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ABSTRACT: In this paper a new class of separation axioms in topological spaces is used in gn-closed sets. The
concept of gn-Tk spaces for k = 0, 1, 2, gn-Dxk spaces for k = 0, 1, 2 and gn-R« spaces for k = 0, 1 and some of their
properties are investigated.
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1. INTRODUCTION

In recent years a number of generalizations of open sets have been developed by many mathematicians. In 1963,
Levine [5] introduced the notion of semi-open sets in topological spaces. In 1984, Andrijevic [1] introduced some
properties of the topology of a-sets. In 2016, Sayed and Mansour introduced [6] new near open set in Topological
Spaces. The aim of this paper is to introduce new types of separation axioms [2, 3, 4, 7] via gn-open sets, and
investigate the relations among these concepts.

2. PRELIMINARIES

Definition : 2.1

A subset A of topological space (X, 1) is called

(i) n-open set if A < int (cl(int(A))) U cl (int (A)), n-closed set if cl (int (cl (A))) N int(cl(A)) € A.
(ii) gn-closed set if ncl(A) < U whenever A € U and U is open in (X, 1).

Definition : 2.2

A topological space (X, 1) is said to be

(i) gn-To if for each pair of distinct points X, y in X, there exists a gn-open set U such that either x € Uand y ¢ U or
xg¢UandyeU.

(if) gn-Ty if for each pair of distinct points x, y in X, there exist an two gn-open sets U and V such that x € U buty ¢
Uandy e Vbutx & V.

(iii) gn-T. if for each pair of distinct points x, y in X, there exist an two disjoint gn-open sets U and V containing x
and y respectively.

Example :2.3
(i) Let X ={a, b, c} with the topology 7 = {X, ¢, {b, c}}. Here gn-open sets are {X, ¢, {b}, {c}, {b, c}}. Since for
the distinct points {b} and {c}, there exist a gn-open set U={b}suchthatbe Uandcg¢ UorU =

{c}suchthatb & U and c € U. Therefore X is gn-To space.

(ii) Let X = {a, b, c} with the topology 7 = {X, ¢, {a}}. Here gn-open sets are {X, o, {a}, {b}, {c}, {a, b}, {a, c}}.
For the distinct points {a} and {c} there exist an two gn-open sets U = {a} and V = {c} such thata €e Ubutc ¢ U
and a ¢ V but ¢ € V. In a similar manner for any two distinct points gn-open sets may be found out. Therefore X is
gn-T1 space.

(iii) Let X = {a, b, c} with the topology = = {X, o, {a}}. Here gn-open sets are {X, o, {a}, {b}, {c}, {a, b}, {a, c}}.
Since for the distinct points {a} and {c} there exist an two disjoint gn-open sets U = {a} and V = {c} containing {a}
and {c} satisfying gn-T. conditions. And this is true for other pairs of distinct points. Therefore X is gn-T2 space.
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Remark : 2.4 Let (X, t) be a topological space, then the following statements are true:
(i) Every gn-T2 space is gn-Ti.
(ii) Every gn-T1 space is gn-To.

Theorem :2.5 A topological space (X, t) is gn-To if and only if for each pair of distinct points x, y of X, gn-cl({x})
# gn-cl({y}).

Proof:

Necessity: Let (X, 1) be a gn-To space and X, y be any two distinct points of X. There exists a gn-open set U
containing x or y, say x but not y. Then X — U is a gn-closed set which does not contain x but contains y. Since gn-
cl({y}) is the smallest gn-closed set containing y, gn-cl({y}) € X — U and therefore x & gn-cl({y}). Consequently
gn-cl({x}) = gn-cl({y}).

Sufficiency: Suppose that X, y € X, x # y and gn-cl({x}) # gn-cl({y}). Let z be a point of X such that z € gn-
cl({x}) but z & gn-cl({y}). We claim that x & gn-cl({y}). For if x € gn-cl({y}) then gn-cl({x}) S gn-
cl({y}). This contradicts the fact that z & gn-cl({y}). Consequently x belongs to the gn-open set X — gn-cl({y}) to
which y does not belong to. Hence (X, 1) is a gn-To space.

