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Abstract— Florentin eSmarandache egeneralized ethe eintuitionistic efuzzy esets eto eNeutrosophic eset etheory ein €1998 eas ea
enew ebranch eof ephilosophy. eA.A. eSalama eintroduced ethe econcept eof eNeutrosophic etopological espaces eby eusing ethe
eNeutrosophic ecrisp esets. eln ethis epaper, ewe eintroduce eand estudy ea enew eclass eof eNeutrosophic egeneralized eset,
enamely eNeutrsophic epre egeneralized eregular ea- eclosed eset ein eNeutrosophic etopological espaces. eSome einteresting
epropositions ebased eon ethis eset eare eintroduced eand established ewith esuitable examples eand etheir eproperties eare ealso
ediscussed.
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1. INTRODUCTION AND PRELIMINARIES

L.A. Zadeh [20] introduced the concept of fuzzy sets in 1965. It shows the degree of membership of the
lement in a set. Later, fuzzy topology was introduced by C.L.Chang [6] in 1968. Coker [7] introduced the
notion of Intuitionistic fuzzy topological spaces by using Atanassov’s [5] Intuitionistic fuzzy set. Neutrality the
degree of indeterminacy, as an independent concept, was introduced by Smarandache [19] in 1998. He also
defined the Neutrosophic set on three components, namely Truth (membership), Indeterminacy, Falsehood (non-
membership) from the Fuzzy sets and Intuitionistic fuzzy sets. Smarandache’s Neutrosophic concepts have wide
range of real time applications for the fields of [[1]-[41,[10],[12],[15],[18]1]
Information systems, Computer science, Artificial Intelligence, Applied Mathematics and Decision making. A.A.
Salama and S.A. Alblowi [16] introduced Neutrosophic topological spaces by using the Neutrosophic sets.
Salama A. A. [17] introduced Neutrosophic closed set and Neutrosophic continuous functions in Neutrosophic
topological spaces.R.Dhavaseelan and SaiedJafari [8] introduced Neutrosophic generalized closed sets. In this
direction, we introduce and analyze a new class of Neutrosophic generalized closed set called Neutrsophic pre
generalized regular o- closed set which is the weaker form of the above mentioned generalization and its
properties are discussed in details.
Definition 1.[16]Let 7 be a non-empty fixed set. A Neutrosophic set [NS for short] A is an object having the
form A = {<a, u4@), 04@), v,(a)>: a€ I} where u,(@), o04(@) and wvy(a) which represent the degree of
membership function, degree of indeterminacy and the degree of non-membership respectively of each element
X €A to the set A.
Remark 1.2. [16] A Neutrosophic set A = {<a, p,(a), 04(), v4(@)> acIJ} can be identified to an ordered
triple A = <a, uy,@), g4(), vg(@)> in non-standard unit interval 10, 1" on J.
For the sake of simplicity, we shall use the A = <uy@), o4(a), vy(@)> for the
Neutrosophic set A = {<a, uy@), g4(), v,(2>: ae 7 }.
Definition 1.3. [16] Every Intuitionistic fuzzy set A is

a nonempty set in J is obviously on Neutrosophic set having the form A={<a, u,(a),1-(ugq(@)+v4(a )), v4(a)
>: aeJ }. Since our main purpose is to construct the tools for developing Neutrosophic set and Neutrosophic
topology, we must introduce the Neutrosophic set 0p and 15in J as follows:
0, may be defined as:

Op= {<a, 0, 0, 1> aeJ }, 0p= {<a, 0, 1, 1> aeJ }, O0p= {<a, 0, 1, 0> aeJ }, Op= {<a, O, O, 0>
ae 7}
1, may be defined as:

1= {<a, 1, 0, 0> aeJ }, 15= {<a, 1, 0, 1> aeJ}, 15= {<a, 1, 1, 0> aed }, 1,= {<a 1, 1, 1> ae
7}
Definition 1.4. [16] Let A =<u,(a), o4(a), v4(a)> be an NS on J then the complement of the set A

[C(A) for short] may be defined as three kinds of complements:

