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Abstract: This paper aims to establish a new notion of hyperconnected spaces namely semi j hyperconnected spaces by using
semi j open sets. The relation between the existing spaces are also discussed. We also investigate some elementary properties
of semi j hyperconnected spaces.
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1. Introduction

The notion of hyperconnected space was introduced and studied by many authors[1],[7],[10]. N.Levine[8]
introduced D space i.,e every non empty open set of X is dense in X. In 1979, Takashi Noiri[10] initiated the
concept of hy- perconnected sets in a topological space by using semi open sets. In 1995, T.Noiri[11] formulated
various properties of hyperconnected space using semi pre open sets. In 2011, Bose and Tiwari[6] found w
hyperconnectedness in topological space. In 2015, the concept of S* hyperconnectedness in supra topological
spaces was studied by Adithya K.Hussain[1]. In 2016, I.Basdouri, R.Messoud, A.Missaoui[5] discussed about
connectedness and hyperconnect- edness in generalised topological space. A.K.Sharma[13] determined that D
spaces are equivalent to hyperconnected spaces. Recently, Lellis Thivagar and Geetha Antoinette[7] implemented
a new concept of nano hyperconnectedness in 2019.

In 1963, N.Levine[9] investigated semi open sets and semi continuity in topological spaces. In 1986, semi
preopen sets was introduced by D.Andrijevic[3]. In 2011, I.Arockiarani and D.Sasikala[4] presented j open sets
in generalised topological spaces. D.Sasikala and M.Deepa[12] defined j connectedness and half j connectedness
with the help of j open sets in 2020.

In this paper, we introduce semi j open sets in topological space and investigate some of its properties. Also,
we define semi j hyperconnected spaces by using semi j open sets and also discussed some of its properties.
Throughout this paper, X denotes the topological spaces.

2. Preliminaries

Definition 2.1

A subset A is said to be semi open if there exists an open set U of X such that U c A c cl(U ). The complement
of semi open set is called semi closed.

Definition 2.2

The semi closure of A in X is defined by the intersection of all semi closed sets of X containing A. This is
denoted by scl(A).

The semi interior of A in X is the union of all semi open sets contained in A and is denoted by sint(A). The
family of all semi open set is denoted by SO(X).

Definition 2.3

A subset A of a topological space X is semi preopen if there exist a pre- open set U in X such that U c A c
cl(U ). The family of semi preopen sets in X will be denoted by SPO(X).

Definition 2.4

A subset A of a topological space X is called

(i) regular open if A = int(cl(A)).

(ii) preopen if A < int(cl(A)).

(iii) a open if A < int(cl(int(A))).

(iv) j open if A < int(pcl(A)).

The complement of preopen, a open and j open sets are called pre closed, « closed, j closed respectively.

Lemma 2.5

The following properties hold for a topological space (X, 7)

a) 7 c SO(X) N PO(X).

b) SO(X) u PO(X) c SPO(X).

Lemma 2.6

Let A be a subset of a topological space X. Then the following properties hold.

a) scl(A) = A u int(cl(A)).

b) pcl(A) = A U cl(int(A)).

c) spcl(A) = A U int(cl(int(A))).

Definition 2.7

A subset A of a supra topological space (X, S*) is said to be
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(i) S"denseif cls* (A) = X.

(ii) S* nowhere dense if ints* (cls* (A)) = @.

Proposition 2.8

Let A be a subset of X, then

a) int(A) Spint(A) €A cpcl(A) <cl(A).

b) pcl(X — A) = X — pint(A).

c) pint(X — A) =X — pcl(A).

Definition 2.9

A topological space X is said to be hyperconnected if every pair of non empty open sets of X has hon empty
intersection.

Definition 2.10

Two non empty subsets A and B of a topological space X is said to be j separated if and only if A N jcl(B) =
jcl(A) N B = 0.

Definition 2.11

A topological space X is said to be j connected if X cannot be expressed as a union of two non empty j
separated sets in X.

Definition 2.12

A filter is a non empty collection F of subsets of a topological space X such that

(i) o€elF.

(ii) fAeFand B € AthenB €F.

(iii)ifAeFandBeFthenANBEF.
3.Semi-j open sets:

The mentioned class of sets is introduced by replacing Andrijevic definition of preopen sets by j open sets.

