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Abstract: Effective ausage aof afrequency aresource ain aa amobile computing environment ais aa achallenging aproblem.The akey aidea ais ato 

acontrol amutual ainterference aamong aneighboring acells ain aa asystematic away aand aat athe asame atime aminimizing athe ausage aof 

afrequency autilization. aIn athis apaper awe apresent aa agraph atheoretic aapproach ato aaddress athis aproblem. aThe amutually ainterfering acells 

aare arepresented aas athe avertices aof aa agraph aand aa amathematical aassignment aof afrequencies ais adone ain aorder ato aavoid ainterference aup 

ato afour alevels asimultaneously afocusing aon athe aminimal ausage aof afrequency aresources. aThen athe aminimum avalue aof athe amaximum 

aassigned afrequency aamong aall asuch aassignments, acalled athe aspan aof athe agraph ais aobtained, awhich aserves aas athe ahighest afrequency 

ato abe aused ain aorder ato aavoid ainterference aup ato afour alevels. aIn athis apaper, awe adefine aa alabeling afor aany aconnected agraph awith aat 

aleast atwo avertices ahaving aa aHamiltonian apath aand amathematically aobtain athe aspan, aso aas aavoid ainterference aat afour alevels. 

Keywords: Frequency areuse, amobile acellular asystems, aMulti alevel adistance alabeling, 

apath acoloring. 

___________________________________________________________________________ 

 

1. Introduction  

A asimple, aundirected, afinite aand aconnected agraphs aare aconsidered ain athis apresent apaper. aThe 

astandard agraph atheory aterminologies aare afrom a[1], a[2]. aDue ato athe arapid agrowth aof awireless 

anetworks, athe afrequency areuse aproblem ahas agained aimportance asince arecent ayears. aIn aa amobile 

acellular aenvironment, athe afrequency aresource ashould abe areused ato aminimize aits ausage a, abesides 

akeeping athe ainterference aat atolerable alimits a[3], a[4]. aAn aefficient asystem acapacity acould abe aobtained 

athrough areuse aof afrequency ain athe amobile acellular aenvironment. aIn athis acontext, awe amodel athe 

afrequency aassignment aproblem aas aa agraph alabeling aor agraph acoloring aproblem. aWe aintroduce aa 

anovel aconcept aof apath acoloring aof agraphs ato aavoid ainterference aupto afour alevels. aThe amutually 

ainterfering acells aare atreated aas avertices aof aa agraph aand aedges aare adrawn abetween athem ato ashow 

apossible ainterference abetween athem. aA amapping afrom athe avertex aset aof athe agraph ato athe aset aof 

apositive aintegers ais adefined ain asuch aa away athat athere aexists aat aleast aone apath abetween aevery apair 

aof avertices ain athe agraph, awhere ainterference aupto afour alevels acan abe aavoided. aOver aall asuch 

alabelings athe aminimum aof athe ahighest alabel aused, acalled athe aspan aof athe agraph ais aobtained, awhich 

arepresents athe ahighest afrequency arequired afor aa ainterference afree atransmission. aIn asection aII aof athe 

aarticle awe adefine asome abasic agraph atheory aterminologies, adiscuss awork adone ain athe aareaaearlier 

aand athe amotivation afor aour awork. aIn asection aIII awe aprovide aour amain aresults aand ahow ait acan abe 

aapplied ato athe afrequency areuse aproblem. aSection aIV ahas asome aconcluding aremarks aabout afuture 

awork. 

2. RELATED WORK 

A aGraph, aG(V,E), ais aa amathematical aentity aconsisting aof atwo asets, acalled aas athe avertex aset, 

adenoted aby aV aand aedge aset adenoted aby aE. aThe aset aV aconsists aof avertices aor apoints aand athe aset 

aE, aconsists aof alines ajoining athe avertices acalled aedges, aindicating asome arelation abetween athe 

avertices. aGraphs aare aversatile ato ause ain aa adiscussion awhich ainvolves aa aset aof adiscrete aobjects aand 

arelations abetween athem. aTwo avertices au aand av aare asaid ato abe aadjacent aif athey aare ajoined aby aan 

aedge. aA auv− aPath ain aa agraph aG ais aan aalternating asequence aof avertices aand aedges, abeginning aat 

aa avertex au aand aending aat aanother avertex av ain awhich ano avertex ais arepeated. aThere amay abe 

aseveral apaths abetween aa apair aof avertices. aThe alength aof athe ashortest apath abetween atwo avertices au 

aand av ain aG ais acalled aas athe aDistance abetween athem. aThe alargest adistance abetween aany atwo 

avertices aof aa agraph ais acalled aas athe aDiameter aof athe agraph. aThe anumber aof aedges aincident ato aa 

avertex av aof aa agraph aG ais acalled athe aDegree aof athe avertex av. aThe aMaximum adegree aof aG ais 

athe adegree aof athe avertex awith ahighest adegree. aA agraph ais asaid ato abe aConnected aif athere ais aat 