() ClA) = {<a 1uq(@), 1-04(a), l-ve(@)>acd} (i) C(A) = { <avq(@ ), 04(a), pa(@)>: a€7 }
(ii) C(A) = { <avq(a )l1-04(a), pa(a)>acy }
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Definition 1.5. [5] Let 7 be a nonempty set. Let § and T be any Neutrosophic sets on 7 in the form

§ ={<a, us(@), os(@), vs(@a ) > aeJ } and T = {<a, ur@), or(@), vy(@>: a€J }. Then
we may consider two possible definitions for subsets (s§c T)sc T may
be defined as:

SS€ T eusX<s  urX), os(¥)<  or(x),
vs(X) =vr(x ) for all ae?d.
ScC T euX<  urx), osx)=  oar(x), vs(X )=vyr(x ) for all a €7.
Proposition 1.6. [5] For any Neutrosophic set A the following conditions hold:
Oy SA, 0y S0pACS 1y, 1S 1y
Definition 1.7.[16] Let 7 be a nonempty set. Let § = {<a, us(a), os(a),vs(@)>}, T ={<a, us@), or(a),vy@ >}
are Neutrosophic sets. Then § NT may be defined as:
(i) S NT=<a, us(@)A ur(a), o,(a)A or(a),vs()V vr(a)>
(ii) SNT = <a, ps(@)A ur(a), as(@)Vv or(a), vs(a) vr(a)>
SU T may be defined as:

() sU T= <a, pus(X)V pr(x), os(X)Vor(x), vs(x )Avr(x )>
(i) SU T = <X pus(X)V pur(X), gs(X)A o7 (x), vs(x) Ave(x)>
We can easily generalize the operations of intersection and union to arbitrary family of Neutrosophic sets as
follows:
Definition 1.8. [16] Let {A;: jeJ } be a arbitrary family of Neutrosophic sets in A, then ncA; may be
defined as

() NAj = <a, Ajg Mcﬂj(a), Njgg Uﬂj(a):vjejvﬂj(a)>
(i) NA; = <@, Ajejha;(@), Viej 04;(a).Vjeva,;(2)>
UA; may be defined as

() UA;= <@, Vjes (@), Vjes 04;(@)Njes va;(8)>

(i) UA; = <@, Vjes (@), Ajej 0a;(@)Aje) Vg, (2)>

Proposition 1.9. [16] For two Neutrosophic sets § and T, the following conditions are true:

C (NnT)=C(S) u C(T); C (Su T)= C(S)n C@).
Definition 1.10 [16] A Neutrosophic topology [NT] on a nonempty set J is a family t of Neutrosophic subsets
in J satisfying the following axioms:

Q) Op, 1y €T
(i) G, NG, €t for any G, G, €71
(iii) ug, €t for every {G;: i€eJ}cr

The pair of (J, ) is called Neutrosophic topological space [NTS for short]. The elements of 7 are called
Neutrosophic open set [NOS for short]. A Neutrosophic set F is Neutrosophic closed set [NCS for short] if
and only if C(F) is Neutrosophic open set.

Example 1.11.[16]Let 7 ={a} and A,={< a, 06, 0.6, 05> a € 7J}, A,={< a 05 07, 09> a € 7}
Az={<a, 06, 07, 05> a € 7}, A, = {<a 05 06, 09> a € J}rThen the family

T ={0y, Ayi, A, Az, As In} is called a Neutrosophic topological space on 7.

Definition 1.12[16] Let (J,7r) be an NTS and A= <a, us(@), os(@), vs(@> be an NS in J. Then the
Neutrosophic closure and Neutrosophic interior of A are defined by NCI(A) = n{K: K is an NCS in J and
A S K}, NInt(A) = U{G: G is an NOS in 7 and GS A }.

It can be also shown that NCI(A) is NCS and Nint(A) is a NOS in 7.

