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Abstract: The article describes a new idea and established the concept the existence and uniqueness for best
approximation in linear k-normed spaces, proved the mapping form k-normed space into finite dimensional
subspace of k-normed space is continuous , bounded compact subset of linear k-normed is proximal and
characterization of best uniform approximation in same space.
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1. Introduction

The concept of linear 2-norm spaces first investigated by Gahler [1] in 1964 and has been extensively by
[2,3,4,5]. The introduce a new concept called 2-normed almost linear space and proved some of the results of
best approximation in its space by Markandeya [6].

Recently, some results on best approximation theory in linear 2-norm spaces considered by [7,8] and
characterization of best uniform approximation real linear 2-normed space by [9]. The theory of k-normed
spaces studied by [10,11].

This paper mainly deals with existence, uniqueness , continuity of best approximation with respect to k-normed
spaces , bounded compact subset of k-normed linear space is proximal and characterization of best uniform
approximation in k-normed space.

2. Preliminaries

Definition 2.1:

Let k € N [natural numbers] and A be linear space of dimensional d > k. A real valued function ||e, ...,e||
onA X A X ...x A = A satisfying the following conditions is called an k-normed on A. V 7, .,

k—tuples
v T, cEA

Ny :l7y,. o, 73l = 0iff o, ., ..., 7 are linearly independent.

N, |7, 75, . ..., 7|l is invariant under any transformation.

Ny |7, 75, o, 87l = (61119, 75, . ..., 7 || fOr all 5 € R ('set of real numbers)
Ny: vy, &+l Sl 7, Gl + 7, oo, 72y, .

The pair (A, ||e, ...,*|| ) is called an k-normed linear space.

Definition 2.2:
Let F be a subset of real k-normed space A and 74,7, . ..., 7 € A . Then f* € F is called the best approxi. to
7 € A from F if
7, 7273 = #7ll = inf llrg, 7,y 7 = £
fEF
The set of all best approximation of A out of F denoted by 'z (f) and define

T-(f) = {f € F; infllay, ay, ...,ar — fll Va, € A}.

Definition 2.3
A linear k-normed space(eA, |[e, ...,¢|| ) is called strictly convex if
IR, #1l = IR, ¢ll = 1,4 # g and
R=(r1,79 s Th-1)r T2 k1 EAJF(#, @)
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implies ||R,% F+ g)” < 1,F(#,¢)is the subspace of A generated by # and g.

Definition 2.4

Let A be k-normed space. The set F is said to be proximal if [x(#) = @ for everya; € A, 1<i<k
wherel'z (#) is the set of all best approximation of # to a;,1 <i <k.
Definition 2.5
Let f € C([70,71] x [7,72] X . X [, 7)) and  |[#llee = sup{l#(ug, 1y, .. il € [7, 7] 1, €
[4;’114;’2]1 ey U € [/Vk'—li/r"k]}'
The set of extreme points of function
# € C([74, 5] X [#4,75] X ... X [1%_1,7%]) is define by

E@) = {IFllco = 1# (g, 22 o, 25| 21 € [ag,a4], %, € [ay,as], .., 2k € @y, @i ]}.

Best approximation with respect to this norm is called best uniform approximation.
3. Main Results
In this part, we prove existenss, uniqueness of best approximation in k-normed considered , the mapping from
k-normed space A into finite dimensional subspace F is continuous ,bounded &closed subspace of k-normed
homomaorphism space is proximal & characterization of best uniform approximation in k-normed space.

Theorem 3.1
Let F = {#1, %2, -, fn} S A. Thenforall a; € A, 1 <i <k, there is best approximationf € F.

Proof : Let#~ €A, 1<i<kandR = +,,..7%_41,- Then by using definition of infimum, there is a sequence
{#} € F such that
IR, 7 = $icll = inf IR, 7 — £
FEF
This implies that there exist absolute constant ¢ > 0, such that for k.
IR, # Il = IR, 7 Il < @illk 7 — #ll + 1c < IR, 7l

FEF

For k hence
IR, 7 — Fill < 2R, # |l + c.
Thus {#,} is bounded sequences. Then there exists subsequence {#kl} of {#,} convergentto #* € F
}H{.},”Rfk - ’ﬁ'kl” = IR, 74, 71l
R=71,,. «tp_1 EA

implies #* is best approximationto 7 € A, 1 <i < k.

Theorem 3.2
Let A be the strictly convex lined k-normed space and  F = {#,#2, ..., fn} €A . Thenevery 7~ € A, 1 <
i <k, thereisa only one best approximation from F.
Proof:
Let /4 € A, 1 <i<k, we have F finite dimensional. So, from theorem 3.1 there is element #* € F such
that#* is best approximation 7, € A, 1<i<k
For that first, we prove that F is convex. Let #,,#, € F, R=#,,. ..#%_1 EAand 0< 1< 1.Then
IR, 7 — (A1 + (1 = D, [l = IR, A(# — £1) + (1 = D (7 — )l
< R, A(F — DI + IR, (1 = D) (7% — F)I
= AR, 7 =gl + (1 = DR, 7 = £l
= 2 inf IR, = Pl + A~ ) inf IR, 75 ~ 1
fEF FEF
inf IR, 7 = Bl
FEF

impliesAf; + (1 —A)#, €F
so, F is convex space.
We shall suppose thatf** € F, implies %(#* +#)EF.