aleast aone apath abetween aevery apair aof avertices. aA agraph aH ais acalled aa aSubgraph aof aa agraph aG 
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aif aits avertices aand aedges aare asubsets aof athe avertex aand aedge asets aof athe agraph aG arespectively. aA 

asub agraph aof aG athat acontains aall athe avertices aof aG ais acalled aa aSpanning asub agraph aof aG. aA 

aCycle ais aa aclosed apath awhich abegins aand aends aat athe asame avertex,denoted aby aCn, awhere an ais 

athe anumber aof avertices. aA agraph ain awhich aevery apair aof avertices aare aadjacent ais acalled aa 

aComplete agraph aor aClique, adenoted aby aKn, awhere an ais athe anumber aof avertices ain athe agraph. aA 

agraph awhose avertices acan abe apartitioned ainto atwo asubsets asuch athat, aevery avertex aof aone aset ais 

aadjacent ato aevery avertex aof athe aother aset aonly ais acalled aa aComplete aBipartite agraph, adenoted aby 

aKm,n, awhere am aand an aare athe anumber aof avertices ain athe atwo asets. aIf am a= a1, athe agraph ais 

acalled aa astar agraph adenoted aby aK1,n. aAn aInterval agraph ais aaagraph ain awhich avertices arepresent 

asome ainterval aon athe areal aline aand aan aedge abetween avertices aexist aif athe acorresponding aintervals 

aintersect. aA aHamiltonian apath ais aa apath athat atraverses aall athe avertices aof athe agraph aG aexactly 

aonce. aTwo agraphs aG aand aH ahaving aan aequal anumber aof avertices, aequal anumber aof aedges, athat 

apreserve aadjacency aare acalled aIsomorphic agraphs, adenoted aby aG a' aH. aA aconnected agraph ain awhich 

athere ais aonly aone apath abetween aevery apair aof avertices ais acalled aa atree, adenoted aby aTn. aA aset aof 

avertices ain aa agraph ais asaid ato abe aan aIndependent aset aif ano atwo avertices ain athe aset aare aadjacent. 

aA asplit agraph ais aa agraph awhose avertex aset acan abe apartitioned ainto atwo asubsets. aOne aof awhich ais 

aan aindependent aset aand athe aother ais aa aclique. aA a2-edge aconnected asplit agraph ais aobtained aby 

aremoving aminimum atwo aedges aof aa asplit agraph awhich athen aforms aa aclique aand aan aindependent 

aset. aThe aCartesian aProduct aof atwo agraphs aG aand aH, adenoted aby aG a× aH ais athe agraph awith aV 

a(G) a× aV a(H) aas athe avertex aset aand  aas athe aedge aset asuch 

athat 

 
and av a= av a)} awhere au,v a∈ aV a(G) aand au a,v a∈ aV a(H) a. aThe 

Join aof atwo agraphs ais athe agraph aobtained aby aconnecting aall athe avertices aof aone agraph ato aall athe 

avertices aof athe aother agraph. 

In a1980, aHale aet aal. a[5], a[6], aturned athe afrequency aassignment aproblem, awhere achannels ahad ato abe 

aassigned ato aradio astations, ain aorder ato aavoid ainterference aas aa agraph alabeling aproblem awhich ais 

adefined aas afollows: aAn aL(p1, ap2, ap3, a..., apm)labeling aof aa agraph aG, ais alabelling aof avertices awith 

anon anegative aintegers asuch athat athe avertices aat adistance ai aare aassigned awith athe alabels awhose 

adifference ais aat aleast api a. 

Later, aRoberts aproposed aa aconcept a”close” aor a”very aclose” ain aFM aradio astations aduring a1991 ain 

awhich a”very aclose” arepresents athe aadjacent avertices aand a”close” arepresents athe avertices aat adistance 

atwo a[7]. 

In acase aof avery aclose astations, afrequencies aassigned ato athem amust adiffer aby aat aleast a2 aand awhen 

athey aare aclose ato aeach aother aby aat aleast a1. aThis ais acalled aas athe adistance atwo alabeling awhich ais 

aextensively astudied aas aL(2, a1)-labelling ain a[8]–[19]. 

Practically, ainterference acan aoccur aat alevels amore athan atwo aalso. aJean aClipperton aet aal., astudied 

aL(3, a2, a1)-labeling aproblems aand adefined aL(3, a2, a1)-labelling aas aan aassignment aof anon anegative 

aintegers ato aeach avertex aof aG asuch athat athe avertices aat adistance a1, a2, a3 aare alabelled awith aintegers 

athat adiffer aby aat aleast a3, a2, a1 arespectively a[20]. aLater, aSoumen aAtta aand aPriya aRanjan aSinha 

aMahapatra adefined athe aL(4, a3, a2, a1)-labeling aas aan aassignment aof anon anegative aintegers ato aeach 

avertex aof aG asuch athat athe avertices aat adistance a1, a2, a3, a4 aare alabelled awith aa adifference aof aat 

aleast a4, a3, a2, a1 arespectively.aThe asmallest apositive ainteger ak, awhere ak ais athe amaximum alabel ain 

aa aL(4, a3, a2, a1)-labeling aof aG ais acalled aL(4, a3, a2, a1)-labeling anumber aof agraph aG, adenoted aby 

ak(G). aThey aobtained ak(G) afor apaths, acycles, acomplete agraphs aand acomplete abipartite agraphs a[21]. 

