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Abstract: In the given article we studied the class Y* («, 8, H,V, v, o) of multivalent functions with integral operator. We
obtained necessary and sufficient condition for the functions in the class. Several geometric properties like coefficient
bounds, closureness property, and integral mean are part of discussion. Extensions of the given class with several results are
also pointed out.
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1. Introduction.

Multivalent function theory is unique branch of geometric function theory. The special class of this topic is B
(p).It consist of multivalent functions in the form,

f(2) =2°+ X5- anzP™ |, pEN. 1)

Which are analytic in unit disc D= {z: |z|<1}.B* (p) be the subclass of B (p) consist of all functions in the form
(1.1) with positive coefficients.

9 ()= 2° + Enoa bz (br=0, p €N) O]

[1-5] and many other studied the classes of multivalent convex, starlike, close to convex functions of order 9 >
0. Hadmad [8] introduced concept of (convolution) hadmad product.

Definition 1.6.1f f (z) =z° + Y7_; a,,zP*",g(z) = zP + Y-, byzP*™ is an analytic function on unit disk D.The
hadmad product is denoted as f* g.It is defined as follows

(F9)@)= 2° +E5-1 anbnzP™. ©)

This product is strong tool in development of geometric function theory. It has been shown that many subclasses
of univalent and multivalent functions are remains invariant under convolution. Several authors like Bhousty [3],
Ruschweyh [13], Robertson [10], and Thange [14] studied this product. We generalized this product by
introducing t ™ hadmad product. It is defined as follows.

Definition 1.7.Fort e R, f(2)=2z° + X5 a,zP™,g(z) = zP + Yoo, b,zP™™ in B(p), t" hadmad product
(Convolution) is denoted by =¢.1It is defined as (f ** g)=zP + X>_; (a,. b)) zP*™™. (4)

The 1 ™ hadmad product is equivalent to hadmad product.

[2][11][7][14] used following definition. It is utilized in subordination techniques to obtained geometric property
of classes of univalent and multivalent function

Definition 1.3. Let f and g analytic in unit disc D, we say that the function f (z) is subordinate to g (z) in D and

write
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f(2 292 (z €D) ®)
If there exit Schwarz function w (z), analytical in U with w (0) =0 and | w (z) | <1 such
that f (z) = g (w (2)) (ze D) (6)

[7] has introduced following lemma known as Littlewoods Subordination lemma.[1][7] [11] has used this
lemma to prove integral mean and subordination results for classes of univalent and analytic functions.

Lemmal.l. Let f and g analytic in unit disc and suppose g < f,thenfor 0<t<oo

[ lg(re®)y|tde < [I" | f(re®)|tds  (0<r<1,t>0) @
Strict equality holds for 0 <r<1 unless fis constant or w (z) =az | a | =1.

[16] has found the application of integral operator 19 g(z) = f (log —)" L tg(t)dt for univalent

z ‘[(0)
meromorphic function g (z).Associated with this operator he defined subclass of univalent meromorphic function
((V-H)y+H][z2(1962)) +BzI°f(z)+(1-B)

f(z) on unit disc satisfyin 7
@) fying [ZZ(I”f(z)) +/?zl”f(z)][(V—H)y+H]+(1—B)[(V—H)y+H+1]

< (8)

Analogous to same operator we define new integral operator as defined bellow,

Definition 1.2.The integral operator for f € B (p) is denoted by 125 and defined as follows
1975F (2) = —f (log )" LtSf(t)dt whereo =0,s,7 € Z. (9)

[16] has used operator 1°°~21 for meromorphic function.

Examplel.3. Show that for f (z) € B(p), 1©@P~L"Pf(z) =2z + Z;‘;’=1m+)aanzp+” pE N.

-1
By definition, 1€~ 1-P)f(z)= ZT'(’U) :

Zyg—1 1
0 ;) 1t_pf(t)dt
If f(2)=2° + T2, a,z0*"

1P (2) = 2 [F(log D7 L[ 7 + Firy ant? ]t

_‘r(o‘)f(l 9 )U 1[1 + -1 apt™]dt.

- T(U)f (log D7~Hdt + X5y anf (log 97" t"dlt.