”R’%((”’;k )+ (e —$) ‘ + ”R,@( _ %(ﬁ* 5

= inf IR, 7~ )l

FEF
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implies 7, — #* = 74 — #*, we obtain #* = #*.
Thus F contain only one best approximationto 7 € A, 1 <i<k.

|
Theorem 3.3
Let F = {#1, #2, .., Fn} € A with the property that every function with domain A X A X ... X A has only one
best approximation from F. Then for all 4,3 € A ,

inf 174,75, .rii_1, 4 — $ll — inf 174,75, .7y, 8 — £l
——
feF T

< |, #y, i, a—All, 44,7, w71 € Al F and
Qri A XA X ... X A — F is continuous.
Proof :
Suppose that @« discontinuous. Then there exist an element 4 € A and sequence {4, } in A such that Q7 (4;) +»
97(@).
Since F is finite dimensional, there exist subsequence {ékl} of {4, } such that
Qr:{4y,} > # € F # # Q5 (8) and we shall show that the mapping
$ - llff llay, a,,. ..., ar_1,& — #ll is continuous, a.€ A.
FEF

Letd,a e Aand R=+4,,. ...7%_,1 € A . Then there exist #; € F such that

IR, a — #1l = inflIR,a — #|| and

inf IR, 4=l < IR &~ #ll < IR, 4=l + IR, 3 — 4l

$EF
= ||R,a = all + inf ||, 7, ...ri—q, a — £l

——

FEF
implies
inf R, a—#ll—inflIRa—#l <R a-3all, ,R=4+#,,. .14 EA/F
N—— N——
$EF feF

This proves that

inf |R,a—#ll — inf [IR,a—#ll < IR, a—all.
FF FeF
By continuity it surveys that

1R, &y, = 0z (@)l = infl|R, &y, — #]|
implies

inf }Lrpo||3z, b, —#|l = IR,a— #Il and

FeF

IILIE)”R' ag, — QT(ékl)” = IR, a - 0-@)II.

We obtain f and Q- (3) are two distinct best approximation of 4, this contradiction with the hypothesis where.A
has a unique best approximation from F.
S0, Qi A X A X ... X A — F is continuous.

Theorem 3.4

If A is k-normed linear spaces & F compact subset of .A. Then F is proximal in A .
Proof :
Let F be closed and -#ounded subset of A and {#,,}5—1 Sequence in F and
R = #,,...., 31 € A such that
1R, 77 = #1l = lim 1R, 72, — £,
Since F is bounded for some € > 0, £here exist positive <nteger N such that

IR = #ull IR, 7 —$1ll +€ < K+ € Yn=N

Where K = max{K,,K,}

2912



Best Approximation In Linear K-Normed Spaces

K, =R+, —#ll+€ and
K, = max||R, #, — #,lla, forn < N.
Now, [IR, £, 1l < IR, 7 — Foll + IR, 7% [l S K+ IR, 74l

this, implies that {f;, }s—; iS bounded.
So, {#n}n=, approximate to # in F .
Hence, we have
infllR, 75 = #1ll < lim IR, 79 — |l = IR, 74 = $4 I

but [|R, 7 — £l = IR, 7 — #, Il implies

infllR, 7, — #ll = IR, 7 — #1l .

We obtain infllR, 7, — #ll = IR, #, — #41l.
Thus, #; is best approximation to 7+, from F.Hence F is proximal in A.

Theorem 3.5

Let F be a subspace of C([#, 7] X [#1,75] X ... X [#5_1,7%]) and

a € C([#y, 7] X [#1,72] X ... X [#%_1,7%])- Then the follow. Statement are equivalents . :

i For
function # € F, the points U = 114,115, ..., 11, € E(a — £.),

(a(W) - $.(W) (W) < 0,4, € F .

every

ii. The function

#. is best uniform approximation of & from F.
Proof :
Suppose that (i) holds and we need to prove thatf, is best uniform approximation to a from F.
From (i) there exist points U = 11,115, ..., 11, € E(a — #,) such that
(a(UW) — £.(W)(f(W)) < 0. So, we have
la = Folleo < la(W) — £.(WI + (W) — £, (W]
= la(W) — £.(W) + £.(W) — (W)
= la(W) + (W < lla — #llo -
Which shows #, is best uniform approximation to a from F.

Conversely suppose that (ii) holds and to prove (i).
Assume (i) be unsuccessful. Then there exist function f, € Fsuch that
Ue E(a—T),

(a(UW) — f.(W)(F,(U)) > 0. Since E(a —1,) is closed & bounded , 3C; >0& C, >0 > for each U €

Ela—T.)
(a(W) = . (W)(F(W) > ¢ @)
Further, there exists an open ball ' of £(a — {.) such that for all
Ue N and
€, (a(W) — £.(W)(F (W) > C; (2)
la(W) = f.(WI = Clla —folle - (©)
Since [+, 7, ]1/N is compact, there exist a positive real number C; such that for all
UE€ [ag,a4]/N,
la(U) = f.(WI < lla —fllo — C5 . @)
Now we shall assume that ||f, ||, < min{Cs, |l — .} (5)
Let #, =, + f;. Then by (4) and (5) for all 11, 11,, ..., 1, € [ag,a,]/NV,
la(W) — #, (W] = la(W) —f.(W) — (W
< la(W) = f.(WI + If;, (W
< le—folleo = C5 + lIfilleo < Ml — follco.
For all U € N from (3),(4) and (5), we obtain
la(W) — £, (W] = la(W) —f.(W) — f1 (W] < |a(W) - f.(W] + [f, (W
Slla—folloo = C3 + 111l < Ml = Follo.
Implies, lla — £l < ll& — follc-
Hence f,is not best uniform approximation to « which is a contradiction.
So, (i) holds.
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Conclusion

In this paper, we conclude that when linear k-normed space is bounded compact then best approximation of the
functions existence and a unique and the map from k-normed space into finite dimensional subspace of it is
continuous, bounded and closed.
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