aIn a[22], aR. aSweetly aand aJ. aPaulraj aJoseph aalso adefined aL(4, a3, a2, a1)-labeling aof aG aand aobtained 

aan aupper abound afor ak(G) ain aterms aof amaximum adegree aof aG. aA aL(4, a3, a2, a1)labeling aof aK5 ais 

ashown ain aFigure a1(a). aIn aL(4,3,2,1)-labeling a, athe acondition amust abe asatisfied abetween aevery apair 

aof avertices. aHere ain aFigure a1(a), aL(4,3,2,1)-labeling acondition ais asatisfied abetween aall apairs aof 

avertices. aHence, aL(4,3,2,1)- alabeling anumber, ak(G) a= a17. 

Sk aAmanathulla, aMadhumangal aPal adiscussed athe aL(3, a2, a1) aand aL(4, a3, a2, a1)-labeling aproblem aon 

ainterval agraphs a[23]. aVariations aof athe aproblem afor ahigher alevels aof ainterference ahas abeen astudied 

ain a[24]–[27], a[29]. 

According ato aRuxandra aMarinescu-Ghemeci a[28], aarbitrary apaths aprovide aa asafe acommunication ain 

anetworks. aIn aorder ato asolve ainterference aor asecurity aproblems, ait ais anecessary ato ahave aat aleast aone 

apath abetween aevery apair aof avertices asuch athat athe alabeling arestricted ato athat apath asatisfies 

ainterference acondition. aHence arather athan aseeking ainterference-free acondition abetween aevery apair aof 

avertices, athey alook afor aat aleast aone asuch apath abetween aevery apair aof avertices aand acall athis aas aa 

apath acoloring. aRestricting athe alevels aof ainterference ato atwo, ain a[28], athey astudied aL(2, a1)-path 

acoloring. 
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If athere aexists aa aL(2, a1)-path abetween aevery apair aof avertices, athen athey acalled aG aas a2-radio 

aconnected. aIf ac a: aV a(G) a→ aN∗ ais aa aL(2, a1)-path acoloring aof aG, athe ahighest alabel aused awas 

acalled aas avalues aof ac, adenoted aby aval(c). aThe aminimum aof aval(c) aover aall asuch alabelings aof ac 

awas acalled a2-radio aconnection anumber, adenoted aby aλc(G). aThey aobtained athe aupper abound aand 

alower abound afor aλc(G) awhere aG ais aconnected agraph awith aat aleast a5 avertices, aexact avalues afor 

agraphs ahaving aHamiltonian apath, acomplete agraphs, acycles, acomplete abipartite agraphs, a2edge 

aconnected asplit agraphs, agraph aobtained aby acartesian aproduct, ajoin aof atwo agraphs. 

Motivated aby athis awe aseek aat aleast aone apath abetween aevery apair aof avertices aalong awhich 

ainterference ais aavoided aat a3 alevels aand ahence adefined aL(3, a2, a1)-path acoloring aof agraph aG ain 

a[30]. aAnalogous ato a2-connection anumber aof aG, awe adefined a3-connection anumber, akc(G) ain a[30] 

aand aobtained aresults afor akc(G) awhere aG a' aCn aor aKn, aKm,n, a2-edge aconnected aSplit agraph, aCartesian 

aproduct aof atwo agraphs, aJoin aof atwo agraphs. 

In athis apaper, awe aextend athis aconcept ato a4 alevels aby adefining aL(4, a3, a2, a1)-path acoloring aof 

agraphs aand awe afind akc(G) afor aany agraph awith aat aleast a2 avertices aand acontaining aa ahamiltonian 

apath. 

Definition aII.1. aA alabeling ag a: aV a(G) a→ aZ+ adefined asuch athat athere aexists aat aleast aone apath aP 

abetween aevery apair aof avertices ainawhich athe alabeling aimputed ain athis apath amust abe aa aL(4, a3, 

a2, a1)-labeling ais acalled aL(4, a3, a2, a1)-path acoloring aof aG. aThe amaximum alabel aassigned ato aany 

avertex aof aG aunder ag, ais acalled athe aspan aof ag. aThe aminimum avalue aof aspan aof ag ataken aover 

aall asuch alabelings ag ais athe a4−connection anumber aor aL(4, a3, a2, a1)-connection anumber aof aG, 

adenoted aby akc(G). 

