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1- Introduction :
Let K denote the class of functions of the form :

f(z)=2"+ > az", peIN={2.] )
n=p+1
which are analytic and multivalent in the open unit disk

U= {Z eC: |Z| <1}. Let K; a subclass of K consisting of function of the form:

f(z)=2"- ianz”, a >0, peIN={2,..} @)

n=p+1

For {al, az,...,am}g Cand {ﬂl, Lo Py } cC- {0,—1,—2,...}, the generalized hypergeometric
function  F, {al,...,am;ﬁl,... ﬁk;z} is defined by :

WP B B 2 Zl(((;l)) ((; )) @)

(m<k+1LmkeN,={012,..})

where (X)n is the pochhammer symbol defined by :
1 n=0
(X), = {( (@)
X+1)...x+n-1) nelIN

Dziok and Srivastava consider in [6] a linear operator under the multivalent analytic functions
k . VA *

DS (s s B B) 1 K > K

defined by the Hadamard product:

DS () (2) = DS (ay,..., i By-. ., B)f (2)
=Ny (oo B B D) £ (2), ©

where
h (@, B B 2) = 2o F (a0 B B3 2)

If feK ; is given by (2), then we can write the Dziak-Srivastava linear operator (5) as follows:
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DS (f)(z)=2" - z((ﬁ%) ((;l”)‘)’;]!anz”. 6)

Definition 1: A function f (z) defined by (2) be in the class
K(o,n,0,/, A, B,D, p) if it satisfies the condition

‘(1— AL B)one(zZ(Ds;“* (H@) —(p-D2(DSM (¢ )(z»'j
‘ DS (f)(z) - 6(1- D)

<1, @

where 0<o<1, 0<7p<1,0</<1, 0<6<1,0<AB,D<1, pelIN,

zeU.0(1-D)<1.

2. Main Result
In the next theorem, we obtain a necessary and sufficient condition for functions to be in the class

K(c,7,0,¢,AB,D, p).
Theorem1: Let the function f(z) eK ;is inclass K(o,7,0,/¢, A, B,D, p) ifand only if

i[n(l— A)Y(1-B)ont(n— p)+1] ((ﬁ‘f‘l))““'(g‘";)“n' a, <1-60(1-D). )

The result (8) is sharp
Proof: Let the inequality (8) holds true. Let |Z| =1. Then

- A)L- B)anz[f(Ds;“*(f)(z»"—<p—1)z(Dsm*<f)(z»']—\Dss*u)(z)—e(i— D)|

= (al) ( ) < (al)n"'(am)n n
_n_zml[(l—A)(l— B)nanf(n—p)](ﬂl) B a,z’| - an;l (ﬂl)n---(ﬂk)nn!anz —-6(1-D)
< Sla- A Bnonn-p e B a o fa"+ 3 g i+ 00-D)

& (), (ex,,),
< nzp‘il[(l- A)(1- B)nont(n— p) +1]m a, —(1-0(1-D))<0.

Hence by the principle of maximum modulus f (z) € K(o,7,0,¢,A,B,D, p).
Conversely, assume that

‘(1— AL B)anﬂ[zZ(Ds;‘* (H@) - (p —1)z(Ds:,“*(f)(z))'j‘
‘ DS (f)(z) - 6(1- D) |
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S (al)n"'(am)n n
- 24 Aa-Blnonn-pl TS

= <1
p_ N (al)n"'(am)n n__ _
‘ : n—zp-ﬂ (ﬂl)n"'(ﬂk)nn! anz 9(1 D) ‘
Since |Re(z)| < |Z| forall z, we have
S CAIC)
> (1= A)(L-B)[nont(n— p)| - onin g
ol (BB |

p_ - (al)n"'(am)n n_ _
2 et D)

we choose the values of Z on the real axis and letting Z — 1-, we obtain

0

nl-A)@A-B)on/(n— p) +1|—=""2"120 3 <1-6@1- D).
Z[ ] (), () i

nSpi (B)n--(Bi)n Nl
Finally , sharpness follows if we take
f(z)=2z" - 1-60-D) " ©)

(@)0 @)y
[@-Aa-Bnonin—p)+1e =

The proof is complete.