Definition 3.1

A subset A of a topological space X is semi j open if there exista j open set Jin X suchthat Jc Ac J

The family of all semi j open sets in X is denoted by SJO(X).

Example 3.2

Let X ={a, b, c} and = = {@, {a}, X}. Then the semi j open sets are @, {a}, {a, b}, {a, c}, X and the semi j
closed sets are @, {b, c}, {c}, {b}, X.

Definition 3.3

A subset A of a topological space X is said to be semi j regular open if A = cl(int(pcl(A)))
and its complement is semi j regular closed set. The family of semi j regular open and semi j regular closed sets
are denoted by SIRO(X), SIRC(X) respectively.

Definition 3.4

A subset A of a topological space X is said to be semi j boundary of A [bds;(A)] if bdsj(A) = clsj(A) N clsi(X —

A).

Theorem 3.5

If A is semi j open set in a topological space, then A < cl(int(pcl(A))).

Proof:

Let A be a semi j open set in X, then there exist j open set J such that J € A < cl(J) since J is j open set, this
implies J < int(pcl(J)). Also J € A, therefore J < int(pcl(J) < int(pcl(A)), cl(J) < cl(int(pcl(A))). This implies
A c cl(int(pcl(A))).

Theorem 3.6

Let Ay : v € V be a family of semi j open sets in a topological space X. Then the arbitrary union of semi j open
sets is also semi j open.

Proof:

P={JA UA

Let veV. | Since A’is semi j open. Then A c cl(int(pcl( A’))).Vev c veY  cl(int(pcl( A’)))c cl

U

veVint(pcl( A\'))c cl(int v&v¥  pcl( A\'))c c I(int(pcl( vev A\'))). Hence the arbitrary union of semi j open set
is also semi j open.

Remark 3.7

In general, the intersection of two semi j open sets is not semi j open. It can be showed by the following
example.

Example 3.8

Let X ={a, b, c} with = = {9, {a}, {b}, {a, b}, X}. Semi j open sets are @, X, {a}, {b}, {a, b}, {a, c}, {b,
c}. Then {a, c}N{b, c} = {c} is not semi j open.
Definition 3.9
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A subset B of a topological space X is semi j closed if X — B is semi j open. The family of semi j closed set X
is denoted by SJC(X).
Theorem 3.10

Let B,:veV be the family of semi j closed sets in a topological space X. Then arbitrary intersection of
semi j closed sets is semi j closed.
Proof:
. — c .
Let B,:veV be the family of semi j closed sets in X and A = B, . Then AveV is a family of a semi

UA UAa

C
j open sets in X. Using the theorem 3.6 vV is semi j open. Therefore {VEV } is semi j closed. This implies
Cc C
NA AL
vev is semi j closed. Hence vev semi j closed.

Definition 3.11

A subset A of X is said to be semi j interior of A is the union of all semi j open sets of X contained in A. It is
denoted by intgj(A).

A subset B of X is said to be semi j closure of B, is the intersection of all semi j closed sets of X containing
B. It is denoted by clsj(B).

Corollary 3.12

i. ints,-(x —A)=X- ClsjA
ii. clg(X—A)=X-intgA

Theorem 3.13

In a topological space X, every j open sets are semi j open.

Proof:

Let A be ajopen set. Then A < int(pcl(A)). cl(A) < cl(int(pcl(A))). Therefore A < cl(A) < cl(int(pcl(A))). This
implies A c cl(int(pcl(A))). Hence A is semi j open.

Converse of the above theorem need not be true which is shown in the following example.

Example 3.14

Let X={a, b, c}, = {0, {a}, {b}, {a, b}, X}. The subsets {a, c} and {b, c} are semi j open but not j open.

Remark 3.15

(i) Every open set is semi j open.

(ii) Every j open set is pre open.

Theorem 3.16

Let A be semi j open subset of X such that A €B < A, then B is also semi j open.

Proof:

Since A be semi j open there exist a j open set U such that U € A < cl(U ). By our hypothesis U < B and
cl(A) € cl(U). Thisimplies B < cl(A) < cl(U)i..e U< B < cl(U ). Hence B is a semi j open set.

4.Semi j hyperconnected space

In this section we introduce and study the notion of semi j hyperconnected spaces.

Definition 4.1

A topological space (X, ) is semi j hyperconnected if the intersection of any two non empty semi j open sets
is also non empty.