Example aII.2. aA aL(4, a3, a2, a1)-path acoloring aof aK5 ais ashown ain aFigure a1(b). aIn athe aFigure a1(a), 

aspan aof aL(4, a3, a2, a1)labelling aof aK5 ais a17. aIn athe aFigure a1(b), av1-v2-v3-v4-v5 ais aa aL(4, a3, a2, 

a1)-path acoloring aof aK5 awith aspan a11. aHence, ain ageneral, aa apath acoloring areduces athe aspan aof 

aa agiven agraph. aA aheuristic aapproach ain afinding athe aspan aof aa agraph agoes aout aof ahand aas athe 

anumber aof avertices aincreases. aIn athe anext asection awe adevelop 

aa alabeling aalgorithm aand aalso agive amathematical 

aproof afor athe aminimality aof aspan aobtained. 

 v1 a1 v1 a1 

v5 a17v2 a5 av5 a8v2 a6 

v3 a9v3 a11 

 v4 a13 v4 a3 

(a) aL(4, a3, a2, a1)-labelling a(b) aL(4, a3, a2, a1)-path acolof aK5 oring aof aK5 

Fig. a1 

Remark aII.3. aWe afirst amake athe afollowing asimple aobservation: aAs atree ais aa agraph ain awhich athere 

aexists aonly aone apath abetween aevery apair aof avertices, athe adefinitions aof aL(4,3,2,1) aand aL(4,3,2,1)− 

apath acoloring acoincide afor atrees. aSince apaths aand astar agraphs, aare aspecial 

acases aof atrees, afor aany apath aPn awith an avertices, akc(Pn) a=k(Pn) aand afor athe astar 

agraph aalso akc(K1,n) a= ak(K1,n). 

In a[22] adetermined 

 

if an a= a4. aif a5 a≤ an a≤ a7, aif a8 a≤ an a≤ a12, aif an a≥ a13. 

and ak(K1,n) a= a3n a+ a2 

Hence athe aabove aresults aare aalso athe aspan afor aL(4,3,2,1)path 

acoloring aof apaths aand astar agraph arespectively. 

 

 

3. MAIN aRESULTS 

Theorem aIII.1. aFor aany aconnected agraph aG awith an avertices, 

1) kc(G) a= a5 aif an a= a2 

2) kc(G) a= a8 aif an a= a3 

3) kc(G) a= a9 aif an a= a4 aand aG a6' aK1,3 

Proof: 

1) The aonly aconnected agraph awith atwo avertices ais aP2. aDefine ag a: aV a(G) a→ aZ+, asuch athat 

ag(v1) a= a1, ag(v2) a= a5. aHence aspan afor aP2 ais a5 a. 

2) The aonly aconnected agraphs awith athree avertices aare aP3 aor aC3. aDefine ag a: aV a(G) a→ aZ+, 

asuch athat ag(v1) a= a8, ag(v2) a= a1, ag(v3) a= a5. aHence aspan afor aP3 aor aC3 ais a8. a∴  akc(G) a= akc(P3) a= 

akc(C3) a= a8. 

5 

8 

if 

an 

a= 

a2, 

aif 

an 

a= 

a3, 
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3) If aG ais aany aconnected agraph aon a4 avertices aand aG a6' aK1,3 athen aG acontains aP4 aas aa 

aspanning aconnected asub agraph awhich acontains aall athe avertices aof aG, atherefore, akc(G) a≤ akc(P4) a= 

a9. aTo aprove athat akc(G) a≮ a9. aSuppose akc(G) a= a8. aThen athere aexists atwo avertices avi aand avj asuch 

athat ag(vi) a= a1 aand ag(vj) a= a8. aLet aP abe athe aL(4, a3, a2, a1)-path abetween avi aand avj. aThen aP 

acontains aat amost atwo avertices abetween avi aand avj. aLet ax aand ay abe athe aother atwo avertices aof aG. 

Case a1: aP ais aof athe aform avi a− ax a− ay a− avj. 

Then ag(x) a= a5 aand ag(y) a≥ a12, aa acontradiction. 

Case a2: aP ais aof athe aform avi a− ax a− avj. 

Then ag(x) a≥ a5 aand ag(x) a≤ a4, aa acontradiction. 

Case a3: aThere aare ano avertices abetween avi aand avj aon aP. aThen athe aedge avivj aitself ais aa aL(4, a3, a2, 

a1)-path abetween avi aand avj. aThe aedge avivj acan abe aextended ato aat amost atwo aother avertices asay ax 

aand ay aof aG aas afollows: aSubcase a3.1: aSuppose athe aedge avivj acan abe aextended ato aboth ax aand ay 

ain athe aform avi a− avj a− ax a− ay. 

Then ag(x) a= a4 aand ag(y) a≥ a11, aa acontradiction. aSubcase a3.2: aSuppose athe aedge avivj acan abe 

aextended ain athe aform ay a− ax a− avi a− avj. aThen ag(x) a= a5. aIf ag(x) a= a5 athen ag(y) a≥ a10, aa 

acontradiction. 

Subcase a3.3: aSuppose athe aedge avivj acan abe aextended aon aboth asides ato aexactly aone avertex asay ax−vi 

a−vj a−y. aThen ag(x) a= a5 aand ag(y) a≥ a12, aa acontradiction. aSubcase a3.4: aIf aedge avivj acan abe aextended 

ato aexactly aone avertex asay ax ain athe aform avi a− avj a− ax athen athe aother avertex ay ashould abe aadjacent 

ato avj. aHence aG a' aK1,3, aa acontradiction. 

