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Abstract- Inw thisw paper,w wew introduce importantw fuzzyw generalizedw openw setsw namelyw fuzzyw 

Generalizedw Regularw openw (briefly,w fuzzyw GR-open)w sets.w Thisw neww classw showsw strongerw propertiesw 

inw fuzzyw topologicalw spacesw andw also,w wew investigatew fuzzyw GR-neighbourhoodsw andw fuzzyw GR-

continuityw properties. 

Keywords- fuzzyw GR-openw sets,w fuzzyw GR-neighbourhood,w fuzzyw GR-interior,w fuzzyw GR-closure,w fuzzyw 

GR-continuousw maps. 

 

I.  INTRODUCTION 

Fuzzyw regularw openw setsw havew beenw introducedw andw investigatedw byw Azadw K.K.w [2].w 

Balasubramanian,w G.w etw al.[3],w Azadw K.K.w [2],w Zahrenw A.N.w [5]w andw Saziyew Yukselw etw al.w [4]w 

havew discussedw fuzzyw g-closedw sets,w fuzzyw semiopenw sets,w fuzzyw regularw semiopenw setsw andw fuzzyw 

δ-openw setsw respectively.w Balasubramanianw introducedw thew conceptw ofw fuzzyw g-closurew andw fuzzyw g-

interior. 

Wew introducew fuzzyw Generalizedw Regularw openw setsw inw topologicalw spaces,w whichw mainlyw existsw 

betweenw thew classw ofw fuzzyw regularw openw setsw andw thew classw ofw fuzzyw openw sets.w Also,w wew 

discussw thew neww systemw ofw neighbourhoodsw calledw fuzzyw Generalizedw Regularw neighourhoodsw andw 

fuzzyw Generalizedw Regularw continuousw properties. 

II. PRELIMINARIES 

Throughoutw thisw paperw (X,w τ),w (Y,w σ)w andw (Z,w η)w orw simplyw X,w Yw andw Zw alwaysw denotew 

fuzzyw topologicalw spacesw onw whichw now separationw axiomsw arew assumedw unlessw explicitlyw stated.w 

Fint(γ),w Fcl(γ)w denotew thew interiorw ofw γ,w closurew ofw γw inw Xw respectively.w 1−γw orw γcw denotesw 

thew complementw ofw γw inw X.w Wew recallw thew followingw definitionsw andw results. 

Definitionw 2.1.w Aw subsetw γw ofw aw topologicalw spacew Xw isw called 

(1)w Fuzzyw regularw openw [2],w ifw γw =w int(cl(γ))w andw fuzzyw regularw closedw ifw cl(int(γ))w =w γ. 

(2)w Fuzzyw semiw openw [2],w ifw γw ≤w cl(int(γ))w andw fuzzyw semiw closed[2]w ifw int(cl(γ))w ≤w γ. 

(3)w Regularw semiw openw setw [5]w ifw therew isw aw fuzzyw regularw openw setw ξw suchw thatw ξw ≤w γw ≤w 

cl(ξ). 

(4)w π-openw [1],w ifw ξw isw aw finitew fuzzyw unionw ofw fuzzyw regularw openw sets.w Thew complementw ofw 

π-openw setw isw calledw thew π-closedw set. 

Definitionw 2.2.w Aw subsetw γw ofw aw topologicalw spacew Xw isw called 

(1)w Fuzzyw g-closedw [3]w ifw cl(γ)w ≤w ξw wheneverw γw ≤w ξw andw ξw isw fuzzyw openw inw X. 

(2)w Fuzzyw δ-closedw [4]w ifw γw w =w clδ(γ),w wherew clδ(γ)w =w {xw ∈w Xw w :w int(cl(ξ))w ∧w γw ∅,w ξw ∈w 

γ}. 

Thew complementw ofw abovew allw fuzzyw closedw setsw arew theirw respectivew fuzzyw openw setsw inw thew 

samew fuzzyw topologicalw space. 
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Definitionw 2.3.w Letw Xw bew anyw fuzzyw topologicalw spacew andw γw ≤w X,w thenw thew fuzzyw g-closure[3]w 

ofw isw denotedw byw fuzzyw g-cl(γ).w γw isw thew fuzzyw intersectionw ofw allw fuzzyw g-closedw setsw inw Xw 

containingw γ.w Thew fuzzyw g-closurew ofw γ. 

Definitionw 2.4.w Letw Xw bew aw fuzzyw topologicalw spacew andw γw ≤w X,w thenw thew fuzzyw g-interior[3]w 

ofw denotedw byw fuzzyw g-int(γ).w γw isw thew fuzzyw unionw ofw allw fuzzyw g-openw setsw inw Xw containedw 

inw γ.w Thew fuzzyw g-interiorw ofw γw is 

Lemmaw 2.1.w Letw Xw bew anyw topologicalw spacew andw γw andw ξw arew subsetsw ofw X.w Thenw followingw 

propertiesw holdsw  

(1)w Fg-cl(γw ∧w ξ)w ≤w Fg-cl(γ)w ∧w Fg-cl(ξ). 

(2)w Fg-int(γ)w ∨w Fg-int(ξ)w ≤w Fg-int(γw ∨w ξ). 

III. FUZZYW GR-OPENW SETSW ANDW THEIRW PROPERTIESW  

Wew introducew fuzzyw GR-openw setsw andw investigatew somew ofw theirw relationshipsw betweenw existedw 

classes.w  

Definitionw 3.1.w Aw fuzzyw subsetw γw ofw fuzzyw spacew Xw isw calledw Fuzzyw Generalizedw Regularw openw 

(briefly,w fuzzyw GR-open)w setw ifw γw =w Fint(Fg-cl(γ)).w Wew denotew thew classw ofw fuzzyw GR-setsw asw 

FGRO(X). 

Firstlyw wew havew tow provew thew existencew ofw neww fuzzyw classw inw fuzzyw topologicalw spaces. 

Theoremw 3.1.w Everyw fuzzyw regularw openw setw isw fuzzyw GR-openw set,w butw notw conversely. 