Put log (%) =x

Zp+n

[@P-1-D)f (7 )_—f Zx?Tlerdx + By T

o _ _
a, fo x%le (n+1)dx

p+n

=P+ ¥

(n+1)0 ™
2.Class Y* («,8,H,V,y,0),Y («,8,H,V,y,0).

In this section we introduced new classes Y* (x, 8, H,V,y, o) of multivalent functions.We examined various
geometric properties of this classes.We start with the necessary condition for the class Y («, 8, H,V,y, g).

644



Turkish Journal of Computer and Mathematics Education Vol.12 No.9 (2021), 643 - 655
Research Article

Definition 2.1. A function f (z) in B (p) is said to be in the class Y («, 8, H,V,y, o) if it satisfies the condition

[V -y +HI e (1071 P)i(@) + 51 @0 17D~ (8 4p)

1 g < (10)
[ (1071 26@)) 4+ 51 OP 1) |-y + HI= B+ =)y +H+1]
0<p<1,0<x<1-1SH<V<1,-=<<1,6>0
We write the class Y* («, 8, A, B, v, d) as bellow,

Y*(%,8,H,V,y,0)=B* ()N Y («,8,H,V,y,0)  (11)
Example 2.2, If f3 (2) = 2P + ! — ZP* 1+ x(B+p)-1 — zP*2

(@+1+£)A+Q[(V=H)y+H](3) (p+1+B) 1+ [(V-H)y+H](3)
With «< (8 +p) > 1.Thenf; (2) € Y* (,8,H,V,v,0).
Putting a,= : = &= =(Bep)1 —~ ,a=0forn>2.
(p+1+B) 1+ [(V—H)y+H](3) (P +1+B) 1+ [(V-H)y+H](3)

1

Then, S5, (p +n + B)(1+)[V — W)y + H] () @ = < (8 +p)

Hence f3 (2) € Y* (, 8, H,V,y, 0).

Theorem 2.3. If f (z) € B(p), satisfies

S+ HA+O[V - Hy + H (=) la S (B+p)  (12)
Thenf(z) € Y (x,8,4,B,y,0).

Proof: Suppose f (z) satisfies condition (8)

[@P=1-P)f () = 2P + Z?‘fﬂﬁanzmn

D (1©@P=1-P)f (2)) = [(V — H)y + 4] [Zpl_1 (I(a.p—l.—p)f(z))’ + Z%I(U,p—l,—p)f(z) - B+ p)]
=3+t RIV - By +H (-2) lanl2
E (107 1P(2)=[(V — H)y + H] |5 (1("""1"”)f(z))’ + £ 1or-1-mf()| -

B+p)(V-Hy+H+1]

1

g n
a,z"
n+1) n

=-(B+p) + T +n+ BV — Hyy + H]
D(I(U'p_l'_p)f(z))

Now to show result we claim that|———=<
E(1(0P-1-P)f(z) )

Given that X5, (p +n + B)(A+LV — H)y + H] (=) lanl < x (8 +p)

1
n+
Hence,

524 +n+ BA+LW — By + H) (=) lanllz" < o (8 + p)
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S5 +n+ RV — By + H] () aallz"] < —< 20 +n+ BIV = By + H] () lagll2"] o
B +p).

0 1\?
I 4+ BIV-Hy+H](757) lanllz"]

B+D) -3, P+t OV -Hy+HI(-) lanllz —

D(I(U,p-lr-p) f(Z))
E(10P~1-D)f(z))

ISRy +H) () ana

= L
I(B+D) =252, 040+ BV —-Hy+H](57) anz"|

0 1\?
I +n+B)IV-Hy+H](557) lanllz"]

1 g
B+D)-35, +n+ BV -H)y+HI() lanllz"|

<

< X,
~f(z)e Y(x,B8,H,V,y,0).
Theorem 2.4. f(2) e Y¥(x,8,H,V,y,0) iff

1

S5 +n+ R A+ — By + H] () ay < « (B +p) (13)

n+1
Proof: Assume inequality (9) holds. Therefore by theorem (8) f (z) € Y* (x, 8, H,V,y, 7).

Conversely suppose f (z) € Y* (e, 8,H,V, vy, 0).