Corollary 1: Let f(z) e K(o,n,6,¢,A,B,D, p). Then

. < 1-6(1- D)

n — (al)n"'(am)n .
(@A a-Bnoni(n-p)+1] 3= ST

The equality in (10) is attained for the function f given by (9).

(10)

3.Application of fractional calculus with Hypergeometric functions

The hypergeometric functions connected with positive and negative coefficients and by applying fractional
calculus techniques is of great interest. Such type of study was carried out by various mathematicians, like, Aouf,
Shamandy and Yassen [1], Cho and Aouf [5] ,Reddy and padmanabhan [7], Atshan [2], Atshan, Kulkani and
Murugusundaramoorthy [4], Atshan and Kulkarni [3] who obtained several growth and distortion properties of
functions in the class of operators of fractional integral and fractional derivative.

We need the following definitions given by H.M. Srivastava and S.Owa [8].

Definition 2: The fractional integral of order 6(0 <) is defined by

vesn 1o f(1)
D; f(z)—r(é) jo o dt, (11)

where f (2) is an analytic function in a simply connected region of z-plane containing the origin and the

multiplicity of (z—t)°" is removed by required log (z —t) to be real when (z —t) >0.
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Definition 3: The fractional derivative of order 6(0 < 6 <1) is defined by

D f(z)e—r A O 4 12)

* T r@E-8) dz o (z-t)°
where f (z) is as in Definition 2 and the multiplicity of (z—t)~ is removed like Definition 2,
Definition 4: [Under the conditions of Definition 3] the fractional derivative of order j+o6(j =0,1,2,...)is
defined by

D) f(2) = —D5f(z)

From Definition 2 and 3 by applying a simple calculation, we get

Dz—df(z): 1—‘(p_kl) Z5+p _ i 1—‘(n+ p) a Zn+5’ (13)

I'(p+1+9) npul(N+ p+9)

I'(p+1 . = I'(n+ .
fo(Z)= (p ) Zp—é_ Z ( p) az" é.
I_‘(p"':l-_é‘) n:p+lr(n+ p_é)
Now, we introduce a new fractional calculus is fractional calculus (fractional derivative and fractional integral)
of order A .

(14)

Definition 5: The fractional derivative of order A(A =—1,—2,...)is defined by

Di (Z) ( 1)l+1 d

oD @ j (u—2)*"f(u)du, (15)

where f () is an analytic function in a simply connected region of z-plane containing the origin and the

multiplicity of (U —z) *""is removed by requiring log (U — Z) to be real when (U —z) > 0.

Definition 6: The fractional integral of order (A =—-1,-2,...) is defined by

D f -1* -
f(z )_mj( u—z)"* f(u)du, (16)

where f(z) is an analytic function in a simply connected region of z-plane containing the origin and the

multiplicity of (U—2z)™* is removed by requiring log (U — ) to be real when (U —2z)>0.

Lemmal: Let f(z) e K;. Then

G(Z) 1—‘(p j’) ﬂ+1D/1f(Z)_Zp i n'r(p_ﬂ’) azn.

17
I(p+1) e L(p+)I(n—4)
Proof
2 )" d | 2 a1l p S n
D/ f(z)= (F(—)/l) E{J- (u-2) [u n_Zpﬂanu }du}
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( 1)1+l d z a4 iy oy o e o
r(-4) dz[IO () z-u)utdu= Ya, () (- du}

n=p+1

_ gt I'(p+1) i n! a 7"t
r(p - l) n=p+1 F(n - ﬁ')

Hence

_p_ % nr'(p—A4) n
C@=2"= 2 Fprdrmn-—nt

In particular, when p=1, then

= nil'(l-A4
G(2)=z- Z; nl"(rg 1)) )

Lemma2: Let f(z) e Kp. Then

F()_F(2+p A) 7D f(2) = 2° i nNr2+p-A4) Az

n (18)
I'(p+1 rn L(p+DI(n-1+2)

Proof of Lemma 2 is similar to that of Lemmal and hence details are omitted.

In the next, we obtain distortion theorems for the class K (o,77,8,¢, A,B,D, p).

Theorem 2: Let f(z) defined by (2) be in the class K(o, 77,6, ¢, A, B, D, p).