Proof.w Letw γw bew aw fuzzyw regularw openw setw inw X.w w Wew knoww thatw γw ≤w Fg-cl(γ)w ≤w Fcl(γ)w 

thatw isw Fint(γ)w ≤w Fint(Fg-cl(γ))w ≤w Fint(cl(γ)).w Asw γw isw fuzzyw regularw open,w γw =w Fint(cl(γ))w andw 

Fint(γ)w =w γ.w Hencew γw ≤w Fint(Fg-cl(γ))w ≤w Fint(Fcl(γ))w =w γ,w Thusw Fint(Fg-cl(γ))w =w w γ.w Thereforew 

γw isw fuzzyw GR-openw inw X.w  

Examplew  3.1.w Letw Xw =w {x,w y,w z,w w};w Iw =w [0,w 1]w andw thew functionw α,w β,w γ,w δ,w s,w ξ,w q,w 

ϕ,w ς,w κ,w ψ,w λ:w Xw w →w Iw w bew definedw asw α(x)w =w {(x,w 1)},w β(x)w =w {(y,w 2)},w ξ(x)w =w {(z,w 

3)},w κ(x)w =w {(w,w 4)},w γ(x)w =w {(x,w 1),w (y,w 2)},w δ(x)w =w {(y,w 2),w (z,w 3)},w q(x)w =w {(z,w 3),w 

(w,w 4)},w ς(x)w =w {(x,w 1),w (w,w 4)},w s(x)w =w {(x,w 1),w (y,w 2),w (z,w 3)},w λ(x)w =w {(x,w 1),w (z,w 3),w 

(w,w 4)}w andw ψ(x)w =w {(y,w 2),w (z,w 3),w (w,w 4)}.w Noww τw =w {0,w 1,w α,w β,w γ,w δ,w s},w thenw 

fuzzyw setsw β,w γw arew fuzzyw GR-openw setsw butw notw fuzzyw regularw openw setsw inw X. 

Theoremw 3.2.w Everyw fuzzyw GR-openw setw isw fuzzyw openw set,w butw conversew isw notw true. 

Proof.w Letw γw bew aw fuzzyw GR-openw setw inw X.w Thatw isw γw =w Fint(Fg-cl(γ)).w w Asw fuzzyw interiorw 

ofw anyw subsetw ofw Xw isw fuzzyw openw set,w thereforew γw isw aw fuzzyw openw inw X. 

Examplew 3.2.w Fromw Examplew 3.1,w thew setw sw isw fuzzyw openw setw butw notw fuzzyw GR-openw inw X 

Remarkw 3.1.w Fromw Theoremw 3.2,w wew knoww thatw everyw fuzzyw GR-openw setw isw aw fuzzyw openw 

setw butw notw conversely.w Alsow fromw Azadw K.K.,w everyw fuzzyw openw setw isw fuzzyw semiopenw setw 

butw notw conversely.w Hencew everyw fuzzyw GR-openw setw isw aw fuzzyw semiopenw setw butw notw 

conversely. 

Remarkw 3.2.w Fromw Theoremw 3.2,w wew knoww thatw everyw fuzzyw GR-openw setw isw aw fuzzyw openw 

setw butw notw conversely.w Alsow fromw Balasubramanianw wew knoww thatw everyw fuzzyw openw setw isw 

fuzzyw g-openw butw notw conversely.w Hencew everyw fuzzyw GR-openw setw isw aw fuzzyw g-openw setw butw 

notw conversely. 

Remarkw 3.3.w Thew followingw examplew showsw thatw fuzzyw GR-openw setsw arew independentw ofw fuzzyw π-

openw sets,w fuzzyw δ-openw setsw andw fuzzyw regularw semiopenw sets. 

Examplew 3.3.w Letw Xw =w Yw =w {a,w b,w c,w d,w e};w Iw =w [0,w 1]w andw thew functionw α,w s,w β,w γ,w 

ξ,w ψ,w λ,w δ,w κ,w qw :w Xw →w Iw bew definedw asw α(x)w =w {(a,w 1)},w s(x)w =w {(a,w 5)},w β(x)w =w {(a,w 

1),w (b,w 2)},w γ(x)w =w {(b,w 2),w (c,w 3)},w ξ(x)w =w {(d,w 4),w (e,w 5)},w ψ(x)w =w {(a,w 1),w (b,w 2),w (c,w 

3)},w λ(x)w =w {(a,w 1),w (d,w 4),w (e,w 5)},w δ(x)w =w {(b,w 2),w (c,3),w (e,w 5)},w κ(x)w =w {(a,w 1),w (b,w 

2),w (c,w 3),w (d,w 4)},w andw s(x)w =w {(b,w 2),w (c,w 3),w (d,w 4),w (e,w 5)},w withw fuzzyw topologyw τw =w 

{0,w 1,w α,w β,w γ,w ψ,w κ}.w Then 

(1) fuzzyw closedw setsw inw Xw arew 0,w 1,w s,w ξ,w λ,w δ,w q. 

(2) fuzzyw GR-openw setsw inw Xw arew 0,w 1,w α,w β,w γ,w ψ. 

(3) fuzzyw π-openw setsw inw Xw arew 0,w 1,w β,w γ,w κ. 
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(4) fuzzyw δ-openw setsw inw Xw arew 0,w 1,w β,w γ,w κ. 

(5) fuzzyw regularw semiopenw setsw inw Xw arew 0,w 1,w β,w γ,w λ,w δ. 

Theoremw 3.3.w Fuzzyw intersectionw ofw twow fuzzyw GR-openw setsw isw aw fuzzyw GR-openw setw inw fuzzyw 

topologicalw spaces. 

Proof.w Letw γw andw ξw bew twow fuzzyw GR-openw setsw inw spacew X.w Tow provew thatw γw ∧w ξw =w 

Fint(Fg-w cl(γw ∧w ξ)).w Asw γw andw ξw arew fuzzyw GR-openw setsw inw X,w γw =w Fint(Fg-cl(γ)),w ξw w =w 

Fint(Fg-cl(ξ)).w Wew knoww thatw γw ∧w ξw ≤w γ,w Fg-cl(γw ∧w ξ)w ≤w Fg-cl(γ)w alsow γw ∧w ξw ≤w ξ,w Fg-

cl(γw ∧w ξ)w ≤w Fg-cl(ξ).w Whichw impliesw Fint(Fg-cl(γw ∧w ξ))w ≤w Fint(Fg-cl(γ))w andw Fint(Fg-cl(γw ∧w ξ))w 