Theorem : 2.6 In a topological space (X, t), if the singletons are gn-closed then X is gn-T1 space and the
converse is true if gn-O(X, 1) is closed under arbitrary union.
Proof: Let {z} is gn-closed for every z € X. Let x, y € X with x # y. Now x # y implies y €

X —{x}. Hence X — {x} is a gn-open set that contains y but not x. Similarly X — {y} is a gn-open set containing x
but not y. Therefore X is a gn-T1 space.

Conversely, let (X, 1) be gn-T1 and x be any point of X. Choose y € X — {x} then x # yand so there exists a gn-
open set U such thaty € U but x & U. Consequentlyy € U © X—{x} thatisX - {x} =u {Uy:ye X-{x}}
which is gn-open. Hence {x} is gn-closed.

Theorem : 2.7 Let (X, 1) be atopological space, then the following statements are true:

(i) X'is gn-T2.

(i) Let x € X. For each y # X, there exists a gn-open set U containing x such that y ¢ gn-cl{U}).

(iii) Foreach x € X, N{ gn-cl({U}) : U e gn-O(X, 1) and x € U } = {x}.

Proof:(i) = (ii) Let x € X, and for any y € X such that x # y, there exist disjoint gn-open sets U and V containing x
and y respectively, since X is gn-T2. So U € X — V. Therefore, gn-cl{U}) € X-V.Soy € gn-
cl({U}).

(if) = (iii) If possible for some y # x, y € N{ gn-cl{U }) : U € gn-O(X, t) and x € U }. This implies y € gn-
cl({U}) for every gn-open set U containing X, which contradicts (ii). Hence N{ gn-cl({U }) : U € gn-O(X, 1) and
x € U} = {x}.

(iii) = (i) Letx,y € X and x # y. Then there exists a gn-open set U containing x such that y & gn-cl({U}). Let V =
X —gn-cl({U}), theny € Vand x € U and also U N V = ¢. Therefore X is gn-T>.

Definition : 2.8 A subset A of a topological space X is called a gn-difference set (briefly gn-D set) if there exists U,
V € gn-O(X, t)such thatU = Xand A=U-V.

Theorem : 2.9 Every proper gn-open set is a gn-D set.
Proof: Let U be a gn-open set different from X. Take V = ¢. Then U = U — V is a gn-D set. But, the converse is not
true as shown in the following example.

Example :2.10 Let X = {a, b, ¢} with 7 = {X, o, {a}, {c}, {a, c}}. Here gn-O(X, 7) = {X, g, {a}, {c}, {a b}, {a c},
{b, c}}, then U ={a, b}= X and V = {a, c} are gn-open setsin X. Let A=U -V ={a, b} - {a, c}={b}. Then A=
{b} is a gn-D set but it is not gn-open.

Definition : 2.11 A topological space (X, t) is said to be

(i) gn-Dy if for any pair of distinct points x and y of X there exists a gn-D set of X containing x but noty or a gn-D
set of X containing y but not x.

(i) gn-D if for any pair of distinct points x and y of X there exists a gn-D set of X containing x but not y and a gn-
D set of X containing y but not x.
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(iii) gn-D- if for any pair of distinct points x and y of X there exists two disjoint gn-D sets of X containing x and y,
respectively.
Remark :2.12 For a topological space (X, t), the following properties hold:

(i) If (X, 1)isgn-Tk,thenitis gn-Dx, fork=0,1, 2.

(if) If (X, 1) is gn-D«, then it is gn-Dy.1 fork =1, 2.

(iii)
Theorem :2.13 A topological space (X, 1) is gn-Do if and only if it is gn-To .
Proof: Suppose that X is gn-Do. Then for each distinct pair x, y € X, at least one of x, y say X, belongs to a gn-D set
P buty & P. As P is gn-D set, P can be writtenas P=U 1 - U, where U; = Xand Uy, U, € gn-O(X, 1). Thenx € U
1, and fory & P we have two cases: () y € U4, (i) ye Uiandy € Ua. Incase (i), x e Ubuty & U. In case (ii),y €
U.but x € U, .Thus in both the cases, we obtain that X is gn-To.
Conversely, if X is gn-To, by Remark 2.12 (i) X is gn-Do.

