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Analytical solution of Velocities and Temperature fields using Homotopy Analysis Method
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Abstract: In this paper, analysis of nonlinear partial differential equations on velocities and temperature with
convective boundary conditions are investigated. The governing partial differential equations are transformed into
ordinary differential equations by applying similarity transformations. The system of nonlinear differential equations
are solved using Homotopy Analysis Method (HAM). An analytical solution is obtained for the values of Magnetic
parameter M?, Prandtl number Pr, Porosity parameter A, Radiation parameter R, Biot number Bi, Stretching
parameter c. The present results are compared with the numerical result [1], showing good agreement with each
other and with different parameters. The influence of the skin friction and local Nusselt number for different
parameters are discussed. The effects of various parameters on velocity and temperature profiles are presented
graphically.

Keywords: Mixed Boundary Conditions, Similarity Transformations, Homotopy Analysis Method, Skin friction
Co-efficient, SCILAB

1. INTRODUCTION
S. Shaw et.al [1] explained the study of Magnetohydrodynamic (MHD) flow 3D casson fluid. It has many
industrial applications, such as purification of crude oil, Magnetohydrodynamic electrical power generation [1].
Many authors [2-5] have been investigated experimentally and numerically for the MHD flow of Casson fluid with
convective boundary conditions..
The main objective of this paper is to investigate the analytical solution of boundary layer flow of electrically
conducting Casson fluid past. The

system of nonlinear partial differential equations has been diminished into the system of nonlinear ordinary
differential equation [6-8]. S. Shaw et.al [1] presented the numerical solution of 3D Casson fluid flow using Spectral
relaxation method. Still now there is no analytical results for 3D Casson fluid flow. In this manuscript, the coupled
nonlinear equations are solved using Homotopy analysis method [9-11]. Analytical results are compared with
Previous result [1]. Moreover analytical solution of Skin friction Co-efficient and local Nusselt number are given. In
the HAM, the auxiliary parameter h converge the obtained analytical solution. Differential sensitivity analysis are
graphically represented for different parameters. It shows that the behaviors of each of the parameter.

2. MATHEMATICAL FORMULATION AND ANALYSIS OF THE PROBLEM

Fig.1: Physical model and coordinate [1]
The conservation equation of Continuity, momentum and energy equation is as follows [1]:
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wtey T3 =0 (2.1)
uZ—V+vZ—;+wZ—V=v(1+%)%—% -Zv (2.3)
ug—i+vg—;+wz—z=(;7p %)% (2.4)

where u, v and w denote the velocity components in the x, y and z — directions, respectively.
For Egs.(2.1) — (2.4), the boundary conditions are[1]:
At z=0
u="U,(x)=ax
v=1V,(x) = by
w=0
oT
At z - oo
u-20
v-20
T - T, (2.6)
We introduce the similarity transformations [1]:

w=axf (), v =byg' (), w= —a@Lra)+eg@l n=[*2 o0 =IZ= (27)

By using Eq.(2.7), Eq.(2.1) is clearly satisfied and Eqs.(2.2) to (2.6) become [1]:
(143) £ = P = +eg) f7 = M2+ Df =0

(2.8)
(143) 9" = @~ +cg) g = (M2 +2)g' =0

(2.9)
(1+R)O"+B(f+cg)b' =0 (2.10)
where M2 = 985 is the magnetic parameter, P. = m;ﬁ is the Prandtl number, 1 = alk,, is the porosity parameter,
R = % is the radiation parameter, B; = %(\E) is the Biot number and ¢ = b/a is the stretching parameter.
The boundary conditions are
n=0: f(0)=09(0)=0,f'(0) =1,49'(0) =c,6(0) = —B;(1-6(0)) (2.11)

n=o: f'(0)=0,9"(0)=0,0(0)=0(212)

3. USING HOMOTOPY ANALYSIS METHOD (HAM) ANALYTICAL EXPRESSION OF VELOCITIES
AND TEMPERATURE

The homotopy analysis method is a semi-analytical technique to solve nonlinear problems. This method was
introduced by Liao [12]. The basic concept of this method [13,14]. Using the HAM, the approximate analytical
expressions are given as follows:
F) = %( 1—e-Vsn ) + h(GC:\-/l-EZ) [e_z\/;n — e~V 4 1] +5k(h—h2)(M2cz+2M2+/1c2+2hl)8—5)21j/1;c2(10—3c2)—3h(1+c2)(m2+/1)
[1 —9e-Vsn 4 e_z\/;n] + (c2+2)[4(h—h2)(m2+1)—-2h2(1+c?)] [ e VS7-1 +xe“/§"] +h2(c2+z)(c2+3) 2 - 30-V51 4

652 Vs 3652v/s

e @)
9(7]) _ i( 1— e_\/gn ) + h(c3+2c) e_z\/gn _ Ze_\/gn + 1] + S5k(h—h?)(M%c3+2M?%c+Acd+2hc)—h?kc3(10-3¢2)—3h(c+c3)(m?+1)