A asimilar aproof aholds aif ax ais aadjacent ato avi. aIn aall athe acases, athere ais ano aL(4, a3, a2, a1)-path 

acoloring aof aG awith aeight aor afewer acolors. aHence athe aresult. 

Remark aIII.2. aIf aG a6' aK1,3, athen, akc(K1,3) a= ak(K1,3) a= a11 a(By aR. aSweetly aet aal., ak(K1,n) a= a3n a+ 

a2 a[22]). aBy athe aabove atheorem aIII.1 apoint a3, awe aobserve athat aif aG ais aa aconnected agraph aon 

an avertices acontaining aa aHamiltonian apath, athen akc(G) a= akc(Pn) a= ak(Pn). aAlso, aSpan aof athe agraph 

anot acontaining aa aHamiltonian apath awill abe amore athan athat aof athe agraph acontaining aHamiltonian 

apath awith asame anumber aof avertices. 

Theorem aIII.3. aLet aG abe aa aconnected agraph awith a5 a≤ an a≤ a7 avertices aand acontaining 

aHamiltonian apath. aThen akc(G) a= a11. 

Proof: aAssume athat aG acontains aa aHamiltonian apath. aSince aa aHamiltonian apath ais aa aspanning 

aconnected asub agraph aof aG, akc(G) a≤ akc(Pn) a≤ a11 afor a5 a≤ an a≤ a7. 

To ashow athat akc(G) a≮ a11. 

Suppose akc(G) a= a10, athere aexists aa aL(4, a3, a2, a1)-path aP abetween avi aand avj asuch athat ag(vi) a= a1 

aand ag(vj) a= a10. aNow, aP acontains aat amost a5 avertices abetween avi aand avj. 

Case a1: aP acontains a5 avertices abetween avi aand avj. 

Let athe a5 avertices abe ain athe aorder avi a−x−y a−z a−u−v a−vj. aThen ag(x) a≥ a5. 

Let ag(x) a∈  a{5, a6, a7}. aSince ag(vj) a= a10, ag(y) a= a9 aand ag(z) a≥ a13, aa acontradiction. 

If ag(x) a≥ a8 athen ag(y) a≥ a4 aand ag(z) a≥ a12, aa acontradiction. 

Case a2: aP acontains a4 avertices abetween avi aand avj. 

Let athe a4 avertices abe ain athe aorder avi a− ax a− ay a− az a− au a− avj. aSince ag(vi) a= a1, ag(x) a≥ a5 aand 

asince ag(vj) a= a10, ag(x) a≤ a9 awhich aimplies ag(x) a∈  a{5,6,7,8,9}. 

Subcase a2.1: aIf ag(x) ∈  {5,6,7}, athen ag(y) ≥ 12, aa acontradiction. 

Subcase a2.2: aIf ag(x) a= a8 aor ag(x) a= a9 athen ag(z) a≥ a13, aa acontradiction. 

Case a3: aP acontains athree avertices abetween avi aand avj. aLet ax, ay aand az abe athe athree avertices ain athe 

aorder avi a− ax a− ay a− az a− avj. aSince ag(vi) a= a1 aand ag(vj) a= a10, ag(x) a∈  a{5,6,7,8}. 

Subcase a3.1: aIf ag(x) ∈  {5,6,7}, athen ag(y) ≥ 13, aa acontradiction. 

Subcase a3.2: aIf ag(x) a= a8, athen ag(y) a= a4 aand ag(z) a≥ a14, aa acontradiction. 

In aany acase, ait ais aa acontradiction. 

Case a4: aP acontains atwo avertices abetween avi aand avj. 

Let ax aand ay abe athe atwo avertices ain athe aorder avi a− ax a− ay a− avj. aAs ag(vi) a= a1, ag(x) a∈  a{5,6,7}. 

aIn aany acase, ag(y) a= a14, aa acontradiction. 

Case a5: aP acontains aone avertex abetween avi aand avj. aLet ax abe athe avertex abetween avi aand avj. aLet athe 

apath avi−x−vj abe aP0. 

Then, aas ag(vi) a= a1, ag(x) a≥ a5. aAs ag(vj) a= a10, ag(x) a≤ a6 awhich aimplies athat ag(x) a= a5 aor a6. 

Now, aP0 acan abe aextended ato athe aother avertices asay ay aand az aas afollows: 

Subcase a5.1: aP0 acan abe aextended ato athe aform az−y−vi−x−vj. aIf ag(x) a= a5 aor ag(x) a= a6 athen ag(z) a≥ 

a12, aa acontradiction. 

Subcase a5.2: aP0 acan abe aextended ato athe aform avi−x−vj−y−z. aIf ag(x) a= a5 aor ag(x) a= a6 athen ag(y) a≥ 

a14 aor ag(z) a≥ a13 arespectively, aa acontradiction. 

