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Abstract: In this research work concerned with new oscillatory solutions of Fourth-order delay difference 

equations with damping term of the form  

∆(𝑟𝑙(∆3𝑤𝑙)) + 𝑝𝑙∆3𝑤𝑙 + 𝑞𝑙𝑤𝑙−𝜎 = 0                                   𝑙 ≥ 𝑙0.  

Using generalized Riccati transformationand new comparison principles, we establish new oscillation criteria for 
the equation. Give an example to improve the main results. 
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1. Introduction  

In this article, we consider the Fourth-order damped delay difference equations of the term  

∆(𝑟𝑙(∆3𝑤𝑙)) + 𝑝𝑙∆3𝑤𝑙 + 𝑞𝑙𝑤𝑙−𝜎 = 0                                   𝑙 ≥ 𝑙0.                    (1.1)  

The entire work, we ensure the following  

(I1).  r is a positive sequence of integers, (I2).  

 p and q are real positive sequences,  

(I3).  𝜎 is a positive integer.  

By a solution of equation (1.1), we mean a non-trivial sequences w and satisfies the equation(1.1).  The 

solution of equation (1.1) is called oscillatory if it has arbitrarily large zero, and otherwise it is called non- 

oscillatory.   

The oscillation of higher and fourth order difference equation have been investigated by many authors, 

see for examples [5-12], the references cited there in.  The result is obtained this article is compliment of existing 

one. 

In [5], the authors discussed oscillation of a class of the fourth order nonlinear difference equation of the 

form   

  
where 𝛼, 𝛽, 𝛾, 𝜆 are the ratios of odd positive integers and {𝑎𝑛}, {𝑏𝑛}, {𝑐𝑛} 𝑎𝑛𝑑 {𝑑𝑛}   are positive real 

sequences. The authors obtained the oscillatory properties of studied equations.  

In [13], M. Vijaya and E. Thandapani, deals the oscillation theorem for certain Fourth order quasilinear 

difference equations of the form   

∆2(𝑝𝑛|∆2𝑥𝑛|𝛼−1∆2𝑥𝑛) + 𝑞𝑛|𝑥𝑛+3|𝛽−1𝑥𝑛+3 = 0,   

where 𝛼 𝑎𝑛𝑑  𝛽 are positive constant, {𝑝𝑛} 𝑎𝑛𝑑 {𝑞𝑛} are positive real sequences.   

In [3] the authors studied oscillation of third-order delay difference equation with negative damping term of 

the form  

∆3𝑦𝑛 − 𝑝𝑛∆𝑦𝑛+1 + 𝑞𝑛𝑓(𝑦𝑛−𝑙) = 0,   

where {𝑝𝑛} 𝑎𝑛𝑑 {𝑞𝑛} are real sequences, f is real valued function.  

The purpose of this work is to obtain a new oscillatory criteria of equation (1.1) by using Ricatti 

transformations and comparison principle under the condition  

  
and   

𝑅𝑙 → ∞   𝑎𝑠 𝑙 → ∞.                                                                                   (1.3)             
An example included to illustrate the main results.   

2. Preparatory Lemmas and Main Results.  

 The second part of this article, we listed some basic lemmas and obtain new oscillatory criteria  for equation 

(1.1).  

Lemma 2.1  Let 𝛿 ≥ 1 be a ratio of two members, where X and Y are constants. Then  

.  

Lemma 2.2 Let 𝑤𝑙 > 0, ∆𝑤𝑙 > 0, ∆2𝑤𝑙 > 0 𝑎𝑛𝑑  ∆3𝑤𝑙 > 0  for every 𝑙 ≥ 𝑙0, then and 𝛿𝜖(0,1) and some integer 

L, one has   
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Lemma 2.3 Let 𝑤𝑙 be defined for 𝑙 ≥ 𝑙0and 𝑤𝑙 > 0 with ∆𝑚𝑤𝑙 ≤ 0 for 𝑙 ≥ 𝑙0 and not identically zero. Then 

there exists a large 𝑙 ≥ 𝑙0 such that  

  
Further if 𝑤𝑙 is increasing then,   

  
The proof is lemma 2.3 found in [1].  

The second part of this section, we obtain new oscillation criteria for equation (1.1).  

Theorem 2.4 Assume that (1.2) holds. If there exists positive sequences 𝜌 and ᶓ  such that  

  
for some 𝜇𝜖(0,1) and  

  
then any solution of (1.1) is oscillatory.  