[V -H)y+HIp=z (1071 P1@)) + 1P k)~ (B +p)

(1219 1@)) + Bt Op=1-0 )| (V- +HI= B+ (V=) +HI+1]

<X

0 1\9
S+ PV -y +H](5) anz™

n+1
B+P)-S2 (P4t OV -y +H](515) anz™

<X

Now Re {z} < |z|

o0 1\?
Re{ Zn=1(p+n+ﬁ)[(V—H)Y+H](m) anz™ }<OC

1 g
(B+D)-Z5 1 (p+n+ IV -HY+H)(735) anz™

Allowing z— 1" through positive real axis.

S DI -my+H](55) an

1 g
(B+p)-Zo-1(p+n+B)[(V-H)y+H] (m) an

< «

S5+ RIV ~ By +H] () a, <

o

S 1
« (B +p)= Y @ +n+ MV - My +H (=) @

2@ +n+ B+ — By + H] () a, < (B +p)
Hence f (z2) e Y* (¢, 8,H,V,y,0)

In next corollary we find coefficient bounds for functions in Y* («, 8, H,V,y, o)
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Corollary 2.5. f(2)= 2"+ Y-, a,zP*" € Y*(x, 8,H,V,y,0) Then

x(B+p)

nS 17
(p+n+B) 1+ [(V-H)y+H] ()

A

Equality occurs for the function,

fa@) =2+ lCas:) 5 2P,

@+n+p) A+ [V -y +H](757)

Proof. Given that, f (z)= 2"+ Yo a,zP™ € Y + (, B8, H,V,y,0).

1

7@ +n+ R A+ — By + H] () 4y < « (B +p)

n+1

s(p+n+B)A+)[(V — H)y + H] (ﬁ)g a, <« (B +p)

x(B+p)

— 1 g
@+n+B) (1+[(V-Hy+H](755)

A

S an

With equality occurs for the function,

fo(2) =20 + x(B+p) _ gPm,

(p+n+ﬁ)(1+o<)[(V—H)V+H](%H)

Further, we prove closurness property for class Y*(, 8, H,V,y, o)
Theorem 2.6.The class Y* («, 8, H,V,y,a) is closed under convex combination.
Proof. Let fi (z) = 2P + Yoy ap 2P 1" 1<i<t

isin Y*(«,5,H,V,y,0)

32+t BA+QLW ~ By + H] (-2 an <o (B +p).
Let G (2) =X, A fi(2), where ¥¢_; 2;=1.

= Tl A (2 45 2P,

=20+ 0 A ( D5 2™

= 2P+ Yoy ( Xiog Aany) ZP

=P+ ¥ | . T,zP™" where T, = Yi_; 4ia,;
[00] 1 o
T +n+ BA+QIV — H)y +H] (=) T

= T2+ n+ R+ — Hyy + H] () Si, Aian,.

= S (S +n+ B A+IW — By + H] () an)
ST A« (B+p)

<« (B+p)
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Therefore G (2) e Y* («,8,H,V,y,0)
Theorem 2.7. The function of the form f (z) = z° + Y5, a,zP ™™ isin Y* (x, 8, H,V,y, o) and
g (2)=2°+ T3, 5 2P then,

w  On 2%x(B+p)
2 <
Yn=1 n% = (p+1+B)(1+)[(V—H)y+H]

Proof. f (2)= 2" + Y5~ a,zP*" isin Y¥(«x, B, H,V,y,0)
2@ +n+ B+ — By + H] () a, < (B +p)
G) =G

@+ 1+ BA+QLW — By + HI 5501 (£) a0 < S5 p + 0+ A+OLW — By + H] () a0 <
B +p).

o an 29x(B+p)
o<
Yn=1 n% = (p+1+B)(1+x)[(V—H)y+H]

Theorem 2.8. If f (2) = 2P + ¥, a,, zP*™ € Y*(, B, H,V,y,0) and g(z2)=2z" + Z;’;;lZ—’;zP*”
2%«(f+p)

r— 29x(B+p)
(p+1+B)(1+)[(V-H)y+H

(p+1+B)(A+)[[(V-H)y+H]]

r<lg@|<r+

Proof. Given that f (z) =z° + Y5, a,zP*" € Y*(x, B, H,V, v, 0)

a 2%x(B+p)
Therefore by theorem (2.7) Z;‘{;ln—ﬁ. S Tyl

a
lg @) =12°+ X5, 527" |

a
< 2P|+ By 22|
S rEYRL R

2%x(B+p)
(p+1+B)(1+)[(V-H)y+H]