0] A is NOS if and only if A = Nint(A)

(i) A is NCS if and only if A = NCI(A)

Proposition 1.13.[16]For any Neutrosophic set A in (7, t) we have

Q) NCI(C(A))= C(NInt(A))

(i) NInt(C(cA))= C(NCI(A))

Proposition 1.14.[16] Let (J,r) be a NTS and §, T be two Neutrosophic sets in J. Then the following
properties hold:

M NInt(S)c § €NCI(S)

(i) § < 7 =NInt(S) SNInt(T)and NCI(S) SNCI(T)

(iii) NInt(NInt(S)) = NInt(S)

(iv) NCI(NCI(S))= NCI(S)

(v) NInt(S§ N T)= NInt(S)NNInt(T)
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(vi) NCI(SU T) = NCI(S) UNCI(T)
(vii) NInt(05)= 0y, NInt(1p)= 1y
(viii)  NCI(05)= 05, NCI(15)= 1y
(ix) § < T =C(8) cC()
(x) NCI( §n  T)ENCI(S)NNCI(T)
(xi) NInt(s U T) cNiInt(S) UNInt(T)
Definition 1.15. Let A= {<a, u4@), o4(@), vy@>a€e I } be a Neutrosophic set on a Neutrosophic
topological space (7,7) then A is called
Q) Neutrosophic regular open set (NROS for short)[12] if A = NInt(NCI(A)).
(ii) Neutrosophic pre-open set (NPOS for short)[14] if A < NInt(NCI(A).
(iii) Neutrosophic a-open set (NaOS for short)[14] if A < NInt(NCI(NInt(A))).
An NS A is called Neutrosophic regular closed set, Neutrosophic pre closed set and Neutrosophic «a-closed
(NRCS, NPCS and NaCS for short) if the complement of A is NROS, NPOS and NaOS respectively.
Definition 1.16.[13]Let A={<a, u4(a), g4(a),
v4(@)>:aeJ } be a Neutrosophic set on  Neutrosophic
topological space (J,7). Then the Neutrosophic pre-
closure and Neutrosophic pre interior of A are defined
by NPCI(A)= {X: K is a NPCS in J and AS KX },
NPInt (A) = {G: is a NPOS in 7 and € A }
Definition 1.17.[12] Let A = {<a, u4(a), o04(a),
v4(@)>.aeJ } be a Neutrosophic set on a Neutrosophic topological
space (J,7). Then the Neutrosophic a-closure
and Neutrosophic a-interior of A are defined by
NaCl(A)= {K: K is a NaCS in J and AS K },
Nalnt(A)={G: G is a NaOS in J and G A }
Definition 1.18. Let A={<a, u4(@), 04(a), vy(a)>:a€ 7}
be a Neutrosophic set on a Neutrosophic topological space
(@, ). Then A is called
0] Neutrosophic regular generalized closed set (NRGCS for short)[9], if NCI(A)SU, whenever A C
Uand U is a Neutrosophic regular open set in 7.
(i) Neutrosophic regular a-generalized closed set (NRaGCS for short)[9], if NaCl(A)S U, whenever A <
U and U is a Neutrosophic regular open set in J.
(iii) Neutrosophic generalized pre closed set (NGPCS for short)[13] if NPCI(A) U whenever A S U and
U is a Neutrosophic open set in 7.
(iv) Neutrosophic generalized pre regular closed set (NGPRCS for short)[11] if NPCI(A) < U whenever A <
U and U is a Neutrosophic regular open set in 7.
An NS A is called Neutrosophic regular generalized open set, Neutrosophic regular a -generalized open set,
Neutrosophic generalized pre-open set and Neutrosophic generalized pre regular open set (NRGOS,NRaGOS,
NGPOS and NGPROS for short) if the complement of A is NRGCSNRaGCS, NGPCS and NGPRCS
respectively.
2. NEUTROSOPHIC PRE GENERALIZED REGULAR a-CLOSED SET
In this section, we introduce Neutrosophic pre generalized regular o- closed set and analyze some of their
properties.
Definition 2.1. Let A= {<a, u4(a), g4(), v4(@)>a€d } be a Neutrosophic set on a Neutrosophic topological
space (@, ©).Then A is called Neutrosophic regular a-open set (NRaOS for short) if there is a
Neutrosophic regular open set U such that U € A < NaCI(U).A Neutrosophic set A of a Neutrosophic space
(9, ©) is called a Neutrosophic regular a -closed set (NRaCS for short) if C(cA) is a NRaOS in (7, 1).
Definition 2.2. Let A= {<a, p,4(a), o4(), v4(a)>acJ } be a Neutrosophic set on a Neutrosophic topological
space (J, t). Then A is called Neutrosophic pre generalized regular o- closed set (NPGRaCS for short), if
NPCI(A)S U whenever A S U and U is a NRaOS in (7, 7).
Alternatively, a Neutrosophic set A is said to be a Neutrosophic pre generalized regular a-open set
(WPGRaOS for short) if C(A) is a NPGRaCS in (7, 1).
The family of all NPGRaCSs [NPGRaOSs] of an NTS (J, t) is denoted by NPGRaC(J) [NPGRaO(J)].
Example 2.3. Let 7 ={a, b} and © = {0y, U, V, 15} where U= {<05, 0.3, 0.6>, <04, 04, 0.7>} and
Vv = {<0.7, 05, 03> <0.7, 05, 02>} Then (J, 1) is a Neutrosophic topological space. Here the
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Neutrosophic set A= {<0.5, 0.3, 0.4>, <0.6, 0.6, 0.3>} is a NPGRaCS in (J, t). Since A <U and U is a
NRaOS, we have NPCI(A) = A < U.