≤w Fint(Fg-cl(ξ)).w Thisw impliesw Fint(g-cl(γw ∧w ξ))w ∧w Fint(Fg-cl(γw ∧w ξ))w ≤w Fint(Fg-cl(γ))w ∧w Fint(Fg-

cl(ξ)).w Thatw isw Fint(Fg-cl(γw ∧w ξ))w ≤w Fint(Fg-cl(γ))w ∧w Fint(Fg-cl(ξ))w =w γw ∧w ξ...(i).w γw ∧w ξw =w 

Fint(γ)w ∧w Fint(ξ)w =w Fint(γw ∧w ξ)w [γw w =w Fint(γ)w andw ξw w =w Fint(ξ)w becausew ofw ifw γw w andw ξw 

w arew fuzzyw openw sets,w thenw everyw fuzzyw GR-openw setw isw fuzzyw openw inw X]w Fint(γw ∧w ξ)w ≤w 

Fint(Fg-w cl(γw ∧w ξ)).w γw ∧w ξw ≤w Fint(Fg-cl(γw ∧w ξ))...(ii).w Fromw (i)w andw (ii),w γw ∧w ξw w =w Fint(Fg-

cl(γw ∧w ξ)).w w Hencew γw ∧w ξw isw fuzzyw GR-openw setw inw X. 

Remarkw 3.4.w Thew fuzzyw unionw ofw twow fuzzyw GR-openw setsw isw generallyw notw aw fuzzyw GR-openw 

setw inw fuzzyw topologicalw spaces. 

Examplew 3.4.w Fromw Examplew 3.1,w γw andw δw arew fuzzyw GR-openw setsw butw γw ∨w δw isw notw fuzzyw 

GR-openw set. 

Theoremw 3.4.w Ifw γw isw aw fuzzyw GR-openw thenw Fint(γ)w =w γ. 

Proof.w Letw γw isw fuzzyw GR-open.w Tow provew Fint(γ)w =w γ.w Wew knoww thatw everyw fuzzyw GR-openw 

setw isw fuzzyw open,w thatw isw γw isw fuzzyw openw setw thenw Fint(γ)w =w γ.w Thew conversew ofw abovew 

theoremw needw notw bew true. 

Examplew 3.5.w Fromw Examplew 3.1,w thenw FGRO(X)w =w {0,w 1,w α,w β,w γ}.w Thenw thew setw s,w Notew 

thatw Fint(s)w isw notw aw fuzzyw GR-openw set,w butw itw isw fuzzyw openw set. 

Theoremw 3.5.w Ifw γw isw fuzzyw g-closedw andw fuzzyw openw inw X,w thenw γw isw fuzzyw GR-openw inw X. 

Proof.w Letw γw isw fuzzyw g-closedw andw fuzzyw openw inw X.w Tow provew thatw γw =w Fint(Fg-cl(γ)).w Noww 

Fg-cl(γ)w =w γ,w becausew γw isw fuzzyw g-openw set.w Asw Fint(Fg-cl(γ))w =w Fint(γ)w thisw impliesw Fint(Fg-w 

cl(γ))w =w γ,w becausew γw w isw fuzzyw openw set.w Thenw γw isw fuzzyw GR-openw inw X. 

Remarkw 3.5.w Complementw ofw aw fuzzyw GR-openw setw needw notw bew fuzzyw GR-openw set. 

Examplew 3.6.w Fromw Examplew 3.1,w γw isw aw fuzzyw GR-openw set.w Butw 1w −w γw =w ξw isw notw aw 

fuzzyw GR-openw set. 

IV. FUZZYW GR-OPENW SETSW ANDW THEIRW PROPERTIES 

Definitionw 4.1.w Aw fuzzyw subsetw γw ofw spacew Xw isw calledw Fuzzyw Generalizedw Regularw closedw 

(briefly,w fuzzyw GR-closed)w setw ifw 1w −γw isw fuzzyw GR-closedw inw X.w Thenw itsw familyw isw denotedw 

asw FGRC(X).w Thisw neww classw ofw setsw properlyw liesw betweenw thew classw ofw fuzzyw regularw closedw 

setsw andw thew classw ofw fuzzyw closedw sets. 

Theoremw 4.1.w Aw fuzzyw subsetw γw ofw Xw isw fuzzyw GR-closedw ifw andw onlyw ifw γw =w Fcl(Fg-int(γ)). 

Theoremw 4.2.w Everyw fuzzyw regularw closedw setw isw fuzzyw GR-closedw set,w butw notw conversely. 

Examplew 4.1.w Fromw Examplew 3.1,w setw qw andw λw arew fuzzyw GR-closedw setsw butw notw fuzzyw 

regularw closedw inw X. 

Theoremw 4.3.w Everyw fuzzyw GR-closedw setw isw fuzzyw closedw set,w butw conversew isw notw true. 

Examplew 4.2.w Fromw Examplew 3.1,w thew setw κw isw closedw setw butw notw fuzzyw GR-closedw setw inw X. 

Remarkw 4.1.w Fromw Theoremw 4.3,w wew have,w everyw fuzzyw GR-closedw setw isw aw fuzzyw closedw setw 

butw notw conversely.w Alsow fromw Azad,w everyw fuzzyw closedw setw isw fuzzyw semiclosedw setw butw notw 

conversely.w Hencew everyw fuzzyw GR-closedw setw isw aw fuzzyw semiclosedw setw butw notw conversely. 

Remarkw 4.2.w Fromw Theoremw 4.3,w wew knoww thatw everyw fuzzyw GR-closedw setw isw aw fuzzyw closedw 

setw butw notw conversely.w Alsow fromw Balasubramanian,w everyw fuzzyw closedw setw isw fuzzyw g-closedw 

butw notw conversely.w Hencew everyw fuzzyw GR-closedw setw isw aw fuzzyw g-closedw setw butw notw 

conversely. 

Remarkw 4.3.w Thew followingw examplew showsw thatw fuzzyw GR-closedw setsw arew independentw ofw fuzzyw 

π-closedw sets,w fuzzyw δ-closedw setsw andw fuzzyw regularw semiopenw (=fuzzyw regularw semiclosed)w sets. 
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Theoremw 4.4.w Fuzzyw unionw ofw twow fuzzyw GR-closedw setsw isw aw fuzzyw GR-closedw setw inw fuzzyw 

topologicalw spaces. 