* o5 18s2Vs
—2e—Vsn -2vsn (3 +20)[4(h—h?) M2+ ) —2h2 (1+¢2)] [ eVSn—1 Vi e @4206HY) 1) on
[1 2e +e ] + 652 7 txe + —k [2 - 3e 4
e—3\/§11] (3.2)
_ B(+R) (L)
o) = —G+Bi(1+R)e (1+R ) (3.3)
2 5 )
where s = M*2 =1 41 g = P1te?) | h(e42)(+0)

B Vs 6sVs
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4. ANALYTICAL EXPRESSION FOR SKIN FRICTION CO-EFFICIENT AND LOCAL NUSSELT
NUMBER
The expressions for skin friction coefficient is given by [1]:

Rey” Cry = (14 %) £ (0)

Rey'? Cp, = (1 + %) g"(0) (4.1)

T, T,

where Cr, = ﬁ . Cpy = ngv

Cr is the skin friction, Cr, and Cy, are skin friction along the x- and y-directions
Twy and 7, are defined in [1]

The analytical expressions for skin friction co-efficient along the x and y direction are represented as follows:
6h(c?+2)s+10k(h—h?)(M%c?+2M?+Ac?+2h)—2h%kc?(10-3c?)

1
> L _ (+2)[4(h—h*)(m*+A) -2k (1+c?)] —6h(1+c?)(m2+h)+3[h%(c?+2)(c?+3)
Rex Cfx =k \/E 6575 + 1852 \/E
(4.2)
R %C P B i) L o 90 S e S )
exlry=k—cvs— 6svVs +

6hc(c?+2)s+10kc(h—h?)(M?c?+2M?+Ac?+2h)-2h%kc3(10-3c?)

—6h(c+c3)(m?+h)+[3h%c(c?+2)(c?+3)]
18s2 \/E
4.3)
The dimensionless local Nusselt number is [1]:
Re; ** Nu=—6'(0) (4.9)

where Re, = u,(x) x/v is defined in [1].
The analytical expression for local Nusselt number is
-1/2 _ G B;
Re, Nu = G+B;(1+R) (4.5)
2 2 2
P(1+c?) h(c?+2)(1+¢c) — M +/1'k =1+ 1

where G = 7 ol ) - 3

5. RESULT AND DISCUSSION

Eqgs.(3.1) to (3.3) represent the analytical expression of velocities and temperature. In the present section, we have discussed
the velocities profile and temperature for various values of physical parameters M, A, 8, B;, B-, R, C. The well known Homotopy
analysis method (HAM) is used to solve system of coupled similar Egs. (2.8) to (2.10). The obtained analytical results are
compared with the previous and numerical result in Figs. 2 to 12 for different values of parameters. It gives good agreement with
the previous result and numerical result [1].

The velocity of the fluid for different parameters are presented in the graphs Figs.2 to 9. Fig.2 shows the influence of the
velocity f'(n) decreases with increases of casson parameter . From Fig.3, it is inferred that the velocity decreases with
increases of parameter. Fig.4 and 5 have been plotted to demonstrate the effects of parameters M and C on the velocity profiles.
It is depicted that as M and C increases the velocity f'(n) of the fluid decreases. In Fig.6 and 7, depict to analyze the velocity
profile for various values 8 and A . It is noticed that the g’(n) increases with decreases of B and 1 parameter. Fig.8 and 9 are
displayed to show the influence of M and C on the velocity profiles. It is observed that as M increases the velocity g’(n) of the
fluid decreases. It is clear that the velocity g’'(n) increases with increases of the parameter C. The temperature of the different
parameters are presented through Figs.10 to 12. From Fig.10, It is depicted to examine the effects of B. with temperature. It is
clear that the temperature 6(n) decreases with increases of the parameter P.. In Fig.11, It is revealed that the influence of
temperature profile for various values B;. This is because the temperature 6 (n) increases with also increases of the parameter B;.
From Fig.12 It is clear that the parameter R increases with temperature 6 (n) also increases.

The skin friction co-efficient and local Nusselt number are presented in Figs.13 to 15. From Fig.13, There is prominent
that the skin friction co-efficient in x direction increases when M also increases. It is noticed that when C increases the skin
friction co-efficient x direction decreases. In Fig.14, It illustrate that the skin friction co-efficient y direction increases when the
parameters M and C also increases. From Fig.15, Indicated the local Nusselt number decreases when M increases. It is evident
that the parameter C increases with local Nusselt number also increases.

Determining the validity region of h

Egs.(3.1) and (3.2) contains so called convergence control auxiliary parameter h. It plays a vital role for converging the
solution series. In order to obtain the h region, the analytical solution is independent of h. To study the influence of h on the
convergence of solution, the h curves of f and g are plotted in Fig.16. This figure clearly indicates that the valid region of h is
about (-0.1).