Theorem 2.4.
(M Every Neutrosophic closed set is NPGRa- closed set in 7.
(ii) Every Neutrosophic regular closed set is NPGRa-closed set in 7.

(iii) Every Neutrosophic pre closed set is NPGRa-closed set in 7.
(iv) Every Neutrosophic a-closed set is NPGRa-closed set in 7.
(v) Every NPGRa-closed set is Neutrosophic generalized pre regular closed set in 7.
(vi) Every Neutrosophic regular a-generalized closed set in X is a NPGRa-closed set in 7.
(vii) Every Neutrosophic generalized pre closed set in X is a NPGR a-closed set in 7.
(viii)  Every Neutrosophic regular generalized closed set in X is a NPGR a-closed set in 7.
Proof: Straight forward. Converse of the above need not be true as in the following examples.
Example 2.5.
Q) Let 7 ={a, b} and A, = {<0.4, 06, 05><0.7, 0.3, 0.6 >} A, = {<0.3, 0.7, 0.8><0.6, 0.4, 0.2 >}
A; = {<04, 0.7, 05><0.7, 04, 02 >} and A, = {<03, 0.6, 0.8><0.6, 0.3, 0.6>} be an NSs on 7.

Now t ={0, A, A, A, A4 1p} is a Neutrosophic topological spaces on J.Then A = {<0.3, 0.6, 0.8>,
<0.5, 0.3, 0.7>} is NPGRaCS in J. But A is not NCS, NRCS, NPCS, NaCS in 7.
(ii) Let 7 = {a, b} and U = {<0.6, 0.5, 0.2><0.7, 05, 01 >} and V= {<0.5, 0.4, 0.7><0.4, 05, 0.6
>}, be an NSs on J. Now t = {0, 1, U, V} is a Neutrosophic topological spaces on J. Here the
Neutrosophic set A = {<0.8, 0.6, 0.1>, <0.8, 0.6, 0>} is a Neutrosophic generalized pre regular closed set in

J. But A< Wand W={<0.5 05, 0.8> <04, 0.3, 0.6>} is NRaOS and NPCI(A) = 1, €W, A is not
a NPGRa-closed set in 7. .
(iii) Let 7 = {a, b} and U = {<0.6, 0.5, 0.2>, <0.7, 0.5, 0.1 >} and V = {<0.5, 0.4, 0.7><0.4, 0.5
0.6 >}, be an NSs on 7. Now t = {On, In, U, V } is a Neutrosophic topological spaces on
J. Here the Neutrosophic set A = {<0.4, 0.3, 0.7>, <0.3, 0.2, 0.6>} is a NPGRaCS in J. But A is not
NRaGCS, NGPCS and NRGCS in J. Here A S W and W={<0.5, 0.5, 0.8> <0.4, 0.3, 0.6>} is NRaOS, but
not NOS and NROS in 7.

Remark 2.6. The above discussions are summarized
in the following diagram.

G e
@ NPGRa /'

I / NRG

Remark 2.7. The union of any two NPGRaCSs in (J, 1) is not an NPGRaCS in (J, t) in general as seen
from the following example.