2%x(B+p)
(P+1+B)(1+)[(V-H)y+H]

Similarly, [g(@)| = | 20 + S5y = 2P [2 1 -
In next theorem we will discuss the extreme points of the class Y* («, 8, H,V,y, o)
Theorem 2.9.The extreme points of the class Y* («, 8, H,V,y, o) are f, (z) where,

fo(2)=2" f.(2)=2"+ x(f+p) ~zP*"  ne N,

@+n+B)A+e)[(V-H)y+H] ()

Proof. Suppose f (z) =z° + X5°_, a,zP*" € Y* (x, B, H,V,y,0)

X2+t BA+[W — By +H] (-5) an s « (B +p).

n+1
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1 a
@+n+B)A+e)[(V-H)y+H) ()

<1
«(B+p) nsl

o Yme1

1 a
_ 4P+ (V-H)y+H](555)

(B+p) n

Put g,

0<¥mio, <1
~0<1-Yr 0, < 1.
Put g,=1- Y7, o,
f(2)=2° + X3 anz?™

x(B+p) p+n

5 0,7
L aroolv-my+a) ()T

=P+ Y

=2 Y1 (fa(2) — 2P)o,
=20 + Y01 (fa(2) 0 - Xizq 2P 0y
=27 (1- Xnz1 0n) + 2nz1 (fa(2) 0y
=0y fo (2) + Xz (Fa (2 o
= Xn=0 fn(2)0n.
Hence f,,(z) is extreme point.
Conversely assume f (z) = X0 fn(2) 0, where 357 fn = 1.

=fo(@)ay + X1 fu(2) 0

= o1 = i1 00 1+ Biiey 0 (zp + ey azw)
(+n+B) 1+ (V-1)y +H](757)

x(f+p)

(p+n+ﬁ)(1+o<)[(B—A)Y+A](ﬁ)g "

=P+ ¥ T,zP*™™ where T, =

1 [
(p+n+B) 1+ [(V-H)y+H)(557) Tn

_ (o] n+1

= Zn= x(B+p)

_ye @+l -my+H) () (B 4p) .
n=1 <(B+p) @+t A+V-y+H ()

= Xn=10n

= 1' 0_0

<1.

EEap A+ BA+QLW — By +H] (-5) T < < (B +p)

~ f(2) €Y' (x,B,H,V,y,0).

Next we proved that under certain condition, Y* (<, 8, H,V, v, o) is closed under convolution.
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Theorem 2.10.1f f,g € Y* (x, B, H,V,v,0)

Where, f(z)=2z"+Y5_ a,zP*" and,g(z) = z° + X5 bzP™
1
Then fx2 g € WAG* («, B, A, B, vy, 0).
Moreover if \/a; by, < 1, with a; by, > 0, thenf* g € Y* (x, 3, H,V,y,0)

Proof. Giventhat f,g € Y* («,5,H,V,vy,0)

3pa@+n+ BA+OLV — By +H] () an < « (B +p)

n+1

S +n+ B+ — By + H] () by < & (B +p)

We know that if ¥, T2 and Y%, L2 is convergent then,
oo oo 2 1 oo 2 1
Zn:l Tn Ln < (Zn:l Tn )2 (Zn:l Ln)z

PULT, = (t @,)7 and Ly = (6, b,)2, Where ti= (p +n + B) 1+ [V — H)y + H] (=)

n+1

1 1 1
HenceXn-1(t, antn bp)2. < (Bnzitn an)2. Xn=1ty bp)2 < « (B +p).