Subcase a5.3: aP0 acan abe aextended ato athe aform ay−vi−x−vj−z. aAs ain aprevious atwo acases, ag(z) a≥ a14 

aor ag(y) a≥ a12, aa acontradiction. 



Turkish Journal of Computer and Mathematics Education         Vol.12 No. 1s (2021), 701- 708  

 Research 

Articl 

 

 705 

Case a6: aP acontains ano avertices abetween avi aand avj. aThen aan aedge avi a− avj aitself ais aa aL(4, a3, a2, 

a1)-path abetween avi aand avj, asay aP00. 

This apath aP00 acan abe aextended ato aatleast a3 avertices asay ax, ay aand az aof aG aas afollows: 

Subcase a6.1: aP00 acan abe aextended ato aall ax, ay aand az ain athe aform avi a− avj a− ax a− ay a− az 

Since ag(vi) a= a1, ag(x) a≥ a4. aSince ag(vj) a= a10, ag(x) a≤ a6 awhich aimplies athat ag(x) a∈  a{4,5,6}. 

If ag(x) a∈  a{4,5} athen ag(y) a≥ a13, aa acontradiction. 

If ag(x) a= a6 athen ag(y) a= a3 aand ag(z) a= a12 a, aa acontradiction. aSubcase a6.2: aP00 acan abe aextended ato 

athe aform az−y−x−vi−vj aHere, afor aany avalues ag(x), ag(y) a≥ a12, aa acontradiction. aSubcase a6.3: aP00 acan 

abe aextended ato athe aform ax−vi−vj−z−y aHere ag(x) a∈  a{5,6,7}. 

If ag(x) a= a5 athen ag(y) a≥ a14, aa acontradiction aIf ag(x) a∈  a{6,7} athen ag(y) a= a4 aand ag(z) a= a13, aa 

acontradiction. aSubcase a6.4: aP00 acan abe aextended ato athe aform ay−x−vi−vj−z aAs ain athe aprevious atwo 

acases, ag(y) a≥ a13, aa acontradiction. 

∴  aIn aall athe acases, athere ais ano aL(4, a3, a2, a1)-path acoloring aof aG awith aten aor afewer acolors. 

Hence, aif aG acontains aa aHamiltonian apath, akc(G) a= a11. 

Theorem aIII.4. aLet aG abe aa aconnected agraph awith an avertices. aThen 

1) kc(G) a= a12 aif a8 a≤ an a≤ a12 aand aG acontains aa 

Hamiltonian apath. 

2) kc(G) a≥ a13, aotherwise 

Proof: 

1) aAssume athat aG acontains aa aHamiltonian apath. aSince aa aHamiltonian apath ais aa aspanning aconnected 

asub agraph aof aG, akc(G) a≤ akc(Pn) a≤ a12 afor a8 a≤ an a≤ a12. 

To ashow athat akc(G) a≮ a12. 

Suppose akc(G) a= a11, athere aexists aa aL(4, a3, a2, a1)path aP abetween avi aand avj asuch athat ag(vi) a= a1 

aand ag(vj) a= a11. aNow, aP acontains aat amost a10 avertices abetween avi aand avj. 

Case a1: aP acontains am,6 a≤ am a≤ a10 avertices abetween avi aand avj. 

Let ax, ay, az abe athe aat aleast athree avertices abetween avi aand avj ain athe aorder avi a−x−y−z−···−vj. aThen 

ag(x) a≥ a5, ag(y) a≥ a9 aand ag(z) a≥ a13, aa acontradiction. aCase a2: aP acontains a5 avertices abetween avi 

aand avj. aLet ax, ay, az abe athe aat aleast athree averticesabetween avi aand avj ain athe aorder avi−x−y−z−···−vj. 

aSince ag(vi) a= a1, ag(x) a≥ a5. 

Subcase a2.1: aLet ag(x) a∈  a{5, a6, a7}. aSince ag(vj) a= a11, ag(y) a∈  a{9, a10} aand ag(z) a≥ a13, ag(z) a≥ 

a14 arespectively awhich ais aa acontradiction. 

Subcase a2.2: aIf ag(x) a≥ a8 athen ag(y) a≥ a4 aand ag(z) a≥ a13, aa acontradiction. 

Case a3: aP acontains a4 avertices abetween avi aand avj. aLet ax, ay, az aand au abe athe afour avertices abetween 

avi aand avj ain athe aorder avi a− ax a− ay a− az a− au a− avj. 

Since ag(vi) a= a1, ag(x) a≥ a5. aSince ag(vj) a= a11, ag(x) a≤ a10 aimplies athat ag(x) a∈  a{5,6,7,8,9,10}. 

aSubcase a3.1: aIf ag(x) a= a5 athen ag(y) a= a9 aand ag(z) a≥ a13 awhich ais aa acontradiction. 

Subcase a3.2: aLet ag(x) a∈  a{6, a7}. aSince ag(vj) a= a11, ag(y) a≥ a13 aand ag(y) a≥ a14 arespectively awhich 

ais aa acontradiction. 