Example 2.8. Let 7 = {a, b} and © = {0, 15, U, V} where U ={<0.5, 0.3, 0.6>, <0.4, 0.4, 0.7>} and
Vv = {<0.7, 05, 03> <0.7, 05, 0.2>}. Then the NSs A = {<0.2, 0.1, 0.7>, <0.4, 0.4, 0.7>} and B= {<0.5,
0.3, 06> <0.2, 0.2, 08>} are NPGRaCSs in (7, t). But A UB={<0.5,0.30.6> <0.4,04,0.7>} is not an
NPGRaCS in (I, 7).

Since (AUB)c U and NPCI(AUB) ={<0.6,0.7,0.5), (0.7,0.6,0.4>}= C(W)E U.

Remark 2.9.: The intersection of any two NPGRaCSs in

(3, ©) is not an NPGRaCS in (J, t) in general as seen from the following example.

Example 2.10. Let 7 = {a, b} and t = {0, 15, U, V} where U = [<0.5 0.3, 0.6> <0.4, 04, 0.7>} and
Vv = {<0.7, 05, 03> <0.7, 05 02>} Then the NSs A = {<05, 0.5, 04> <0.7, 0.6, 0.7>} and

B = {<06, 0.3, 0.6>, <04, 04, 03>} are NPGRaCSs in (J, 1). But ANB = {<0.5, 0.3, 0.6>, <0.4, 0.4,
0.7>} is not a NPGRaCS in (J, 7). Since (ANB)S U but NPCI(ANB) = {<0.6, 0.7, 0.4> <0.7, 0.6,
04>} U.

Theorem 2.11. Let (3, t) be an NTS. Then for every A €NPGRaC(J) and for every Neutrosophic set
B €ENS(I),A < B <NPCI(A) impliess B eNPGRaC(J).
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Proof: Let B< U and U is a Neutrosophic regular a-open set in (J, t). Since < B, then A< U.Given
A is a NPGRaCS, it follows that NPCI(A) < U. Now B SNPCI(A) implies NPCI(B) =NPCI(NPCI(A)) =
NPCI(A). Thus, NPCI(B)S U. This proves that B € NPGRaC(J).

Theorem 2.12. If A is a Neutrosophic regular a-open set and NPGRaCS in (4, 1), then A is a
Neutrosophic pre closed set in (7, 7).

Proof: Since A < A and A is a Neutrosophic regular a-open set in (J, t), by hypothesis, NPCI(A) <
A. But since A Z<NPCI(A). Therefore NPCI(A)= A. Hence A is a Neutrosophic pre closed set in (7, 1).

2.NEUTROSOPHIC PRE GENERALIZED REGULAR a-CLOSURE IN NEUTROSOPHIC TOPOLOGICAL
SPACES
In this section, we introduce the concept of Neutrosophic pre generalized regular a-closure operators in a
Neutrosophic topological spaces.
Definition 3.1. Let (J, t) be a Neutrosophic topological space. Then for a Neutrosophic subset A  of 7,

M Neutrosophic pre generalized regular a-interior of A is the union of all Neutrosophic pre generalized
regular a-open sets of J contained in A. ie., NPGRa -Int(A)=U{G :G is a NPGRa-open set in J and G
CA}.

(i) Neutrosophic pre generalized regular a-closure of <A is the intersection of all Neutrosophic pre

generalized regular a-closed sets of J containing in A. ie., NPGRa-Cl(A) =N{ K K is a NPGRa-closed
set in J and X 2 A}.

Theorem 3.2. Let (J, t) be a Neutrosophic topological space. Then for a Neutrosophic subsets A and B of
J, we have

(i) NPGRo-Int(A) SA

(i) A IS NPGRa -open set in A & NPGRa -Int(A)= A

(iii) NPGRa -It(NPGRa -Int(A))= NPGRa -Int(A)

(iv) If A SB then NPGRa -Int(A)S NPGRa -Int(B)

(v) NPGRa -Int(A N B)= NPGRa -Int(A) N NPGRa -Int(B)

(vi) NPGRa -Int(A U B2 NPGRa Int(A)U NPGRa -Int(B).

Proof: Follows from Definition 3.1.(i).This proves (i).