Theorem : 2.14 Suppose gn-O(X, 1) is closed under arbitrary union, then X is gn-D; if and only if it is gn-D..
Proof:
Necessity: Let X, y € X and x # y. Then there exist a gn-D sets P1, P in X suchthat x eP 1,y ¢ Prandy € P, X &
P, Let P = Uy — Uzand P, = Us— Ug, Where Us, Uz, Usand Uas are gn-open sets in X. From x & P», the following
two cases arise: Case (i): x & Us. Case (ii): x € Usand X € Usa.
Case (i): x ¢ Us. By y & P1we have two sub cases:
(@ y &U;. Since x € U — Uy, it follows that x € U; — (U2 U Us), and since y € Us— Uswe
havey € Us— (U1 U Uys),and (U1 — (U2UU3z)) N (Us— (U1uUs)) =0.
(b) yeUandy € U,. Wehave x € Ui — U, andy € U, and (U1 —Uz) N U= .
Case (ii): x € Uzand x € Us. We have y € Uz — Uy, and x € Us. Hence (Us — Us) N Us = . Thus both case (i) and in
case (ii), X is gn-Da.
Sufficiency: Follows from Remark 2.12(ii).
Corollary :2.15 If a topological space (X, 1) is gn-Dy, then it is gn-To.
Proof: Follows from 2.12 (ii) and Theorem 2.13.
Definition :2.16 A point x € X which has only X as the gn-neighbourhood is called a gn-neat point.
Proposition:2.17 For a gn-To topological space (X, t) which has at least two elements, the following are equivalent:
(i) (X, 1) isgn-D1 space.
(if) (X, t) has no gn-neat point.
Proof:(i) = (ii): Since (X, 1) is a gn-D; space, each point x of X is contained in a gn-D set A= U -V and thus in U.
By definition U # X. This implies that x is not a gn-neat point. Therefore (X, t) has no gn-neat point.
(if) = (i): Let X be a gn-To, then for each distinct pair of points x, y € X, atleast one of them, x (say) has a gn-
neighbourhood U containing x and not y. Thus U which is different from X is a gn-D set. If X has no gn-neat point,
then y is not gn-neat point. This means that there exists a gn-neighbourhood V of y such that V # X. Thusy € V —
U but not x and V — U is agn-D set. Hence X is gn-Da.

Definition :2.18 A topological space (X, t) is said to be gn-symmetric if for any pair of distinct points x and y in X,
x € gn-cl({y}) implies y € gn-cl({x}).

Theorem :2.19 If (X, 1) is a topological space, then the following are equivalent:

(i) (X, 1) is agn-symmetric space.

(if) {x} is gn-closed, for each x € X.
Proof:(i) = (ii): Let (X, 1) be a gn-symmetric space. Assume that {x} € U € gn-O(X, 1), but gn-cl({x}) ¢ U. Then
gn-cl({x}) n (X-U) # ¢. Now, we take y € gn-cl({x}) n (X = U), then by hypothesis x € gn-cl({y}) <
X —U thatis, x € U, which is a contradiction. Therefore {x} is gn-closed, for each x € X.

(iif) = (i) Assume that x € gn-cl({y}), buty €& gn-cl({x}). Then {y} € X — gn-cl({x}) and hence gn-cl({y}) <

X —gn-cl({x}). Therefore x € X — gn-cl({x}), which is a contradiction and hence y € gn-cl({x}).

(iv)
Corollary :2.20 Let gn-O(X, t)be closed under arbitrary union. If the topological space (X, t) is a gn-T1 space, then
it is gn-symmetric.
Proof: In a gn-T1 space, every singleton set is gn-closed by theorem 2.6 therefore, by theorem 2.19, (X, 1) is gn-
symmetric.
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Corollary :2.21 If a topological space (X, t) is gn-symmetric and gn-To, then (X, 1) is gn-T1 space.

Proof: Let x # y and as (X, 1) is gn-To, we may assume that x € U € X — {y}for some U € gn-O(X,
7). Then x & gn-cl({y}) and hence y & gn-cl({x}). There exists a gn-open set V such that y € V € X — {x} and thus
(X, 1) isa gn-Tz space.