Subcase a3.3: aIf ag(x) a∈  a{8,9,10} athen ag(y) a≥ a4 aand ag(z) a≥ a14, aa acontradiction. aCase a4: aP 

acontains a3 avertices abetween avi aand avj. aLet ax, ay aand az abe athe avertices abetween avi aand avj ain athe 

aorder avi a− ax a− ay a− az a− avj. 

Then, aas ag(vi) a= a1, ag(x) a≥ a5. aAs ag(vj) a= a11, ag(x) a≤ a8 awhich aimplies athat ag(x) a∈  

{5,6,7,8}. 

Also, aSince ag(x) a∈  a{5,6,7}, ag(y) a≥ a9 aand asince ag(vj) a= a11, ag(y) a≤ a8, aa acontradiction. 

If ag(x) a= a8 athen ag(y) a= a4 aand ag(z) a≥ a15, aa acontradiction. 

Case a5: aP acontains a2 avertices abetween avi aand avj. 

Let ax aand ay abe athe avertices abetween avi aand avj. aThen ag(x) a≥ a5 aas ag(vi) a= a1 aand ag(x) a≤ a8 aas 

ag(vj) a= a11 aimplies athat ag(x) a∈  a{5,6,7,8}. 

Also, ag(y) a≥ a9 aas ag(x) a∈  a{5,6,7} aand ag(y) a≤ a7 aas ag(vj) a= a11, aa acontradiction. 

If ag(x) a= a8 athen athe apath avi a− ax a− ay a− avj abe aP awhich acan abe aextended ato athe aremaining afour 

aor amore avertices aof aG aas afollows: 

Subcase a5.1: aP ais aextended aon athe aright ain athe aform avi a− ax a− ay a− avj a− az a− a... 

Since ag(x) a= a8, ag(y) a= a4. aSince ag(y) a= a4, ag(z) a= a15, 

a acontraction. 

Subcase a5.2: aP ais aextended aon athe aleft ain athe aform a··· a− az a− avi a− ax a− ay a− avj 

Then ag(x) a= a8 aand ag(y) a= a4. aSince ag(x) a= a8, ag(z) a≥ a12, aa acontradiction. 

Case a6: aP acontains aone avertex abetween avi aand avj. 

Let ax abe athe avertices abetween avi aand avj. 

Then, aas ag(vi) a= a1, ag(x) a≥ a5. aAs ag(vj) a= a11, ag(x) a≤ a7 awhich aimplies athat ag(x) a∈  
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{5,6,7}. 

0 

Let athis apath avi a− ax a− avj abe aP awhich acan abe aextended ato athe aremaining afive aor amore avertices 

aof aG aas afollows: 

0 

Subcase a6.1: aP acan abe aextended ato athe aform avi a− ax a− avj a− ay a− az a− a.... 

Here aif ag(x) a= a5 athen ag(y) a≥ a15, aa acontradiction. 

If  athen ag(z) a≥ a14, aa acontradiction. 

Subcase a6.2: aP acan abe aextended ato athe aform a···−z a− ay a− avi a− ax a− avj. 

Here aif ag(x) a∈  a{5,6} athen ag(y) a= a8 aor a9 aand ag(z) a≥ a12 aor a13 arespectively, aa acontradiction. 

If ag(x) a= a7 athen ag(y) a= a13, aa acontradiction. 

0 

Subcase a6.3: aP acan abe aextended ato athe aform ay a− avi a− ax a− avj a− az a− au. 

Here aif ag(x) a= a5 athen ag(y) a= a8 aand ag(z) a≥ a15, aa acontradiction. 

If ag(x) a∈  a{6,7} athen ag(y) a≥ a9 aand ag(z) a= a3 awhich aimplies athat ag(u) a≥ a14, aa acontradiction. aCase 

a7: aThere aare ano avertices abetween avi aand avj. aThen aan aedge  aitself aa aL(4, a3, a2, a1)-path 

abetween avi aand avj, asay aP a. aSince athere aare aat aleast asix avertices 

00 aleft aother athan avi aand avj, athe apath aP may abe aextended ato athe aremaining avertices aas 

afollows: 

00 

 Subcase a7.1: aPcan abe aextended ato afour avertices ain athe 

form avi a− avj a− ax a− ay a− az a− au 

Then, aSince ag(vi) a= a1, ag(x) a≥ a4. 

Since ag(vj) a= a11, ag(x) a≤ a7 awhich aimplies athat ag(x) a∈  a{4,5,6,7}. 

If ag(x) a= a4, athen ag(y) a= a8 aand ag(z) a= a13, aa acontradiction 

If ag(x) a= a5 athen ag(y) a≥ a14, aa acontradiction. 

If ag(x) a= a6 aor a7 athen ag(y) a= a3 aand ag(z) a≥ a13, aa acontradiction. 

00 

 Subcase a7.2: aPcan abe aextended ato afour avertices ain athe 

form au a− az a− ay a− ax a− avi a− avj 

Then, aas ag(vi) a= a1, ag(x) a≥ a5. aAs ag(vj) a= a11, ag(x) a≤ a8 awhich aimplies athat ag(x) a∈  

{5,6,7,8}. 