Let A be an NPGRa-open set in J. Then A CSNPGRa-Int(A). By using Theorem 3.2 (i) we get

A = NPGRa-Int(A). Conversely assume that A = NPGRa-Int(A). By using Definition 3.1(i), A is NPGRa-
open set in J. Thus (ii) is proved.

By using Theorem 3.2 (ii), NPGRa-INt(NPGRa-Int(A)) = NPGRa-Int(A). This proves (iii).

Since A < B, by using Theorem 3.2 (i), NPGRa-Int((A)S A < B. That is NPGRa-Int (A)S B.

By Theorem 3.2 (iii), NPGRa-INt(NPGRa-Int(A)) SN PGRa-INt(B).This proves (iv).

Since A N B < A and A N B < B, by using Theorem 3.2(iv), NPGRa-Int(A N B ) S NPGRa-

Int(A) and NPGRa-Int(A N B ) S NPGRa-Int(B).This implies that
NPGRa-Int(A N B ) <& NPGRa-Int(A) N NPGRa-Int(B)
(1)

By using Theorem 3.2(i), NPGRa-Int(A) S A and NPGRa-Int(B) < B. This implies that
NPGRa-Int(A) N NPGRa-Int(B) € (A N B) . Now applying Theorem 3.2(iv),

NPGRa-Int(NPGRa-Int(A) N NPGRa-INt(B)) & NPGRa-Int(A N B ). By Theorem 3.2(iii),

NPGRa-Int(A) N NPGRa-Int(B) CSNPGRa-Int(tA N B )

(2)

From equations (1) and (2), NPGRa-Int(A N B ) = NPGRa-Int(A) N NPGRa-Int(B). This proves (v).

Since A € AU B and B € AU B, by using Theorem 3.2(iv), NPGRa-Int(A) S NPGRa-Int(AU B)

and NPGRa-Int(B ) € NPGRa-Int(AU  B).This implies that NPGRa-Int(A) unN NPGRa-

Int(B) < NPGRa-Int(A U  B). This proves (vi).

Remark 3.3. The following example shows that the

equality need not hold in Theorem 3.3(vi).

Example 3.4. Let 7 = {a, b} and © = {0, 15, U, V} where U = {<0.5, 0.3, 0.6>, <04, 04, 0.7>} and
Vv ={<0.7, 0.5, 0.3>, <0.7, 0.5, 0.2>]. Then (J, t©) is a Neutrosophic topological

spaces. Consider the NSs A ={<0.8, 0.9, 0.2>, <0.7, 0.6, 04>} and B ={<0.6, 0.7,

0.5>,<0.9, 0.8, 0.2>} in (Iy).