Then

r(rp+115) DI ()| |2 + 2r(2p)r(p+1—5)[(1—0(1—D))(r;+1))!] oy 0
(p+D r@p+1-8)r(p)a- A)(l—B)ane(p+1)+1]W

and

r(1"p(+11)5 127D} 1(2) 2[4 - 2r(2p)r(p+l_§)[(l_9(l_D»(tl))!] ey @)
P [(2p+1-8)I(p)[A- A)(1-B)ont(p+1) +1]-— P2 nres

(ﬂl) p+1"'(ﬂk ) p+l
The inequalities in (19) and (20) are attained for the function

(1-6@1-D))(p+1)!
1] (al) p+l"'(am)p+1
(ﬁl) p+l"'(ﬂk)p+l

f(z)=1z" - AR (1)

[@- AYAL-B)ont(p+1)+

Proof : By using Theorem 1, we have
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S 4 < (16~ D))(p +1)!

n=p+1 (al)p+l"'(am)p+l .
1-A)(1-B)ont )+1
[( )( )0-77 (p+ )+ ](ﬂl)p+l"'(ﬁk)p+l

By Definition 4, we have

fo(z):MZp*é‘_ iManz
1—‘(p+1_5) n:p+1r(n+ p_5)
and
r(p+1_5)25D5f(z):Zp_ i 1—‘(n'i_p)l—‘(p'i'l_é‘)aZn
I(p+1) ’ o T(n+ p-8)I(p+1) "

Ir'(n+p)'(p+1-9)
r(n+p-0)(p+1)

where 3(n, p,d) =

We know that 3(n, p, d) is a decreasing function of n and
2I'2p)I'(p+1-9)
r2p+1-0)'(p)

0<3(n, p,0)<3(p+1 p,0) =
So by using (22) and (23), we have

L(p+1-9) s P~ pHl
———z2°D] 1 (2)|<|z]” +3(p+1 p,I)z a,
(oD ()| <[z|]" +3(p+1 p. Oz Zp)l

A

(22)

00

> 3(n, p.oa,z", (23)

n=p+1

P 20(2p)L(p +1-9)[(1- 6= D))(p +D)] e
B (al) p+1"'(am)p+l ,
[(2p+1-86)I(p)d—A)@A-B)oni(p+1)+1] BB
1/ p+1*** k /7 p+1
which gives (19); we also have
Wz‘stf(z) >|z|” -3(p+1 p,cS)z‘”ln_i;ﬂan
o 1P - 2r2p)r(p+1-4)[(1-0@-D))(p+D)] o
B (al) p+1"'(am)p+l ’
I(2p+1-8)I(p)[L- A)A-B)onl(p+1)+1] (Bl
1/ p+l-*" k /7 p+1
which gives (20).
Theorem 3: Let f(Z) defined by (2) be in the class K(o,77,0, ¢, A, B, D, p). Then
L(P+140) oo g < ] + 2r(2p)r'(p+1+5)[(1-0@1-D))(p+1)] 4" (24)
Hp+D T(2p+1+8)I(p)[a- A)L- B)anz(pﬂ)+1]((;1))"*1"'((2’"))"”
1/ p+let k/ p+l
and
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I(p+1+5) 29D 1 (@) 2] - 2r(2p)L(p +1+8)[(1-0(L-D))(p+1)] 29
He+D F@p+1+ ST (PA-AYd-B)oni(p+1) +1] 12ra=n)on
(ﬂl)p+1"'(ﬂk)p+1
The inequalities in (24) and (25) are attained for the function f (z) given by (21).
Proof: By Definition 4, we have
D;&f(z): 1—‘(p"i':l-) Z6+p_ i 1—‘(n"i'p) anzn+(5
I'(p+1+9) nepu L (N+p+0)
and
I'(p+140) . 55 > IT'(n+p)IT(p+1+90) _ . < n
————277°D,°f(z)=2" - a,z"=z"- ) @d(n,p,da,z",(26)
r(p+1) ng;rl 1—‘(n"_ p+5)r(p+1) n=zp+l
where d(n, p,o) = [(n+p)I(p+1+09) .
I'n+p+o)'(p+2)
We know that d(n, p, o) is a decreasing function of n and
2I'(2p)I'(p+1+9)

0<®(n, p,0) <D(p+1p,0)= :

