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Abstract:In this paper we will discuss Euler’s theorem for homogenous functions to solve different order partial differential
equations. We will see that how we can predict the solution of partial differential Equation using different approaches of this
theorem. In fact we also consider the case when more than two independent variables will be involved in the partial
differential equation whenever dependent functions will be homogenous functions. We will throw a light on one method
called Ajayous rules to predict the solution of homogenous partial differential equation.
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1. Introduction

Leonard Euler was one of the greatest mathematicians. His contribution is unforgettable. He has given so many
powerful results of mathematics and one of those results is Euler’s Theorem for homogenous function.
Engineering students used to study this theorem because Partial differential equation is one of the important
fields of mathematics that every engineer should know. Euler’s theorem for homogenous function gives easy
way todeal with specific type of partial differential equation which further deals with homogenous function.
Using this result we can avoid cumbersome calculation and can get the final result in few steps only. In this
paper will discuss extension and generalization of this theorem.

2. Literature review

[1]By Definition any function z is said to be homogenousfunction of x,y with degree ‘n’if z(tx,ty) =
t"z(x,y) where t > 0 and if z is such type of function then

Euler’s theorem states that

XZy +yzZ, =nz
This is a partial differential equation of first order
For second order partial differential equation
X2y + ¥22yy + 2xy24, = n(n — 1)z

Second order result has been generated by using first order result of this theorem.

Similarly for third order results becomes
, 0%z 3|2 0%z , 0%z , 0%z

ﬁ—l— x y62x6y+y xazyax Ty ay3

We can expand this result for further higher order partial differential equation by using the lower partial
differential equation.

[2] Now if z is homogenous function of x and y with degree n where every partial derivatives of order
upto ‘m’ exist and are continuous then result which we will get is as follow
m-2,2_ 0™z m-k k__ 0"z +

x =nn—-1)n-2)z

mITE | pm &+lm(m—1)x + + me, x
dxm yaxm—lay 2 y 8xM=29y2 Ck y dxm—kgyk
amz amz
m-—1 m
. mx — =nn-1D)"Nn—-2)uiveeciveeee.. m—m+ 1)z, orm<
y axaym—1 y aym ( )( ) ( + ) f —_

From above result we can easily conclude that if z is a homogenous function of x and y with degree
‘n’whose all partial derivatives exists for order uto ‘n’ are continuous then
’ﬂ.anz+ n—-1 anZ + n—2.,,2 anz + + n—k.,k anZ
X ——Tnx TN, X — Ne, X e —
Ix™ yax”‘lay C2 y dx"20y? Ck y dxn-kgyk
"z "z

=tV 5
dxoyn-1 ayn
Next case would be when given function is composite one i.e. if z = f(u) is homogenous function with

F o v e e e XY =nlz for n€N
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degree n in x and y then Euler’s theorem for homogenous function for first order will give this following result
6u ou f (uw)

AR A

For second order if secondorder partial derivative exists and continuous then result is
207 sy 27 12 T ), where g(w) = n il
x? xyaa ya =gWH(u where g(u nf()

e and Hi(u) = g'(uw) — 1

Similarly for third order if partial derivative upto third order exists and continuous then result is

63u 23u 03u 3 , , ,
SR+ 3 ey gy S = g lg@H; ) + (g ) = D(g @) = 2)]

dx
= gWH,w) | | |
Where H,(w) = g(w)H;(w) + (g (w) —1)(g (W) —2)
So in general if partial derivatives of u exists and continuous upto 'm’ order where z = f(u) is homogenous
function with degree n in x and y then

0™u 0™u 1 ez 2 0™u -k 0™u
x™ a—m+mx yW+ m(m — D)x™ %y m+ e e+ M XY TR gyE
meg  0MU nohu
F o s XY W+y By_m =gWHy,_1(u) for m<n
where H,, = g(wH,,_;(w) + (g'(w) —1D(g W) —2) oo e .. (g (W) —m) , m > 1
96 =n L and 1) = (60 - 1)