Then NPGRa -Int(A)={<0.7, 0.9, 0.2.>), <0.7, 0.6,
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0.4>}and NPGRa -Int(B)={<0.6, 0.7, 0.5), <0.8, 0.8,
0.2>}, this implies NPGRa -Int(A)U NPGRa —
Int(B)= {<0.7, 0.9, 0.2>, <0.8, 0.8, 0.2>]. But
NPGRa -Int(AU  B)={<0.8,0.9,0.2>, <0.9,0.8,0.2>}.
Then NPGRa -Int(A U B)¢ NPGRa -Int(AU B).
Proposition 3.5. Let (7, t) be a Neutrosophic
topological space. Then for any Neutrosophic subsets
A of 7,
Q) C(WPGRa-Int(A))=NPGRa-CI(C(A)),
(i) C(NPGRa-CI(A))=NPGRa-Int(C(A)).
Proof : By using Definition 3.1(i), NPGRa-Int(A) =
Uu{G : G is a WPGRa-open set in A and G S A }.
Taking complement on both sides, C(NVPGRa-Int(A))=C(U{G : G is a NPGRa-open set in J and G € A
D =N{C(G):C(G) is a NPGRa-closed set in 7 and C(A) < C(G)}. Replacing C(G) by X, we get
C(WPGRa-Int(A)=N{ K: K is a NPGRa-closed set in 7 and KX 2 C(A)}. By Definition 3.1(ii),
C(WPGRa-Int(A)) = NPGRa-CI(C(A)). This proves (i).
By using Proposition 3.5 (i), C(NPGRa-Int(C(A)))=NPGRa-CI(C(C(A)))=NPGRa-CI(A). Taking complement
on both sides, we get NPGRa-Int(C(A))=C(NPGRa-Cl(A)). Thus (ii) is proved.
Proposition 3.6. Let (7, t) be a Neutrosophic topological spaces .Then for any Neutrosophic subsets A and B
of 7 we have
Q) A S NPGRa-Cl(A).
(i) A IS NPGRa-closed set in I ©SNPGRa-Cl(A)= A.
(iii) NPGRa-CI(NPGRa-Cl(A))=NPGRa-CI(A).
(iv) If A € B then NPGRa-Cl(A)SNPGRa-CI(B)
Proof: Follows from the Definition 3.1(ii). This proves (i).
Let A be NPGRa-closed set in  J. Then C(A) is NPGRa-open set in J. By theorem 3.2(ii), NPGRa-
Int(C(A))=C( A)
SC(WPGRa-Cl(A))=C(A)=
NPGRa-Cl(A)= A.Thus (ii) is proved.
By using Proposition 3.6 (ii), NPGRa-CI(NPGRa-Cl(A))=NPGRa-Cl(A) .This proves(iii).
Since A <& B, C(B)<C(A). By wusing Theorem 3.2(iv), NPGRa-Int(C(B))SNPGRa-Int(C(A)). Taking
complement on both sides, C(NPGRa-Int(C(B)))2C(NPGRa-Int(C(A))). By Proposition 3.5(ii), NPGRa-
CI(A)SNPGRa-CI(B).This proves(iv).
Proposition 3.7. Let (3, 1) be a Neutrosophic topological spaces. Then for any Neutrosophic subset A4 and B
of 7, we have
(i) NPGRa-Cl(A U B) =NPGRa-CI(A)UNPGRa-CI(B)  and
(ii) NPGRa-Cl(A N  B)SNPGRa-Cl(A)NNPGRa-CI(B).
Proof: Since NPGRa-Cl(A U B)= NPGRa-CI(C(C(A U B))), By using Proposition 3.5(i),
NPGRa-Cl(A U B)=C(NPGRa-Int(C(A U B))) =C(NPGRa-Int(C(A)NC(B))). Again using Proposition 3.2(v),
NPGRa-Cl(AU  B)=C(NPGRa-Int(C(A))NNPGRa-Int(C(B)))=C(NPGRa-Int(C(A))) U C(NPGRa-Int(C(B))).By
using Proposition 3.5(i),
NPGRa-Cl(A U B)=NPGRa-Cl (C(C(A))U NPGRa-CI(C(C(B))= NPGRa-Cl (AU NPGRa-CI(B).
Thus (i) is proved.
Since A N B &€ A and A N B < B, by using Proposition 3.6(iv), NPGRa-Cl(A N B)SNPGRa-
Cl(A) and NPGRa-Cl (A N B) SNPGRa-CI(B).
This implies that NPGRa-Cl(A N B)SNPGRa-Cl(A)N NPGRa-CI(B).This proves (ii).
Remark 3.8. The following example shows that the equality need not hold in Proposition 3.7(ii).
Example 3.9. Let 7 = {a, b} and © = {0, 15, U, V} where U ={<0.5, 0.3, 0.6>, <0.4, 0.4, 0.7>} and
VvV ={<0.7, 05, 0.3>, <0.7, 0.5, 0.2>}. Then (3, 1) is a Neutrosophic
topological space. Consider the NSs A ={<0.4, 0.5, 04>, <0.7, 0.6, 0.8>} and
B={<0.6, 0.3, 0.6>, <0.2, 0.4, 0.5>}in (J, 7).
Then NPGRa-Cl(A)={<0.5, 0.5, 04>, <0.7, 0.6, 0.7>} and NPGRa-Cl(B)={<0.6, 0.3, 0.6>, <0.4, 0.4, 0.3>},
this implies NPGRa-Cl(A)N NPGRa-CI(B) = {<0.5, 03, 06> <04, 04, 07>}
But NPGRa-Cl(A n B)={<0.4,0.3,0.6>, <0.2,0.4,0.8>}.
Then NPGRa-Cl(A)NNPGRa-CI(B)¢E NPGRa -Cl(A NB).
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Remark 3.10. Let A be a Neutrosophic set in a Neutrosophic topological space on 7.
Then NInt(A)SNPGRa-Int(A)S A SNPGRa-Cl(A) SNCI(A).