Proof.w Letw γw andw ξw bew twow fuzzyw GR-closedw setsw inw X.w Asw γw andw ξw arew fuzzyw GR-closedw 

setsw inw X,w γw =w Fcl(Fg-int(γ)),w ξw =w Fcl(Fg-int(ξ)).w Wew knoww thatw γw ≤w Mw ∨w ξ,w Fg-int(γ)w ≤w 

Fg-int(γw w ∨w ξ)w alsow ξw ≤w γw ∨w ξ,w Fg-int(ξ)w ≤w Fg-int(γw ∨w ξ).w Whichw impliesw Fcl(Fg-int(γ))w ≤w 

Fcl(Fg-int(γw ∨w ξ))w andw Fcl(Fg-int(ξ)w ≤w Fcl(Fg-int(γw ∨w ξ)).w Thisw impliesw Fcl(Fg-int(γ))w ∨w Fcl(Fg-

int(ξ))w ≤w Fcl(Fg-w int(γw ∨w ξ))w ∨w Fcl(Fg-int(γw ∨w ξ)).w Thatw w isw w Fcl(Fg-int(γ))∨Fcl(Fg-int(ξ))w ≤w w 

Fcl(Fg-int(γ∨ξ))...(i).w γw ∨w ξw =w Fcl(γ)w ∨w Fcl(ξ)w =w Fcl(γw ∨w ξ)w [γw =w Fcl(γ)w andw ξw =w Fcl(ξ)w 

andw γ,w ξw arew fuzzyw closedw sets,w w becausew everyw fuzzyw GR-closedw isw fuzzyw closedw set]w Fcl(γw 

∨w ξ)w ≤w w Fcl(Fg-int(γw ∨w ξ))w i.e.w γw ∨w ξw ≤w Fcl(Fg-int(γw ∨w ξ))...(ii).w From(i)w andw (ii),w γw ∨w ξw 

w =w Fcl(Fg-int(γw ∨w ξ)).w w Hencew γw ∨w ξw isw fuzzyw GR-closedw setw inw X.w w Hencew γw ∨w ξw isw 

fuzzyw GR-closedw inw X. 

Remarkw 4.4.w Thew fuzzyw intersectionw ofw twow fuzzyw GR-closedw setsw inw fuzzyw topologicalw spacesw isw 

generally,w notw aw fuzzyw GR-closedw set. 

Theoremw 4.5.w Ifw γw isw aw fuzzyw GR-closedw ifw andw onlyw ifw Fcl(γ)w =w γ. 

Proof.w Ifw γw isw fuzzyw GR-closed.w Tow provew Fcl(γ)w =w γ.w Wew knoww thatw everyw fuzzyw GR-closedw 

setw isw fuzzyw closedw setw i.e.w γw isw fuzzyw closedw thenw Fcl(γ)w =w γ.w Butw conversew isw notw true. 

Examplew 4.3.w Letw Xw =w {x,w y,w z,w w};w Iw =w [0,w 1]w andw thew functionw α,w β,w ξ,w γ,w s,w q,w ϕ,w 

λ,w ψ:w Xw w →w Iw bew definedw asw α(x)w =w {(x,w 1)},w β(x)w =w {(y,w 2)},w ξ(x)w =w {(w,w 4)},w γ(x)w 

=w {(x,w 1),w (y,w 2)},w q(x)w =w {(z,w 3),w (w,w 4)},w s(x)w =w {(x,w 1),w (y,w 2),w (z,w 3)},w λ(x)w =w {(x,w 

1),w (z,w 3),w (w,w 4)}w andw ψ(x)w =w {(y,w 2),w (z,w 3),w (w,w 4)}.w Noww τw =w {0,w 1,w α,w β,w γ,w s}.w 

FGRC(X)w =w {0,w 1,w q,w λ,w ψ}.w Thenw thew setw ξ.w Notew thatw Fcl(ξ)w =w ξw isw notw aw fuzzyw GR-

closedw set,w butw itw isw aw fuzzyw closedw setw ofw X. 

Theoremw 4.6.w Ifw γw isw fuzzyw g-openw andw fuzzyw closedw inw X,w thenw γw isw fuzzyw GR-closedw setw 

inw X. 

Proof.w Letw γw isw fuzzyw g-openw andw fuzzyw closedw setw inw X.w Tow provew thatw γw isw fuzzyw GR-

closedw setw i.e.w tow provew γw =w Fcl(Fg-int(γ)).w Noww Fg-int(γ)w =w γ,w becausew γw isw fuzzyw g-openw 

set.w Asw Fcl(Fg-int(γ))w =w Fcl(γ)w thisw impliesw Fcl(Fg-int(γ))w =w γ,w becausew γw isw fuzzyw closedw set.w 

Thenw γw isw fuzzyw GR-closedw setw inw X. 

V. FUZZYW GR-NEIGHBOURHOODW ANDW FUZZYW GR-INTEREIOR 

Definitionw 5.1.w (i)w Letw Xw bew aw fuzzyw topologicalw spacew andw xw ∈w X,w Aw fuzzyw subsetw γw ofw 

Xw isw saidw tow bew aw fuzzyw GR-neighbourhoodw (briefly,w FGR-nhd)w ofw xw ifw andw onlyw ifw therew 

existsw aw fuzzyw GR-openw setw ψw suchw thatw xw ∈w ψw ≤w γ. 

(ii)w Thew collectionw ofw allw fuzzyw GR-neighbourhoodw ofw xw ∈w Xw isw fuzzyw GR-neighbourhoodw 

systemw atw xw andw isw denotedw byw FGR-Nw (x). 

Analogousw tow fuzzyw interiorw inw aw fuzzyw spacew X,w wew definew fuzzyw GR-interiorw inw aw fuzzyw 

spacew Xw asw follows. 

Definitionw 5.2.w Letw γw bew aw fuzzyw subsetw ofw X.w Aw pointw xw ∈w γw isw saidw tow bew fuzzyw GR-

interiorw pointsw ofw γw isw calledw thew fuzzyw GR-interiorw ofw γw andw isw denotedw asw FGR-int(γ).w w 

pointw ofw γw ifw andw onlyw ifw Xw isw aw fuzzyw GR-neighborhoodw ofw x.w Thew setw ofw allw fuzzyw GR-

interior 

Theoremw 5.1.w Ifw γw isw aw fuzzyw subsetw ofw X,w thenw FGR-int(γ)w =w ∨{ψw w :w ψw w isw fuzzyw GR-

openw set,w ψw ≤w γ}. 

