0 0 a
1-0)p —-@+u+ad 0 0 (16)
ap 0 —(6 + ) 0
0 14 é —(a+uw
When & = 0,
dt
wN + aR
T = a7)
When % =0,
(1—-0)BS
—y+u+d)= - (18)
When % =0
oBS
—@rm = (19)
When % =0
yl 4+ 6C
—(CZ + H.) - - R (20)

At the interior equlilibrium (16) becomes

_ (a)N;-aR) 0 0 P
(1-0)8 ‘(1+7)55 0 0
(21)
—(aBS)
B 0o 2
0 ¥ 5 —(yI+6C)

R

The characteristic equation of (21) is given by
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_ (wN+aR)

5 -1 0 0 a

a-o0p E2E_y 0 0 )
B 0 ~B) 3 0 -0
0 y 6 —w+9 _ )

R

+ + + + +

:A4 + ( 4 (=9Bs (1- J)BS + + + Uﬁ’s) 13 + ((l—a)ﬁ’wN + YIoN = 8CwN . oBwN . (1-0)ByS . (1-0)8BSC
N I SR SR c R IR

— 2g2 _ 2
(1-0)oB*S + JBySI U[)’LSS) <(1 _ U)BYU)N + (1-0)6BCwN + (1-0)oB*SwN + agfylwN + ofSwN +
Ic CR IR IC CR R
(1-0)aB?S%y + (1-0)oB?S?6 _ (1 _ 0),80(]/ + (X(SO'[;) 1+ (1-0)oB?ySwN + (1-0)0B?SSwN + (1-0)acB?yS +
CR IR CR IR C
_ 2
(1-0)op“das -0 (22)

1
Comparing (22) with §* + AS3 + BS?2 + CS + D = 0,

Where 4= 2 L=0BS 1 5¢ 4 oFS

(1—0)BwN yIwoN SCwN N oBwN N (1—0)ByS N (1-0)8BSC N (1—0)opB?Ss? N oBySI

I SR SR c R IR IC CR
afdS

R

B =

3 (1-0)8BCwN (1 —-0)oB?SwN ofyloN oBSwN (1—0)oB?S%y
C=(1-o0)BywN + R + IC + R + R + CR

_ 2¢2
+ %— (1 —-o0)Bay + adap

(1 - 0)oB?ySwN N (1—0)oB2SSwN N (1 - o)acB?yS N (1—0)oB?bsas

D=
CR IR C I

By the Routh-Hurwitz criteria, the system is locally stable for S* + AS® + BS? + €S+ D = 0 ifand only if 4 >
0,D>0,AB—C>0,C(AB—C)—A%D >0

Here A > 0;D > 0;AB—C > 0; C(AB — C) — A%D > 0 as (1 — o) is positive.

Hence the system (1) is locally stable.

6. Global Stability
To find the global stability at (S*, I*, C*, R*), we construct the following Lyapunov function.

S i C
V(S,I,C,R) = [(5 — 5y —s* ln§] +1 [(1 - 1n1—*] +1, [(c —C) -
* * R
+1; [(R = R) = R*InZ| (23)
Differentiate (23) with respect to t,

dV_ S —S5S"\dS ] 1 — 1"\ dl ] C—-C"\dC ] R — R*\dR
E‘(s hﬂ*@7ﬁ5+4—77—+4—Fﬂa

Using the model equations (1),

av (S—S*

= (= )[wN+aR—(ﬂ+/,t)S]+ll(

C—
(2

wN + «a

)= )8S = @+ e+ D]

* *

Cc R—-R
)[(;,35—(5+M)C]+13< )[y1+66—(a+u)R]

=5 - s [P @]+ 10 - 14( @+u+w]
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(€ = C) |7 = G+ W] + (R = R [T~ (@ + )]
At (S* I*,C*,R*), we have
_5-59 [(uN +aR <a)N ;aR*)] L - 1) [(1 —a)ps (1 —Ii)ﬁs*]

+lz(C c* )[aﬁs crﬂS yI+6C yI*+:SC*]
R
. 1 1 1
ChOOSIng ll —m ,lz —E ,l3 _}/_5
= (S— S)N[ |+ (5 -5 [R ] a 1)(1_0)35 S*+( )/35 ol
= @ 5”5 1-0)Bll~ T oglc ¢
(R R)y[ +(R—R)6[C c*
R R* Y6 R R*
_ [RS —SR* ] + (1 I* )[511;*15*]
+(C - ") [SC*—CS*] +( R [IR*—RI*] +(R-RY [CR*—RC*]
ccr RR* RR*
= a)N(S S )2 (RSS* S?R* — RS*2 + SS*R*) + ! (SII* — S*I?> — SI*2 + §*11")
a SS* T 55 g
SCC*—S*C?*+SC? +S5*CC*) + IRR* — I*"R?> — IR*?> + I'RR"
CC*( ) 6RR*( )
CRR* — C*R?> + CR*®> + C*RR"
_ _ wN(s-5)* _ Ss*1 SI* " N
=S a (R () + )+ (5= =4 s) )

+1<I I'R IR*+I*>+1(C C'R CR*+C*>
o) R* R y R* R

3 wN(S—S*)Z_l_ ® + B (RS* R*S) s+ (SI*+S*I>
- S * s s T

<45t S*C SC* - I'R IR” 1 C+C C*R CR*
v +59 - () +5( 0 - (T ) A CHEO) -G )

Hence < 0, as all the terms in R.H.S. are negative.

From, Lyapunov theorem the system (1) is globally asymptotically stable.
7. Numerical Analysis
For numerical simulations we consider the values of the parameters as:
0 =0.338,8=0.16,y = 0.0238, 1 = 0.0199,d = 0.33,w = 0.0488,a¢ = 0.2,5 = 0.025
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Figure 2. Flow of variables with respect to time t
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Figure 6. Recovered state for different values of a

Figure (2) shows the flow of Susceptible, Infectious, Carrier and Recovery class with respect to time for the
reinfection Pneumonia model. From figure (3) ,the susceptible individuals decreases whenever the infectious rate
increases and figure (4) clears that the infectious individuals increases whenever there is decrease in the factor of
new infection. It is clear from figure (5) that as the immunity rate increases, the individuals in carrier state
decreases and from figure (6) as the reinfection rate increases, the recovered individuals decreases.

8. Conclusion

A reinfection model with carrier state for pneumonia was formulated. The boundedness and positiveness of
the state variables were verified. The optimal values of S, I, C, R were derived by equlibrium analysis. The model
exhibits the local stability an global asymptotic stability behaviour under the suitable conditions. By the numerical
simulations, it is clear that the flow of variables is stable for selected set of parameters.
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