Theorem 3.11. Let (3, t) be a NTS. Then for any

Neutrosophic subsets <4 and B of A we have

(i) NPGRa-Cl(A)2 A U NPGRa-CI(NPGRa-Int(A)).

(ii) NPGRa-It(A)S A NNPGRa-Int(NPGRa-CI(A)).

(iii) NInt(NVPGRa-Cl(A)) SNInt(NCI(A)).

(iv) NInt(NPGRa-Cl(A)) 2NINt(NPGRa-CI(NPGRa-Int(A))).
Proof:

By Proposition 3.6(i), A < NPGRa-Cl(A) 3).

Again using Theorem 3.2(i), NPGRa-Int(A) S A.
Then, NPGRa-CI(NPGRa-Int(A))SNPGRa-Cl(A)
(4).
By(3) and (4) we have, A U NPGRa-CI(NPGRa-
Int (A)) SNPGRa-CI(A).
This proves (i).
Taking NPGRa-interior on both sides of equation (3)
NPGRa-Int(A)SNPGRa-Int(NPGRa-CI(A))
(5).

From (4) and (5), NPGRa-Int(A) S (A N NPGRa-
INt(NPGRa-Cl(A))). This proves (ii).
By Remark 3.10, NWPGRa-Cl(A) & NCI(A).We get
NInt(NVPGRa-Cl(A)) < NInt(NCI(A)).
This proves (iii).
By Theorem 3.11(i), NPGRa-Cl(A) 2 (A U NPGRa-Cl (NPGRa-Int(A))). Taking Neutrosophic interior on
both sides, NInt((NVPGRa-Cl(A) 2NInt(A UNPGRa-CI(NPGRa-Int(A))).
Since NInt(AU  B)2NInt(A)UNInt(B), NInt(NPGRa-CI(A)2NINt(A)UNINt(NPGRa-Int(NPGRa-
Int(cA)))2NInt(NVPGRa-CI(NPGRa-Int(A))). Thus (iv) is proved.
Theorem 3.12.Let (7, t) be a Neutrosophic topological space. Then for any Neutrosophic subset A and B of
7,
(i) NPGRa-Cl(A)2 AUNPGRa-CI(NPGRa-Int(A)).
(ii) NPGRa-Int(A)S AN NPGRa-Int(NPGRa-Cl(A)).
(iii) NINt(NPGRa-Cl(A))ENINt(NCI(A)).
(iv) NInt(NPGRa-Cl(A))2NINt(NPGRa-Cl (NPGRa-Int(A))).

Proof: By Proposition 3.6(i), A SNPGRa-Cl(A) (6).

Again using Theorem 3.2(i),

NPGRa-Int(A) S A. ).
Taking NPGRa-closure on both sides, NPGRa-CI(NPGRa-Int(A))SNPGRa-Cl(A) (8).

By equation (6) and (8), A UNPGRa-CI(NPGRa-Int(A)) SNPGRa-Cl(A).

This proves (i).

Again using Theorem 3.2(i), A SNPGRa-Cl(A). Taking NPGRa-interior on both sides,
NPGRa-Int(A)SNPGRa-Int(NPGRa-Cl(A))

9).

From (7) and (9), we have NPGRa-Int(A)S( A N NPGRa-Int(NPGRa-Cl(A))).This proves (ii).

By Theorem 3.11, NPGRa-Cl(A)SNCI(A).Then NInt(NVPGRa-CI(A))SNInt(NCI(A)).Thus (iii) is proved.

By Theorem 3.12(i),NPGRa-Cl(A)2( AUNPGRa-(NPGRa-Int(A))).

This implies NInt(WVPGRa-Cl(A)2NInt(A UNPGRa-CI(NPGRa-Int(A))).

Since NInt(AU  A)2NInt(A)UNIN(B),NPGRa-Int(NPGRa-Cl(A)2NINt(A)UNIN(NPGRa-CI(NPGRa-
Int(A)))2NINt(NVPGRa-CI(NPGRa-Int(A))).Thus (iv) is proved.
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