Example 4.2

Let X ={1, 2,3, 4},r = {0, {2}, {2, 3, 4}, X} be a topology on X. SIO(X) ={@, {2}, {1, 2}, {2, 3}, {2, 4}, {1,
2,34 {1, 2,4}, {2, 3, 4}, X} is semi j hyperconnected.

Definition 4.3

A space X is said to be semi j connected if X cannot be expressed as a union of two disjoint non empty semi
j open sets of X.

Theorem 4.4

Every semi j hyperconnected space is semi j connected.

Proof:

Let X be a semi j hyperconnected space. Since the intersection of any two non empty semi j open sets is also
non empty. Therefore X cannot be expressed as a union of two disjoint non empty semi j open sets. Hence every
semi j hyperconnected space is semi j connected.

Example 4.5

Let X = {1, 2, 3, 4} with a topology = = {@, {1}, {2, 3}, {1, 2, 3}, X}. Here SJIO(X) = {9, X, {1}, {1, 4}, {2,
3} {1, 2,3}, {2, 3, 4}}. Therefore X is semi j connected but not semi j hyperconnected, because the intersection
of semi j open sets {1} and {2, 3} is empty.

Theorem 4.6

948



Turkish Journal of Computer and Mathematics Education ~ Vol.12 No.9 (2021),946-950
Research Article

In a topological space X, each of the following statements are equivalent.

(i) Xis semi j hyperconnected.

(ii) cl(A)=X for every non empty set A € SJO(X).

(iii) scl(A)=X for every non empty set A € SJO(X).

Proof:

(i) = (ii)

Let A be any non empty semi j open set in X. Then A < cl(int(pcl(A))). This implies int(pcl(A)) /= @. Hence
cl(int(pcl(A))) = X =cl(A). Since X is semi j hyperconnected.

(i) = (iii)

Let A be any non empty semi j open set in X. Then by lemma 2.6 scl(A) = A U int(cl(A)) = A U int(X) = X.
Since cl(A) = X for every non empty semi j open set in X.

(iii) = (i)

For every non empty semi j open set A in X and scl(A) = X. Clearly X is semi j hyperconnected.

Theorem 4.7

Let X be topological space. The following statements are equivalent.

(i) X s semi j hyperconnected.

(ii) X does not have no proper semi j regular open or proper semi j regular closed subset in X.

(iii) X has no proper disjoint semi j open subset E and F such that X =clg(E) U F = E U clg(F ).

(iv) X does not have proper semi j closed subset M and N such that X = M UN and int;(M ) N N =M N intg(N

)=0.

Proof:

() = (ii)

Let A be any non empty semi j regular open subset of X. Then A = intg(clsj(A)). Since X is semi j
hyperconnected. Therefore clsj(A) = X. This implies A = X. Hence A cannot be a proper semi j regular open subset
of X. Clearly X cannot have a proper semi j regular closed subset.

(i) = (iii)

Assume that there exist two non empty disjoint proper semi j open subsets E and F such that X = clg(E) U F
= E U clsj(F ). Then clg(E) is the non empty semi j regular closed set in X. Since ENF = @and clg(E) N
F = @. This

implies cl§(E) # X. Therefore X has a proper semi j regular closed subset E which is a contradiction to (ii).

(iii) = (iv)

Suppose there exist two proper non empty semi j closed subset M and N in X such that X =M U N , int5;(M )
NN=MnNinti(N) =0 then E=X—-Mand F = X — N are disjoint two non empty semi j open sets such that X =
cls(E) U F = E U clg(E) which is prohibitive to (iii).

(iv) = (i)

Assume that there exist a non empty proper semi j open subset A of X

such that clgj(A) # X. Then intg(cls(A)) Put cl5(A) = M and N = X — intgj(clsj(A)). Thus X has two proper semi
j closed subsets M and N such that X =M U N, int§(M) NN =M Nint§(N) # @. This contradicts (iv).

Theorem 4.8

A topological space X is semi j hyperconnected if and only if the intersection of any two semi j open set is
also semi j open and it is semi j connected.

Proof:

In a semi j hyperconnected space i.,e cl(U NV ) =cl(U) N cl(V ), where U and V are semi j open sets. It
follows that if A and B are semi j open subsets of X then A N B c cl(int(pcl(A))) N cl(int(pcl(B))) = cl[int(pcl(A))
N int(pcl(B))] = cl(int[pcl(A) N pcl(B)]) = cl(int(pcl(A N B))). Hence A N B is semi j open.