Proof.w Letw γw bew aw fuzzyw subsetw ofw X.w xw ∈w FGR-int(γ)w impliesw thatw xw isw aw fuzzyw GR-

interiorw pointw ofw Xw i.e.w γw isw aw FGR-nhdw ofw pointw x.w Thenw therew existsw aw fuzzyw GR-openw setw 

ψw suchw thatw xw ∈w ψw ≤w γw impliesw thatw xw ∈w ∨{ψw :w ψw isw fuzzyw GR-openw set,w ψw ≤w γ}.w 

Hencew FGR-int(γ)w =w ∨{ψw :w ψw isw fuzzyw GR-openw set,w ψw ≤w γ}. 

Theoremw 5.2.w Letw Xw bew aw fuzzyw topologicalw spacew andw γw ≤w X,w thenw showw thatw γw isw fuzzyw 

GR-openw setw ifw andw onlyw ifw FGR-int(γ)w =w γ. 

Proof.w Letw γw bew aw fuzzyw GR-openw setw inw X.w Thenw clearlyw thew biggestw fuzzyw GR-openw setw 

containedw inw γ,w isw itselfw γ.w Hencew FGR-int(γ)w =w γ. 
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Conversely,w supposew thatw γw ≤w Xw andw FGR-int(γ)w =w γ.w Sincew FGR-int(γ)w isw aw fuzzyw GR-openw 

setw inw X,w itw followsw thatw γw isw aw fuzzyw GR-openw setw inw X. 

Theoremw 5.3.w Letw γw andw ξw arew fuzzyw subsetw ofw X.w Then 

(1) FGR-int(X)w =w 1w andw FGR-int(Ø)w =w 0. 

(2) FGR-int(γ)w ≤w γ. 

(3) Ifw ξw isw anyw fuzzyw GR-openw setw containedw inw γ,w thenw ξw ≤w FGR-int(γ). 

(4) Ifw γw ≤w ξ,w thenw FGR-int(γ)w ≤w FGR-int(ξ). 

(5) FGR-int(FGR-int(γ)=FGR-int(γ). 

Proof.w (1)w Sincew Xw andw Øw arew fuzzyw GR-openw sets,w byw Theoremw 5.1,w FGR-int(X)w =w ∨{ψw :w 

ψw isw fuzzyw GR-openw set,w ψw ≤w X}w =w Xw ∨w {allw fuzzyw GR-openw sets}w w =w X.w w Thatw isw 

FGR-int(X)w =w w Xw =w 1.w Sincew Øw isw thew onlyw fuzzyw GR-openw setw containedw inw Ø,w FGR-int(Ø)w 

=w Øw =w 0. 

(2)w Letw xw ∈w FGR-int(γ)w impliesw thatw xw isw aw fuzzyw GR-interiorw pointw ofw γ.w Thatw isw γw isw aw 

FGR-nhdw ofw xw i.e.w xw ∈w γ.w Thusw xw ∈w FGR-int(γ)w impliesw xw ∈w γ.w Hencew FGR-int(γ)w ≤w γ. 

(3)w Letw ξw bew anyw fuzzyw GR-openw setw suchw thatw ξw ≤w γ.w Letw xw ∈w ξ.w Sincew ξw isw aw fuzzyw 

GR-openw setw containedw inw γ,w xw isw aw fuzzyw GR-interiorw pointw ofw γ.w Thatw isw xw ∈w FGR-int(γ).w 

Hencew ξw ≤w FGR-int(γ). 

(4)w Letw γw andw ξw bew subsetsw ofw Xw suchw thatw γw ≤w ξ.w Letw xw ∈w FGR-int(γ).w Sincew FGR-int(γ)w 

≤w γw andw γw ≤w ξ,w wew havew FGR-int(γ)w ≤w ξ.w Noww FGR-int(γ)w isw aw fuzzyw GR-openw setw andw 

FGR-int(ξ)w isw thew biggestw fuzzyw GR-openw setw containedw inw ξ,w wew havew tow findw FGR-int(γ)w ≤w 

FGR-int(ξ). 

(5)w Sincew FGR-int(γ)w isw aw fuzzyw GR-openw setw inw X,w itw followsw thatw FGR-int(FGR-int(γ))w =w FGR-

int(γ). 

Theoremw 5.4.w Ifw γw andw ξw arew fuzzyw subsetsw ofw X,w thenw FGR-int(γ)w ∨w FGR-int(ξ)w ≤w FGR-int(γw 

∨w ξ). 

Proof.w Wew knoww thatw γw ≤w γw ∨w ξw andw ξw ≤w γw ∨w ξ.w Wew have,w byw Theoremw 5.5(iv),w FGR-

int(γ)w ≤w FGR-int(γw ∨w ξ)w andw FGR-int(ξ)w ≤w FGR-int(γw ∨w ξ).w Thisw impliesw FGR-int(γ)∨w FGR-

int(ξ)w ≤w FGR-int(γw ∨w ξ). 

Theoremw 5.5.w Letw γw andw ξw arew subsetsw ofw X,w thenw FGR-int(γ)∨w FGR-int(ξ)=FGR-int(γw ∨w ξ).w 

Proof.w Wew knoww thatw γw ∨w ξw ≤w γw andw γw ∨w ξw ≤w ξ.w Wew have,w byw Theoremw 5.3(iv),w FGR-

int(γw ∨w ξ)w ≤w FGR-int(γ)w andw FGR-int(γw ∨w ξ)w ≤w FGR-int(ξ).w Thisw impliesw FGR-int(γw ∨w ξ)w ≤w 

FGR-int(γ)∨w FGR-int(ξ)...(i). Again,w letw xw ∈w FGR-int(γ)∨w FGR-int(ξ).w Thenw xw ∈w FGR-int(γ)w andw xw 

∈w FGR-int(ξ).w Hencew xw isw anw fuzzyw interiorw pointw ofw eachw ofw fuzzyw setsw γw andw ξ.w Itw 

followsw thatw γw andw ξw arew FGR-nhdw ofw x,w sow thatw theirw fuzzyw intersectionw γw ∨w ξw isw alsow aw 

FGR-nhdw ofw x.w Hencew xw ∈w FGR-int(γw ∨w ξ).w Thusw xw ∈w FGR-int(γ)∨w FGR-int(ξ)w impliesw thatw xw 

∈w FGR-int(γw ∨w ξ).w Thereforew FGR-int(γ)∨w FGR-int(ξ)w ≤w FGR-int(γw ∨w ξ)...(ii). Fromw (i)w andw (ii),w 

wew getw FGR-int(γ)∨w FGR-int(ξ)=FGR-int(γw ∨w ξ). 