[3] Now next approach is Ajayous rules
Here one symbol is used i.e. u »,q U is differentiated with x and y partially ‘p’ times and ‘q’ times

respectively.
Now Euler’s theorem for homogenous function for higher order is as follows:
For second order it is
,0%u ) 0%u ,0%u L
X + 2xy 3y +y Bz nn—1u
For third order it is
a3 a3 2 2 3 63 62

d°u d°u d°u u u
x}——+y? a—+2x —+2y a—++3xy + 3xy? + 4x =n?(n—Du

9x3 9x? ax2ay X axayr T Y oxay
For fourth order
64— 64— a3 63 62 62 3 3 a4—u
St —+5x°—+5y° —+4x*—+4y°— + 15 15xy? 4x3
xa +ya +xa +ya +xa +ya + xya 6y+ xy 6x6y2+ xy6x36y
64 4 2
4 3 6 2.,,2 8 — 13 -1
+ 4xy 6x6y3+ X%y 6x26y2+ xyaxay n*(n—Du
For fifth order
o%u o%u 0*u 0*u Su 3u 0%u 0%u Su
9x*— +9y*— + 19x3 — + 19y® — + 8x%> — + 8y? — + 10x?
xax5+ya+xa+ya+xa+ya+xa+ya+ y626y3
5 4— 4u 3u aSu
10 36 36 57 57
+ xya3az+ xya3a+ Y 5yt YO ey F ST Y 5,
5 5 4 Zu
S5xy* +5 54x 16 =n*(tn—-1
Tyt et gy 46y+ Ky Siagye Y 16w g o0 = niln - Du
For sixth order
66 66 5 65 64 84 3 3 azu
14x° —+ 14y°> —— + 55x* — + 55y* — + 65x°> — + 65y° — + 16x° —
6x6+y6y+ x6+y6y+ xa+yay+ x6+y6y+ xax
62 6 5 5 a4u
16 22 Y 20x3y3 140x2y3 140x3y? 239x3
T A0y g e T 0Ny S agys TN Y Ghagys t Y Y 5ag, T 239X Y 555,
4 6 6 Su aSu
239xy3 15 15 70xy* ——+ 70x*
T 2300y° o ey T ISy g ISy G s + Ty S S S T Y 55,
aéu . 6 3u 3 4
6xy°——+6 195xy? ——— + 195x2 330x2%y?
+oxy 6x6y5+ x y6x56y+ xy 0x0y? + x y6x26y+ X dx2dy?
320y 2L St 1)
xyaxay—n n u
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Now question is how to generalize this. For that we will use Ajayous rules. These rules are applicable only
for order N = 2 and total number of rules are 5

Rule 1:

The Nth order partial equation of Euler’s theorem is the form

Z a;xPyuypya = nV1(n — Du
Suchthat,2<p+q<N,0<p<N,0<q<N
jvaries from 1 to the total number of terms in the equation.
Also N > 2,wherep,q e W

Now here
Rule Corresponding to the Value of aj constant coefficients
number terms
2 XU, 2 &Yy U2 oN-2
3 XY Uy 2h-1
1 (N-3)+ 181 (N —3)?2
SR
4 xPus&y3uys s (N-3)3
+ 23 (N - 3)*
12
Rule no. 5

For other remaining terms in order to find the value of a; we need to compare expansion of (x + y)" with

the left hand side of partial differential equations and then equate those terms which are similar.
We can verify these rules and compare with the above equation which has already been given for N = 1to 6
For ‘m’ Independent variables:

Now if u is a homogenous function of x; ,x, , X3, ... e et e oo, X Variables with degree n then Euler’s
theorem gives first order partial differential equation as follows
du 4 du N u 4 4 u _
X1 %, Xy o, X3 dx, T Xm %, =nu
Where U = U(Xq,X5,X5, e cvevercervee e ey X)
For higher order N=2 results are given as
62 0%u 0%u 0%u 0%u 0%u 0%u
6 2+x2a 2+x36 s+ +xma +2x1x26162+2x1x36163+2x1x4—ax16x4
2 2 2 aZu
+ . .+ 2 +2 + 2 +2 —
m Gy ox,, 19, XX G 0x, 0%, Yot g ax, 0%, X5 G, 0%
+ +2 +2 L P
xzxma 26 x3x46 ox, X3X5 =———=— x, 0% X3Xg Ix, 0%
+ + 2 O +2 -1
X3Xm 9x,0%, . Xm—-1Xm 9%, 0%, =n(n u
Or
Z 0 i LIPS i u_, +2 1)
L, X{ ax? X1 zxL 9,07, ‘ 3xi dxyax, T Xm-1Xm %, 0%, =nn u
1= i= i=

For N=2 m-2 it becomes
2
2

i +25, ) O -1
X xiaxlaxi—nn u

26u

L 9x2

i=2
62u 0%u

F 2+2126 az—n(n—l)u

X —+x22

For N=2,m=3
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3 3
Z 0, Z O | oy Z O _ 1)
162 xlzleala xLaza =n(n u
azu 62 0%u 0%u 0%u 0%u
i.e.x? o 2+x2F+x36 2 +2x1x26 0% 2+2x1x36 0% 3+2xzx3m=n(n—1)u
For N= 2m 4
0%u 2 0%u - 0%u 0%u
z 16x2+2xlzxi—6x16x'+2x lea 0%, + 2x lea 0%, =nn - Du
i=1 t i=2 L i=3
62u 62u azu azu 0%u azu 0%u 0%u

xt— ax? +x:— ox? +x3— ax2 +xi— o2 + 2x1x) ——— x,0x, + 2x1x3 —6x16x3 + 2x,x3 —0x26x3 + 2x,%, —6x26x4
2

u
+ 2X3X4 W = n(n - 1)u
3 4

For N=3 with m variables
m

d3u & 0%y - 3u “ 3u “ d3u
Zx-3—+22x-2—+3x2 Xi=—5—+3x% ) xi=—5—+3x ) x;=——+
Pox? T4t ox? VLT axRox; 2 " 0x2ox; 3 "9x20x;

i=1 i=1 i=2 i=1 i=2

+ 3x2 0’ +4 Z o' +4 Z 0" +4 i 0*u
XmXm—-1 " X Xi———— X Xi——— X Xi———
mEM=L 9x2, 0% 1 1i=2 t0x,0x; z L Ox,0x; 3 L7 0xs0x;

i=3 i=4
m m

. » PER e z 9%u iy Z 0%u
ee var war ees neras XmXm—1 ameXm R X1X2 Xi axlaxzaxl X1X3 Xi 6xlaX3axi

i=3 i=4
m

Fox Y ma + 6 o
XX Xt e Xy XX ————————
4 L7 9x, 0,0 1ImEm=L 5, 0%, 0% 1

m 2 m 62 m

+6Zu+6zu+6zazu+
x2x3. xi6x26x36xi x2x4' i 0x,0x,0x; xzxsl Xi 0x,0x50x;

i=3 = =

+ 6 o’u + +6 o’u
XoXmXm—-1 5= = XmXm—1Xm—
24m-im-1 axz mim-1+m-2 axm

0Xm 0% _1
=n’(n—-1Du

axm—laxm—z

Here summation is taken in such a manner that no term is of the formxjx,u xqxp2SUCh that p = g
We can verify this result easily

3. Conclusion

Euler’s theorem for homogenous function is a very important result which makes the way easier to solve the
partial differential equations which deal with specific type of functions called homogenous function. We have
discussed two approaches here first one was direct and second one was Ajayous rules. But one limitation of
Ajayous rule is thatit isapplicable on partial differential equation of order two or more. We have studied
generalization of this result for higher order and with m independent variables. This is a very useful tool to solve
S0 many engineering problem involbing such type of partial differential equation.
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