Differential Sensitivity Analysis
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Eq.(3.1) represent the new approximate analytical expression for the fluid f in terms of the parameters M, C, B, 4
differentiating the fluid partially with respect to determined. The percentage of change in fluid with respect to M, C, B, A are
5.28%, 0%, 87.69%, 8.83% respectively. From this, it is evident that parameter 8 have more impact on fluid. These parameter are
highly sensitive parameter. The parameter A is called as moderately sensitive parameter as it has 8.83% of influence over fluid .
The remaining two parameters M and C are less sensitive and zero sensitives. The spread sheet analysis of these result is
described in Fig.17.

Eq.(3.2) represent the approximate analytical expression for the fluid g in terms of the parameters M, C, B, A differentiating
the fluid partially with respect to determined. The percentage of change in fluid with respectto M, C, B, A are 5.06%, 18.18%,
69.99%, 7.54% respectively. From this, it is inferred that parameter 8 have high impact on fluid. These parameter are greatest
sensitive parameter. The parameter C is called as moderately sensitive parameter as it has 18.18% of influence over fluid . The
remaining two parameters M and A are lowest sensitive. The fluid analysis of these result is described in Fig.18.

Eq.(3.3) represent the approximate analytical expression for the temperature 6 in terms of the parameters M, C, B,
A, B., B;, R differentiating the temperature partially with respect to determined. The percentage of change in temperature with
respectto M,C, B, A, B, B;, R are 82.92%, 0%, 124.37%, 20.73%, 0%, 1.95%, 141.82% respectively. From this, it is revealed
that parameter R have sorely impact on temperature. These parameter are biggest sensitive parameter. The parameter S is called
as nearest sensitive parameter as it has 124.37% of influence over temperature. The parameter M is said to center sensitive
parameter as it has 82.92% of examine over temperature. The remaining four parameters A, B; and C, B are smallest and zero
sensitives. The temperature analysis of these result is described in Fig.18.

6. CONCLUSION

In this paper, we have investigated Analytical solution of Velocities and Temperature fields using Homotopy Analysis
Method. By introducing the similarity transformation we have solved the coupled differential equations using Homotopy analysis
method (HAM). We compare the present result with the numerical result and previous result, we get a very good agreement.
Moreover, effects for various values of emerging parameters are discussed for velocities f' (), g'(n) and temperature 6 (7). The
magnitude of the skin friction coefficients in both x and y-directions are obtained. It is demonstrated that the obtained results are
in good agreement with numerical result and previous result [1].
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Fig.3: Plot of dimensionless velocity f'(n) various 7 at different values of 1
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7 Fig.7: Plot of dimensionless velocity g’(n) various n at different values of A
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Fig.11: Plot of dimensionless temperature 6 () various 7 at different values of B;
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Fig.16: Validity region of h curve of f and g.
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Fig.19: Sensitivity analysis for evaluating the influence of the concentration of temperature distribution in Eq.(3.3).

NOMENCLATURE
Parameters Description
B Casson fluid parameter
B Magnetic
T Fluid temperature
v Kinematic viscosity
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Kp Permeability
k Thermal conductivity
p Density of the fluid
Cp Heat capacitance
M? Magnetic parameter
A Porosity parameter
Pr Prandtl number
R Radiation parameter
Bi Biot number
c Stretching parameter
u, v, w Velocity components along x, y and z directions
Uy and Vi Stretching velocities in the x and y directions
hr Convective heat transfer coefficient
Tt Convective fluid temperature
Cs Skin friction
Cix and Cyy Skin friction along the x and y directions
Twx_and Twy Wall shear stress along x and y directions
Rex Local Reynolds number
APPENDIX B
Using MATLAB program numerical solution of Egs.(2.8)-(2.10).
function sol = ex8

ex8init=bvpinit (linspace(0,8,8),
[01 0O00.50 -2.501);

sol= bvp4c (€ex8ode, @ex8bc,ex8init);
end

function dydx = ex8ode (x,y)

N=1.0

[ Ne]

QW oo
| (R [

=
g ooN OO

[N

-
~

(Y (2) *y (2) + (y (1) +c*y (4)) *y (3) + (M*M+N) *y ( 2)))

-
~
A PERKK PR wug

*(y (5) *y (5) + (y (1) +c*y (4)) *y (6) + (M*M+N) *y (5) ) )
/14+R) * (y (1) +c*y (4)) *y (8))

end
function res = ex8bc(ya,yb)
c=0.5;

The command window
solution=ex8;
x=solution.x;
y=solution.y;
y2=solution.y(2,:);
y5=solution.y(5,:);
y7=solution.y(7,:);

Plot(x,y2,'r',x,y5,'9'x,y7,'b");
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