VI. FUZZYW GR-CLOSUREW ANDW THEIRW PROPERTIES 

Usingw thew fuzzyw GR-closedw setsw wew canw introducew thew conceptw ofw fuzzyw GR-closurew operatorw 

inw fuzzyw topologicalw spaces. 

Definitionw 6.1.w Letw γw bew aw fuzzyw subsetw ofw X.w w Wew definew thew fuzzyw GR-closurew ofw γw byw 

fuzzyw intersectionw ofw allw fuzzyw GR-closedw setsw containingw γ.w Mathematically,w FGR-cl(γ)w =w ∧{ξw :w 

tow bew thew γw ≤w ξw ∈w FGRC(X)}. 

Theoremw 6.1.w Letw Xw bew anyw fuzzyw topologicalw spacew andw γw ≤w X,w thenw showw thatw γw isw 

fuzzyw GRw closedw setw ifw andw onlyw ifw FGR-cl(γ)w =w γ. 

Proof.w Letw γw bew aw fuzzyw GR-closedw setw inw X.w Thenw clearlyw thew smallestw fuzzyw GR-closedw setw 

containedw inw γ,w isw itselfw γ.w Hencew FGR-cl(γ)w =w γ. 

Conversely,w supposew thatw γw ≤w Xw andw FGR-cl(γ)w =w γ.w Sincew FGR-cl(γ)w isw aw fuzzyw GR-openw 

setw inw γ,w itw followsw thatw γw isw aw fuzzyw GR-closedw setw inw X. 

Theoremw 6.2.w Letw γw andw ξw arew subsetw ofw X.w Then 

(1) FGR-cl(X)w =w 1w andw FGR-cl(Ø)w =w 0. 
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(2) γw ≤w FGR-cl(γ). 

(3) Ifw ξw isw anyw fuzzyw GR-closedw setw containedw inw γ,w thenw FGR-cl(γ)w ≤w ξ. 

(4) Ifw γw ≤w ξ,w thenw FGR-cl(γ)w ≤w FGR-cl(ξ). 

(5) R-cl(GR-cl(ξ))=GR-cl(ξ).w  

Proof.w (1)w Obviously. 

(2)w Byw thew definitionw ofw fuzzyw GR-closurew ofw γ,w itw isw obviousw thatw γw ≤w FGR-cl(γ). 

(3)w Letw ξw bew anyw fuzzyw GR-closedw setw containingw γ.w Sincew FGR-cl(γ)w isw thew fuzzyw intersectionw 

ofw allw fuzzyw GR-closedw setsw containingw γw i.ew FGR-cl(γ)w isw containedw inw everyw fuzzyw GR-closedw 

setw containingw γ.w Hencew FGR-cl(γ)w ≤w ξ. 

(4)w Letw γw andw ξw arew fuzzyw subsetsw ofw Xw suchw thatw γw ≤w ξ.w Byw thew definitionw ofw fuzzyw GR-

closure,w FGR-cl(ξ)w =w ∧{ψw :w ξw ≤w ψw ∈w FGRC(X)}.w Ifw ξw ≤w ψw ∈w FGRC(X),w thenw FGR-cl(ξ)w ≤w 

ψ.w Sincew γw ≤w ξ,w γw ≤w ξw ≤w ψw ∈w FGRC(X),w wew havew FGR-cl(γ)w ≤w ψ.w Thereforew FGR-cl(γ)w ≤w 

∧{ψw :w ξw ≤w ψw ∈w FGRC(X)}=FGR-cl(X).w Thatw isw FGR-cl(γ)w ≤w FGR-cl(ξ). 

(5)w Sincew FGR-cl(γ)w isw aw fuzzyw GR-closedw setw inw X.w Itw followsw thatw FGR-cl(FGR-cl(X))w =w X. 

Theoremw 6.3.w Letw γw andw ξw arew fuzzyw subsetsw ofw X,w thenw FGR-cl(γw ∨w ξ)w =w FGR-cl(γ)∨w FGR-

cl(ξ).w Proof.w Letw γw andw ξw arew fuzzyw subsetsw ofw X.w Clearlyw γw ≤w γw ∨w ξw andw ξw ≤w γw ∨w ξ.w 

Wew havew byw thew Theoremw 6.2(iv),w FGR-cl(γ)w ≤w FGR-cl(γw ∨w ξ)w andw FGR-cl(ξ)w ≤w FGR-cl(γw ∨w 

ξ).w Thisw impliesw FGR-cl(γ)∨w FGR-cl(ξ)w ≤w FGR-cl(γw ∨w ξ)...(i).w Noww tow provew thatw FGR-cl(γw ∨w 

ξ)w ≤w FGR-cl(γ)∨w FGR-cl(ξ).w w Letw xw ∈w FGR-cl(γw ∨w ξ)w andw xw w FGR-cl(γ)∨w FGR-cl(ξ).w Thenw 

therew existsw fuzzyw GR-closedw setsw γ1w andw ξ1w withw γw ≤w γ1,w ξw ≤w ξ1w andw xw w γ1w ∨w ξ1.w Wew 

havew γw ∨w ξw ≤w γ1w ∨w ξ1w andw γ1w ∨w ξ1w isw aw fuzzyw GR-closedw setw byw Theoremw 6.2,w suchw 

thatw xw w γ1w ∨w ξ1.w w Thusw xw w w FGR-cl(γw ∨w ξ)w whichw isw contradictionw tow xw ∈w FGR-cl(γw 

∨w ξ).w Hencew FGR-cl(γw ∨w ξ)w ≤w FGR-cl(γ)∨w FGR-cl(ξ)...(ii).w Fromw (i)w andw (ii),w wew havew FGR-

cl(γw ∨w ξ)=w FGR-cl(γ)∨w FGR-cl(ξ). 