1
n+1

£ T+ n+ A+ — My + H] () (@nba): < < (B +p)

o~ f*% g € Y+(°<l .81 H; V’ Y; O-)
By assumption \/a,b, <1 = a,b, <. a,b, <1
a
i (p +n+ BA+V = H)y + H] (5) anby < o (B +p)

o~ f* g € Y+(0(,ﬁ,H, V'Yla-)
Theorem 2.11. Let f (z) = 2" + Y57, a,zP*™ is a function in Y* («, 8, H,V,y, o)

x(B+p)

Consider the function fj (z) = z° + —.
@+i+B) 1+ v-H)y+H](5357)

If analytic function w (z) is given by

jo1=@Hi+B)A+)IV-H)y+H] oo (1 \7  n
w(2) s Y () anz™,

Then for z=re® , 0<r<1.
[T CP1Pf() |Pd 6 < [27 [1CPLP)f (2) [Pd 6.
Where 1©@P=1=P) s differential operator defined in (4)

Proof. For f (z) = 2" + ¥5°_; a,zP*" inY* (x,B,H,V,y,0)

)+ RV — By + H 55 () a,

n+1
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<T@ +n+RA+OLW ~ By + H () ay < x (B +p)

oy () g, < @R
D=1 (n+1) n < <(B+p)[(V-H)y+H]

[P () = 24 By ol g

i—1] _ | o+t A+0[(V-Hy+H] oo 1\?
Weset |(w()™| = o e () @

(p+j+B)(1+%X) oo 1\?
< g | T 5o () ay

«<(B+p) n+1
< (p+j+B)(1+)[(V-H)y+H] x(B+p)
<(B+p) @+j+B)A+)[[(V-H)y+H]|
<lz]
<1.
~lw@)| <1
<(B+p) j-1 _ w (1)’ n
(P+j+B)(A+)[(B-A)y+A] W) =1+ Yo (n+1) an 2
. o L g n «(f+p) j-1
= 1t Yo (n+1) anz" < 1+ (p+j+B)(A+)[(B-A)y+A] w(2)~

By Littlewood Subordintion Theorem,

2m o (1)’ n\p 2w x(B+p) j-1p
fO |14 Xnm (n+1) ap 2" Pd6 < J.0 1+ (p+j+B)(1+)[(B—A)y+A] z Pd 6.

@ [T ORI PE(Z) [Pd @ < [T |1OPTLIf (2) Pd 6.
3.Classt-sqrt Y* («,8,H,V,y, )
In this section we introduced another class t-sqrt Y* (e, 8, H, V, vy, a)which is extension class of
Y*(x,B,H,V,y,0)

Definition 3.1. A function f(z) in B(p) is said to be in the class t sqr- Y* («, 8, H,V,y, 0)if it satisfies the
condition ,

2. 2
w 1[@n+p)A+V-Hy+H] (g
Z"=1?< <(B+p) e ) @’ =1 teN. ()

0< B<1,0<x<1-1<A<B < 1,$< <1,0>0
Theorem 3.2. Y* (x,8,H,V,y,0) S t-sqrt Y* (, B, H,V,y,0)
Proof. Suppose f (z) € Y* (x, B, H,V,y,0)

T+ n+ BA+LW ~ By + H] (-5) an < (B +p)

1 g
(p+n+B)(1+°<)[(V—H)Y+H](n_+1) an <1

x(B+p)

Yn=1
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;)a
n+1) 9n <1.

) (p+n+[)’)(1+°<)[(V—H)V+H](
’ «(B+p)
1\% 2 1)
@+n+p) (1+0[V-Hy+HI(55) an < @+n+f) (1+)[(V-Hy+H](355) an <1
=6 +p) = «(+p) T

Foranyt>1,

1

1\0 2 a
1 (@RI -Hy+HI () an)  _ Gt Rl -BOy+H () an 1
«(B+p) - «(B+p) -

2
<1

L

e 1 (p+n+ﬁ)(1+o<)[(V—H)V+H](n+1)aan
n=1% x(B+p)

Hence f (z) e t-sqrt Y* («, 8, A, B, y, o)

~Y*(x,8,A,B,y,0) St-sart Y* («, 3,4,B,y,0)

1
Theorem 3.3. If 1-sqrt Y* (, 8, H,V, v, 0)is closed under =2 convolution then 1-sqrt Y* (x
,B,H,V,y,0)is closed under convex combination.