(. P.2) < (P P 0) = T )T (p)
Hence by using (22) and (26), we have
T 1+6 Y Y H oo
(l_p(;;;))z D’ f(2)<|z|” +@(p+1 p,0)z|° n:zpﬂan

—_0(1— ]
<l + 2r(2p)r(p+1+5)[1-0( D))(p(;l)).] = s
C(2p+1+8)T(p)[L- A@L-B)onl(p+1)+1] -rr=onied
(ﬂl)p-%—l"'(ﬂk)p-%—l
which gives (24) ; we also have
I 1+06 5 \-5 1~
(rp(;;;))z D, f(z)[2 2" —@(p+1, p,5)|7" ngila”
>l - 20(2p)L(p+1+5)[(1-6(L-D))(p+1)Y] "

r(2p+1+8)I(p)[d- AA-B)ont(p+1)+1] (@) paere (@) s
(IBl) p+1"'(ﬂk ) p+1

which gives (25).

Theorem 4: Let f(Z) defined by (2) be in the class K(o,77,6,¢, A, B, D, p) Then

(p+1)(p+D!(1-6(1-D)) . o

( ﬂ)[(l A)(l B) /( +l)+1] (al)p+1"'(am)p+1 ‘Z‘ '
A= AYA—B)on/ (@) o lty)

p nt(p (BL) pore(B) pur

cl<l” +

and
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‘G(Z)‘Z‘Z‘p— (p+1)(p+1!1-6(1-D)) ‘Z‘Pﬂ.

(@) p (@)
—AA-A)QA=-B)onl(p+1)+1] = "=
(p=Al-AE-Bloni(p+D i 3# = 0

The inequalities in (27) and (28) are attained for the function f (z) given by (21).

Proof: From (17) , we have G(z)=zP - i [1(n, p, A)a,z",

n=p+1

nNr(p—A4)

where [I(n, p,A) = Fp D7)

, we know that

0<TI(n, p,A) <TI(p+1 p, A) = P+
(p-4)

So by using (22) and (17), we get

(p+D)(p+D!'1-6(1-D)) ‘Z‘p+ll

(1) g (@) o
-)@-AA-B)oni(p+1) +1]-— ="
(P-A)l@-A) W(p”*](m)pu---(ﬂk)pu

G(2)| <|7® +

Similarity, we get

(p+D(p+1!A-601-D))

(0[1) p+1"-(am) p+1
(p=Ala=AE-Blomi(p+D 1] 3™ =0

G(2)|=[2]" -

‘ p+l

|z

Theorem 5: Let f(z) defined by (2) be in the class K(o,77,60,¢, A,B, D, p) Then

IF(2) <|7” + (P+)(p+1)!(1-6(-D))

(0!1) p+1-“(am) p+l
. ] ] : A1 p+d W m S p+l
(p+ /1)[(1 A B)O'ﬂf(p+l)+1] (ﬂl)p+l---(ﬂk)P+l

p+1

i

and

(p+D(p+1!A-6(1-D))

(al)p+l"'(am)p+1
2=~ A)L-B)onf(p+1) +1f ===
(p+ )[( )( )0'77 (p+ )+ ](ﬂl)ml'“(ﬂk)pﬂ

p+1

F@)=[4" -

i

The inequalities in (29) and (30) are attained for the function f(z) given by (21).

Proof: From (18), we have F(z) =z" — Z y(n, p,A)a,z",

n=p+1

(28)

(29)

(30)
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N2+ p-A74)
I'(p+YIr'(n—-4+2)

where  ¥(n, p,4) = , we know that

0<y(n p.A) < 7(p+1, p,/l):%.

So by using (22) and (18), we have

|F(Z)|<|Z|p n (p+1)(p+1)!(1_8(1_ D)) |Z|P+1
B (al)p+l"'(am)p+l
2-A)1-A)(@1A-B)ont )+1
(p+2- 2L~ A)L-B)ont(p+1) + ](ﬂl)p+1...<ﬂk)p+l
Similarity , we get
|F(Z)|2|Z|p _ (p+1)(p+1)!(1_9(1_ D)) |Z|p+l

(al) p+l"'(am ) p+1

(ﬁl) p+l"'(ﬂk)p+1
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