Proof:  Suppose, let 𝑤 be a non-oscillatory solution of (1.1), with no less of generality, we suppose that 𝑙1𝜖[𝑙0, 
∞) such that 𝑤𝑙 > 0, 𝑤𝑙−𝜎 > 0 for all 𝑙 ≥ 𝑙1.  

In view of (1.1) and (1.2) that   

∆(𝑟𝑙∆3𝑤𝑙) < 0, there exists two possible cases:  

(i) ∆𝑘𝑤𝑙 > 0 for k = 0,1,2,3.                                                                      (2.3)  

(ii) ∆𝑘𝑤𝑙 > 0  fork = 0,1, 3 and ∆2𝑤𝑙 < 0.                                                  (2.4)  

Assume that case(i) holds, we define  

  
then 𝑤𝑙 > 0.   

  
From (1.1), we see that   

∆(𝑟𝑙(∆3𝑤𝑙) = −𝑝𝑙∆3𝑤𝑙 − 𝑞𝑙𝑤𝑙−𝜎                                                                     (2.7)  

In view of (2.6) and (2.7), we obtain  

  
From lemma 2.2, we find that  

.  
Summing from 𝑙 − 𝜎 to 𝑙 − 1, we have  

  
It follows from lemma 2.3, that   

  
for all 𝜇𝜖(0,1).  

From 2.8, 2.9 and 2.10, we see that  
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We obtain  

  
Applying Lemma 2.1, by denote  

.  
we get  

  

This implies that  

  
for some 𝜇𝜖(0,1), which contradiction to (2.2)  

Now, assume that the case (ii) holds.  

Define  

  
 then 𝑈𝑙 > 0 for 𝑙 ≥ 𝑙1  

  
Summing (1.1) from 𝑙 to 𝑢 − 1, we find  

𝑢−1 

𝑟𝑢∆3𝑤𝑢 − 𝑟𝑙∆3𝑤𝑙 + ∑ 𝑞𝑠𝑤𝑠−𝜎 ≤ 0.  
𝑠=𝑙 

This by virtue of ∆𝑤𝑙 > 0, 𝑤𝑙 > 0 𝑎𝑛𝑑 ∆2𝑤𝑙 < 0 and by (2.9), we obtain  

.  

Its follows from ∆𝑤𝑙 > 0 that  

.  

By letting 𝑢 → ∞, we reach at  

.  

Summing from 𝑙 𝑡𝑜 ∞, we find  

.  
We see that  

  

By using (2.15) in (2.14), we see that  
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Again by applying lemma (2.1), we taking 𝛽 = 1,  

,  
 we obtain  

  
Summing 𝑙1 𝑡𝑜 𝑙 − 1, we obtain  

  
Which is contradiction with(2.2). This completes the proof.  

Next. We establish criteria for oscillation of (1.1), by comparison with lower order difference equation.  

  Let us consider the well known second order difference equations see [1]  

∆(𝑟𝑙(∆𝑤𝑙)) + 𝑞𝑙𝑤𝑙 = 0,                                  𝑙 ≥ 𝑙0                 

where 𝑟  𝑎𝑛𝑑 𝑞 are non negative real sequences.  Now, we develop a comparison theorem that the properties 

of solution of (1.1) with second order difference equation (2.16).  

The necessary and sufficient condition for the nonoscilltory solutions of (2.16) that, there exists  

𝑙 ≥ 𝑙0 and a real sequence 𝑢  satisfies   

∆𝑢𝑙 + 𝑟−1𝑢2𝑙𝑞𝑙 ≤ 0                                                                                                (2.17)  

Lemma 2.  on the condition , are satisfied, 

then equation (2.16) is oscillatory.  

Theorem 2.6.  Let (1.2) and (1.3) hold, and assume that  

  
and  

  
are oscillatory then any solution of (1.1) is oscillatory.  

Proof: As the proof of theorem (2.4), if we take 𝜌𝑙 = 1 in (2.11), we obtain  

  
In view of (2.17) and (2.20) that the equation (2.18) has non oscillatory solution.  Which is a contradiction.  

If we take ᶓ𝑙 = 1in (2.16) that, we find  

  
Hence equation (2.19) is nonoscillatory.  This contradiction completes the proof.   

3. Examples  

  In this section, we give an example to improve the main result.  

Example 3.1  Consider the fourth order delay difference equation   

  

Here   

All the conditions of Theorem 2.4 are satisfied. Also 𝑅𝑙 = 8𝑙 − 1 → ∞ 𝑎𝑠 𝑙 → ∞. Further, let 𝑝𝑙 = ᶓ𝑙 

= 1, then  

,  

and  
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.  
Hence by theorem 2.4, any solution of equation 3.1 is oscillatory.  
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