1
Proof. Given that 1-sqrt Y* (x, 8, H,V,y, o) is closed under *z convolution.

1
~f,gel-sqrt Y* (x,B,H,V,y,0) =>fxx2g € l-sqrt Y* (<, B, H,V,y,0)

f(@)=2P+ Eni1 0,27 ,8(2) = 2P + Xpl bypz?™"

(F 2 )(2) = 22+ 5521 (@nby )22P*"

<1

119\ 2
e (p+n+/3)(1+o<)[(V—H)V“”(m) . b
R i «(B+p) i

Now we will show that 1-sqrt Y* («, 8, H,V, y, o)is closed under convex combination.

Now for f, g€ 1-sqrt Y* («, 8, H,V,y, o)we have

1\9 2
. (p+n+/3)(1+o<)[(V—H)V“‘”(m) .
=1 <(B+p) o

1\9 2
W @R+l -my+H)(55)
Yn=1 “by,

< 1.
x(B+p) -

Letg (2) =(1- 1) f(29) + 19(2)

(1-2) [2° + X51 anzP "] + 2P +E5 an2P™"]

2%+ Yl = Day + Aby]2P*"

1 a

2
(p+n+R)A+[(V=H)y+H]
Ln=1 ( (52 ) [(1 = Dan + Ab,]?

x(B+p)
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1\% 2 1\O 2
(R A+l -H)Y+H) (557) 2 @+n+B)A+e)[(V-H)y+H] (=) b
=(B+p) |+ 2z <(B+p) n

==L (

119\ 2
(pn+B) A+l -y +H)(55) b
) tnPn

201 =) Yt (

S@A-D2+2+22(1-1)

=1

~g(2) el-sqrt Y*(x,B,H,V,y,0)

Theorem 3.4.1f f (z) e t-sqrt Y* («, 8, H,V,y, d). C is any real number such that g+p > 0.
_ qtp rz -

L@ =" [;()7 f(s)ds.

Then L (z) et-sqrt Y* (<, 8,H,V,y,0)

Proof: Letf (z) = zP +X%°, a,zP*™.

L@= L3 [[©T fds = TE ()7 P + Ty ansP*" ]ds

s=z
m[ﬂ+ v g w]
z4 Lq+p n=1%k qip+n $=0

p+q +n
P+ Yo a,——— 2P
Zn—l n g+p+n

Given that f(z) € t-sqrt Y* (e, 8, H,V, v, 0). (qu%:k)

2
<1

g 1 4+ B) 1+ -Hy+H) () an
n=ly «(8+p)

2
g 1 ((p+n+/3)(1+o<)[(vw»m](ﬁ)"(;;ik)an)
n:lt

x(f+p)
(p+n+p)(1+x)[(V H)y+H]( L )aa 2
w 1 - nt1) n p+q
< Zn:lt ( <(B+p) ) as (q+p+k) <1

<1

. L(z) etsqrt Y* (x,B,H,V,y,0).
Corollary 3.5.1ff (z2) € Y* («,B8,H,V,y,0) then G (2) e t-sqrt Y* (<, 8, H,V, vy, 0).
Theorem 3.6. If f (z) et-sqrt Y* («, B, H,V,y,0)
Nu(@) =@ -h)z? +hp [[T%ds  (h=0)
Then N, € t-sqrt Y* («, 8, H,V,y, o). O0<h<—

Proof. f (z) = zP+ ¥, a,zP*".
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Np(2) = (1 —h) zP+hp foz R XS LLLANR

N

=(1- h)Z’”hp(f ds + fzwds)

=(1- h)z’”ph( + Xh=1a n5p+n) Z

p+n
] w Dbh p+n
= zP + Yoy ot anz

For f (2) = zP+ Y5  a,zPt™™ et-sqrt Y* (e, B, H,V,y, 0)

2
<1

Ly 1 (EEmRO0- ~my+H)(5) an
n=1 x(B+p)

2
g 1 [V -y +l(E) B ay
n=17 <(B+p)

2
o 1 [l -my () B ay oh
< Toat — (s 2 < 1)

<1
“ Ly etsqrt Y* (%, 8, H,V,y,0).
Corollary3.7. Iff (z2) e Y* («,8,H,V,y, o) then F,, et-sqrt Y* (, 8, H,V, v, 0).
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