Theoremw 6.4.w Letw γw andw ξw arew fuzzyw subsetsw ofw X,w thenw FGR-cl(γw ∧w ξ)w ≤w FGR-cl(γ)w ∧w 

FGR-cl(ξ).w  

Proof.w Letw γw andw ξw arew fuzzyw subsetsw ofw X.w Clearlyw γw ∧w ξw ≤w γw andw γw ∧w ξw ≤w ξ.w Wew 

have,w byw Theoremw 6.2(iv),w FGR-cl(γw ∧w ξ)w ≤w FGR-cl(γ)w andw FGR-cl(γw ∧w ξ)w ≤w FGR-cl(ξ).w Thisw 

impliesw FGR-cl(γw ∧w ξ)w ≤w FGR-cl(γ)w ∧w FGRcl(ξ). 

Remarkw 6.1.w Inw generalw FGR-cl(γ)∧w FGR-cl(ξ)w ≮w FGR-cl(γw ∧w ξ),w asw seenw fromw thew followingw 

example. 

Examplew 6.1.w Considerw Example,w δ,w q,w δw ∧w qw =w ξ,w FGR-cl(δ)w =w ψ,w FGR-cl(q)w =w q,w FGR-w 

cl(δw ∧q)w =w ξw andw FGR-cl(δ)w ∧w FGR-cl(q)w =w q.w Thereforew FGR-cl(δ)∧w FGR-cl(q)w ≮w GR-cl(δw 

∧q).w Theoremw 6.5.w Letw γw bew aw fuzzyw subsetw ofw Xw andw xw ∈w X.w Thenw xw ∈w FGR-cl(γ)w ifw 

andw onlyw ifw δw ∧w γw ƒ=w Øw forw everyw fuzzyw GR-openw setw δw containingw x. 

Proof.w Letw xw ∈w Xw andw xw ∈w FGR-cl(γ).w Tow provew thatw δw ∧w γw ƒ=w Øw forw everyw fuzzyw GR-

openw setw δw containingw x.w Provew thew resultsw byw contradiction.w Supposew therew existsw aw fuzzyw GR-

openw setw δw containingw xw suchw thatw δw ∧w γw =w Ø.w Thenw γw ≤w 1w −w δw andw 1w −w δw isw fuzzyw 

GR-closedw set.w Wew havew FGR-cl(γ)w ≤w 1w −w δ.w Thisw showsw thatw xw w FGR-cl(γ),w whichw isw aw 

contradiction.w Hencew δw ∧w γw ƒ=w Øw forw everyw fuzzyw GR-openw setw δw containingw x. 

Conversely,w letw δw ∧w γw ƒ=w Øw forw everyw fuzzyw GR-openw setw δw containingw x.w Tow provew thatw xw 

∈w FGR-w cl(γ).w Wew provew thew resultw byw contradiction.w Supposew xw w FGR-cl(γ).w Thenw therew 

existsw aw fuzzyw GR-closedw subsetw ξw containingw γw suchw thatw xw w ξ.w w Thenw xw ∈w 1w −w ξw andw 

1w −w ξw isw fuzzyw GR-openw set.w Alsow (1w −w ξ)w ∧w γw =w Ø,w whichw isw aw contradiction.w Hencew xw 

∈w FGR-cl(γ). 

Definitionw 6.2.w Letw Xw bew fuzzyw topologicalw spacew andw τFGRw =w {δw ≤w X:w FGR-cl(δc)w =w δc}.w 

τFGRw isw fuzzyw topologyw onw X. 

Lemmaw 6.1.w Letw γw bew aw fuzzyw subsetw ofw aw fuzzyw spacew x.w Thenw  

(i)w 1−(FGR-int(γ))w =w FGR-cl(1w −w γ).w  

(ii)w FGR-int(γ)w =w 1−(FGR-cl(1w −γ)).w  

(iii)w FGR-cl(γ)w =w 1−(FGR-int(1w −w γ)). 
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Proof.w Letw xw w ∈w 1−(FGR-int(γ)).w Thenw xw ∈/w w FGR-int(γ).w w Thatw isw everyw fuzzyw GR-openw setw 

ξw containingw xw isw suchw thatw ξw ¢w γ.w Thatw isw everyw fuzzyw GR-openw setw ξw containingw xw isw 

suchw thatw ξw ∧w (1w −w γ)w ƒ=w Ø.w Byw thew Theorem,w xw ∈w FGR-cl(1w −w γ)w andw thereforew 1−(FGR-

int(γ))w ≤w FGR-w cl(1w −w γ). 

Conversely,w letw xw ∈w FGR-cl(1w −w γ),w Thenw byw Theorem,w everyw fuzzyw GR-openw setw ξw containingw 

xw isw suchw thatw ξw ∧w (1w −w γ)w ƒw =w Ø.w Thatw isw everyw fuzzyw GR-openw setw ξw containingw xw isw 

suchw thatw ξw ≮w Mw .w Byw definitionw ofw fuzzyw GR-interiorw ofw γ,w xw w FGR-int(γ).w Thatw isw xw ∈w 

1−(FGR-int(γ))w andw FGR-cl(1w −w γ)w ≤w 1−(FGR-int(γ)).w Thusw 1−(FGR-int(γ))w =w FGR-cl(1w −w γ). 

Followsw byw takingw complementsw inw (i). 

Followsw byw replacingw γw byw 1w −w γw inw (i). 

VII. FUZZYW GR-CONTINUOUSW MAPSW ANDW THEIRW PROPERTIES 

Wew introducew aw neww classw ofw fuzzyw mapsw calledw fuzzyw Generalizedw Regularw (briefly,w fuzzyw 

GR-w continuous)w mapsw andw discussw theirw characterizations. 

Definitionw 7.1.w Aw fuzzyw mapw fw :w Xw →w Yw isw saidw tow bew fuzzyw Generalizedw Regularw 

continuousw (briefly,w fuzzyw GR-continuous)w ifw thew inversew imagew ofw everyw fuzzyw closedw setw inw Yw 

isw fuzzyw GR-closedw setw inw X. 

Theoremw 7.1.w Aw fuzzyw mapw fw :w Xw →w Yw isw fuzzyw GR-continuousw ifw andw onlyw ifw thew inversew 

imagew ofw aw fuzzyw openw setw inw Yw isw fuzzyw GR-openw setw inw X. 