If ag(x) a= a5 athen ag(y) a= a9 aand ag(z) a≥ a13, aa acontradiction. 

If ag(x) a= a6 aor a7 athen ag(y) a≥ a13, aa acontradiction. 

If ag(x) a= a8 athen ag(y) a= a4 aand ag(z) a= a12, aa acontradiction. 

∴  aIn aall athe acases, athere ais ano aL(4, a3, a2, a1)-path acoloring aof aG awith aeleven aor afewer acolors. 

aHence, aif aG acontains aa aHamiltonian apath, akc(G) a= a12. 

Below awe agive aan aalgorithm afor aa aL(4,3,2,1)-path acoloring aof aa agraph aG awhich ahas aa 

aHamiltonian apath. 

 
Algorithm a1: aL(4, a3, a2, a1)-connection anumber, akc(G) awhere aG ahas aa aHamiltonian apath. 

 
Input: aThe aadjacency amatrix aof aa agraph aG awith an avertices aand adiam(G) a. 

Output: aA aL(4,3,2,1)− apath acoloring aof aG aand akc(G) a. 

Begin 

1) Choose aa aHamiltonian apath aP aand alabel athe avertices aas av1,v2,v3,...vn 

2) Set ag(v1) a= a1 aif ai a≡ a1(mod a7) aelse ag(v2) a= a5 aif ai a≡ a2(mod a7) aelse ag(v3) a= a9 aif ai a≡ 

a3(mod a7) aelse ag(v4) a= a13 aif ai a≡ a4(mod a7) aelse ag(v5) a= a3 aif ai a≡ a5(mod a7) aelse ag(v6) a= a7 aif 

ai a≡ a6(mod a7) aelse ag(v7) a= a11 aif ai a≡ a0(mod a7) 

End 

To aachieve athe agoals aof awider acoverage arange aand ahigher adata apacket athroughput awider abandwidth 

ahas ato abe aused. aBy atreating athe amobile astations aas avertices aof aa agraph aand ashowing aedges 

abetween apossibly ainterfering astations athe aproblem acan abe amodeled aas aa alabeling aproblem ain agraph 

atheory aas adescribed ain athe apaper. aStations awhich aare aat aa ageographical adistance aof a100kms asay, 

acan abe atreated aas adistance aone avertices aand a200 akms aas adistance atwo avertices aand aso aon. aScaling 

aup athe aintegers aused ain athe alabeling ato aavailable afrequencies aone acan aapply athe aabove alabeling 

aprocedure ato aavoid aa a4-level ainterference, athus areducing athe awidth aof athe abandwidth arequired. 

CONCLUSION 

In athis awork, awe adeal awith athe aproblem aof aassigning afrequencies ato athe avery aclose atransmitters 

awhich akeeps adown athe amaximum afrequency aused ain awireless acommunication anetworks. aThe aidea aof 

apath acoloring ais aused, arather athan athe anormal acoloring aproblem. aThe apath acoloring awhen aapplied 



Turkish Journal of Computer and Mathematics Education         Vol.12 No. 1s (2021), 701- 708  

 Research 

Articl 

 

 707 

ato avarious agraphs aleads ato aa aspan amuch alesser athan athe anormal acoloring aas ashown ain athe aTable 

a1. 

Table a1: aComparison abetween aL(4,3,2,1)-coloring aand aL(4,3,2,1)- apath acoloring aof apaths, acycles aand 

acomplete agraphs a: 

G a' L(4,3,2,1)coloring L(4,3,2,1)- apath 

acoloring 

P2 5 5 

P3 8 8 

P4 9 9 

Pn, a5 a≤ an a≤ a7 11 11 

Pn, a8 a≤ an a≤ a12 12 12 

Pn, an a≥ a13 13 13 

C3 9 8 

C4 11 9 

Cn, a5 a≤ an a≤ a7 13 11 

Cn, 

an=8,11,16,17,23,29 

14 12 a(∀n,8 a≤ an a≤ 

a12) 

Cn, an a≥ a13 13 13 

K3 9 8 

K4 13 9 

K5 17 11 

K6 21 11 

K7 25 11 

K8 29 12 

K9 33 12 

K10 37 12 

K11 41 12 

K12 45 12 

Kn, an a≥ a13 4n a− a3 13 

Also, ato areduce ainterference ato athe aminimum ain acurrent aand afuture acommunication anetworks, awe 

aproposed aan aalgorithm awhich areduces athe aspan aof aa agiven agraph aG awhere aG ais aa agraph 

acontaining aHamiltonian apath. aIn aour afuture awork, awe awill abe adealing awith athe agraphs awhich ado 

anot acontain aa aHamiltonian apath. aHere, awe aobserve athat aour avalue aof akc(G) ais abetter acompared ato 

athe aexisting akc(G) avalue afound aby aothers ain aseveral abench amarking alabeling aproblems. 
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