Suppose X is not semi j hyperconnected. Then there exist a proper semi j regular closed subset R in X and
take S = cl(X — R). This impliesRand S are non empty semi j open subset of X.If R NS = @, thenR
U S = X implies R is a proper semi j open, semi j closed in X. This is contradiction to X is semi j connected.
Therefore R NS # @. Hence R N S=R N cl(X — R) = R — int(R) = semi j boundary of R. Therefore R N S is
not semi j open. Since open set does not contains its boundary points.

Definition 4.9

A subspace S of X is called semi j hyperconnected if it is semi j hyperconnected as a subspace of X.

Theorem 4.10

If A and B are semi j hyperconnected subsets of X and int;(A) "B * @ or AN int(B)# @ then AU Bisa
semi j hyperconnected subset of X.

Proof:

Assume S = A U B is not semi j hyperconnected. Then there exist semi j open sets U and V in X such that S
NU# @,SNV# @and S NU NV = @. Since A and B are semi j hyper connected subsets of X. This implies ANU

NV =@and BN UNV=@. Without loss of generality assume BN U=@. ThenANU #@, ANV=0andB
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NV=g. IfANint(B)# @, then A N int;(B) and A N U are non empty disjoint semi j open sets in the subspace

A of X which contradicts the hypothesis A is semi j hyperconnected. Similarly if intj(A) N B# @. Then B is not
semi j hyperconnected.

Theorem 4.11

A topological space X is semi j hyperconnected if and only if SJIO(X) — @ is a filter.

Proof:

Assume X is semi j hyperconnected. @ €/ SJO(X) — @. Let us take the subsets A, B € SJO(X) — @.
Then there exists a open sets G and H in zsuchthat G € A and H € B. Since X is semi j hyperconnected.
Therefore @ = GNH < ANB and hence ANB < SJO(X) — @. Suppose B € SJO(X)—@ then every set containing
B is also semi j open. Therefore SJO(X) — @ is a filter. Conversely assume SJO(X)—0 is a filter on X. Let A, B €

SJO(X)—@. This implies AN B# @. Therefore X is semi j hyperconnected space.
References
1. Adiya.K.Hussein, S*-Hyperconnectedness, IOSR Journal of Mathematics,

2. 11(4)(2015),66-72.

3. Ahmed Al.Omari and Shyampada Modak, Filter on generalised topological spaces, Scientia
Magna, 9(2013)(1), 62-71.

4. D.Andrijevie, Semi preopen sets, Mat.Vesnik, 38(1986), 24-32.

5. L.Arockiarani, D.Sasikala, J-closed sets in Generalised Topological spaces, International journal
of Advanced scientific and Technical Research., 1(2011), 200-210.

6. l.Basdouri, R.Messoud, A.Missaoui, Connected and Hyperconnected gener- alized topological
spaces, Journal of Linear and topological Algebra, 5(4)(2016), 229-234.

7. M.K.Bose, R.Tiwari, « topological connectedness and hyperconnectedness, Note di
Mathematica, 31(2011), 93-101.

8. M.Lellis Thivagar, I.Geetha Antoinette, Note on Nano Hyperconnected spaces, South east Asian
journal of Mathematics and Mathematical sciences, (15)(1)(2019), 25-36.

9. Levine, Dense topologies, Amer. Math. Monthly, 75(1968), 847-852.

10. N.Levine, Semi open sets and semi continuity in topological spaces, Amer. Math. Monthly,
70(1963), 36-41.

11. T.Noiri, A Note on hyperconnected sets, Mat. Vesnik, 8(16)(31)(1979), 33-60.

12. T.Noiri, Properties of hyperconnected spaces, Acta Math Hugar, 66(1- 2)(1995),147-154.

13. D.Sasikala, M.Deepa, A note on connectedness in topological spaces, Advances in
mathematics:scientific journal 9(2020), 1-10.

14. A.K.Sharma, On some properties of hyperconnected spaces, Mat. vesnik, 1(14)(29)(1977), 25-
27

15. Shyampada Modak, Md Monirul Islam, More connectedness in topological spaces, Caspian
Journal of Mathematical Sciences, 8(1)(2019), 74-83.

950