Proof. w Letw fw :w Xw →w Yw bew fuzzyw GR-continuousw andw γw bew aw fuzzyw openw setw inw Y.w Thenw 

γcw isw fuzzyw closedw setw inw X.w w Sincew fw isw fuzzyw GR-continuous,w f−1(γc)w isw fuzzyw GR-closedw 

inw X.w w Butw f−1(γc)w =w (f−1(γ))cw andw sow f−1(γ)w isw fuzzyw GR-openw setw inw X. 

Conversely,w assumew thatw f−1(γ)w isw fuzzyw GR-openw setw inw Xw forw eachw fuzzyw openw setw γw inw Y.w 

Letw δw bew aw fuzzyw closedw setw inw Yw andw f−1(δc)w isw fuzzyw GR-openw setw inw X.w Sincew f−1(δc)w =w 

(f−1(δ))c.w Thatw isw f−1(δ)w isw fuzzyw GR-closedw inw X.w Thereforew fw isw fuzzyw GR-continuous. 

Theoremw 7.2.w Ifw aw fuzzyw mapw fw :w Xw →w Yw isw fuzzyw completelyw continuous,w thenw itw isw fuzzyw 

GR-continuous. 

Proof.w Letw fw :w Xw →w Yw bew aw fuzzyw completelyw continuousw map.w Letw ψw bew aw anyw fuzzyw 

closedw setw inw Y.w Sincew fw isw fuzzyw completelyw continuous,w f−1(ψ)w isw fuzzyw regularw closedw setw inw 

X.w w Byw Theorem,w everyw fuzzyw regularw closedw setw isw fuzzyw GR-closedw setw inw X.w f−1(ψ)w isw 

fuzzyw GR-closedw setw inw X.w Thereforew fw isw fuzzyw GR-continuous.w Butw conversew ofw thew theoremw 

needw notw bew true. 

Examplew 7.1.w Fromw Examplew 3.3,w τw =w {0,w 1X,w α,w β,w γ,w δ,w s}w andw σw =w {0,w 1Y,w α,w β,w γ,w 

s}.w Letw fw :w Xw →w Yw bew definedw byw fw (x)w =w y,w fw (y)w =w z,w fw (z)w =w zw andw fw (w)w =w 

w.w Thenw fw isw GR-continuousw butw notw completelyw continuous,w asw inversew imagew ofw GR-closedw setw 

ψw inw Yw isw qw whichw isw notw regularw closedw setw inw X. 

Theoremw 7.3.w Ifw aw fuzzyw mapw fw :w Xw →w Yw isw fuzzyw GR-continuous,w thenw itw isw fuzzyw 

continuous.w Proof.w Letw fw :w Xw →w Yw bew aw fuzzyw GR-continuousw map.w Letw ψw bew anyw fuzzyw 

closedw setw inw Y.w Sincew fw isw fuzzyw GR-continuous,w f−1(ψ)w isw fuzzyw GR-closedw setw inw X.w Byw 

Theorem,w everyw fuzzyw GR-closedw setw isw fuzzyw closedw setw inw X.w f−1(ψ)w isw inw X.w Thereforew fw 

isw fuzzyw GR-continuous. 

Thew conversew ofw thew abovew theoremw needw notw bew true. 

Examplew 7.2.w Letw Xw =w Yw =w {x,w y,w z,w w};w Iw =w [0,w 1]w andw thew functionw α,w β,w γ,w λ,w ψ,w 

ξ,w sw :w Xw →w Iw bew definedw asw α(x)w =w {(x,w 1)},w β(x)w =w {(y,w 2)},w γ(x)w =w {(x,w 1),w (y,w 2)},w 

λ(x)w =w {(y,w 2),w (z,w 3)},w ψ(x)w =w {(y,w 2),w (w,w 4)},w ξ(x)w =w {(z,w 3),w (w,w 4)},w andw s(x)w =w 

{(x,w 1),w (y,w 2),w (z,w 3)}.w w Noww τw =w {0,w 1,w α,w β,w γ,w s}.w Letw Xw =w Yw =w {1,w 2,w 3,w 4}w 

bew withw topologiesw τw =w {0,w 1X,w α,w λ,w s}w andw σw =w {0,w 1Yw ,w α,w β,w γ,w s}.w Letw fw :w Xw →w 

Yw bew definedw byw fw (x)w =w w,w fw (y)w =w z,w fw (z)w =w yw andw fw (w)w =w w.w Thenw fw isw 

continuousw butw notw GR-continuous,w asw inversew imagew ofw closedw setw ξw inw Yw isw ψw itw isw notw 

GR-closedw setw inw X. 
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Definitionw 7.2.w Aw fuzzyw mapw fw :w Xw →w Yw isw saidw tow bew fuzzyw Generalizedw Regularw openw 

(briefly,w fuzzyw GR-open)w ifw thew imagew ofw everyw fuzzyw openw setw inw Xw isw fuzzyw GR-openw setw 

inw Y. 

Theoremw 7.4.w Ifw aw fuzzyw mapw fw isw fuzzyw GR-openw map,w thenw itw isw fuzzyw openw map. 

Proof.w Letw fw :w Xw →w Yw bew aw fuzzyw GR-openw map.w Letw ξw bew anyw fuzzyw openw setw inw X.w 

Sincew fw isw fuzzyw GR-open,w fw (ξ)w isw fuzzyw GR-openw setw inw Y.w Byw Theorem,w everyw fuzzyw GR-

openw setw isw fuzzyw openw setw inw Y.w fw (ξ)w isw fuzzyw openw setw inw Y.w Thereforew fw isw fuzzyw 

openw map. 

Definitionw 7.3.w w Aw fuzzyw mapw fw isw saidw tow bew fuzzyw Generalizedw Regularw homeomorphismw 

(briefly,w fuzzyw GR-homeomorphism)w ifw thew fw isw fuzzyw GR-continuousw andw fuzzyw GR-openw map. 

Theoremw 7.5.w Everyw fuzzyw GR-homeomorphismw isw fuzzyw homeomorphism. 

Proof.w Letw fw :w Xw →w Yw bew aw fuzzyw GR-homeomorphism,w i.e.w fw isw fuzzyw GR-continuousw andw 

fuzzyw GR-openw map.w Sincew everyw fuzzyw GR-continuousw isw fuzzyw continuousw mapw andw fuzzyw GR-

openw mapw isw fuzzyw openw map.w Thereforew fw isw fuzzyw continuousw andw fuzzyw openw map.w Hencew fw 

isw fuzzyw GR-homeomorphism. 
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