Corollary : 2.22 For a gn-symmetric space (X, t), the following are equivalent:
(i) (X, 7)isgn-To space.
(if) (X, t) is gn-D1 space.
(ii) (X, 1) is gn-T1 space.
Proof: (i) = (iii): Follows from Corollary 2.21.
(iv) = (ii) = (i): Follows from Remark 2.12 and Corollary 2.15.

Definition :2.23 A topological space (X, t) is said to be gn-Ro if U is a gn-open set and x € U then gn-cl({x}) € U.
Theorem : 2.24 For a topological space (X, t) the following properties are equivalent:

(i) (X, ) is gn-Ro space.

(if) Forany P € gn-C (X, 1), x € P impliesP € U and x & U for some Ue gn-O (X, 7).

(iif) Forany P € gn-C (X, 1), X & P implies P N gn-cl({x}) = ¢.

(iv) For any two distinct points x and y of X, either gn-cl({x}) = gn-cl({y}) or gn-cl({x}) n gn-

cl{y}) = o.

Proof: (i) = (ii) Let P € gn-C(X, 1) and x & P. Then by (1), gn-cl({x}) € X-P.SetU = X —gn-cl({x}), then U
is a gn-open set such thatP c Uand x ¢ U.
(if) = (iii) Let P € gn-C(X, 1) and x & P. There exists U € gn-O(X, 1) such that P < U and x ¢ U. Since U € gn-O
(X, 1), Ungn-cl({x}) = ¢ and P N gn-cl({x}) = o.
(iii) = (iv) Suppose that gn-cl({x}) # gn-cl({y}) for two distinct points x, y € X. There exists z € gn-cl({x}) such
that z & gn-cl({y}) [or z € gn-cl({y}) such that z ¢ gn-cl({x})]. There exists V € gn-O(X, t) such thaty ¢ V and z
€V, hence x € V. Therefore, we have x ¢ gn-cl({y}). By (iii), we obtain gn-cl({x}) n gn-cl({y}) = o.
(iv) = (i) Let V € gn-O(X, 1) and x € V. Foreachy ¢ V, x #y and x ¢ gn-cl({y}). This shows that gn-cl({x}) #
gn-cl({y}). By (iv), gn-cl({x}) n gn-cl({y}) = ¢ for each y € X =V and hence gn-cl({x}) n [U gn-
cl({y}) : y € X =V ]=o. On the other hand, since V € gn-O(X, 1) and y € X — V, we have gn-cl({y}) € X -V and
hence X — V =U {gn-cl({y}) : y € X — V}. Therefore, we obtain (X — V) ngn-cl({x}) = ¢ and gn-cl({x}) € V.
This shows that (X, t) is a gn-Ro space.

Theorem : 2.25 If a topological space (X, 1) is gn-To space and a gn-Ro space then it is gn-T1 space.

Proof: Let x and y be any two distinct points of X. Since X is gn-To, there exists a gn-open set U such that x e U
andy ¢ U. Asx € U, gn-cl({x}) € U as X is gn-Ro space. Since y& U, soy & gn-cl({x}). Hencey e V =
X —gn-cl({x}) and it is clear that x € V. Hence it follows that there exist gn-open sets U and V containing x and y
respectively, such that y ¢ U and x & V. This implies that X is gn-T1 space.

Theorem : 2.26 For a topological space (X, 1) the following properties are equivalent:

(i) (X, 1) is gn-Ro space.

(i) x € gn-cl({y}) if and only if y € gn-cl({x}), for any two points x and y in X.

Proof: (i) = (ii) Assume that X is gn-Ro. Let x € gn-cl({y}) and V be any gn-open set such that y € V. Now by
hypothesis, x € V. Therefore, every gn-open set which contain y contains x. Hence y € gn-cl({x}).

(if) = (i) Let U be a gn-open set and x € U. If y¢ U, then x & gn-cl({y}) and hence y & gn-cl({x}). This
implies that gn-cl({x}) € U. Hence (X, 1) is gn-Ro space.

Remark :2.27 From Definition 2.18 and Theorem 2.26 the notion of gn-symmetric and gn-Ro are equivalent.
Theorem : 2.28 A topological space (X, ) is gn-Ro space if and only if for any two points x and y in X, gn-cl({x})

# gn-cl({y}) implies gn-cl({x}) N gn-cl({y}) = .

Proof:
Necessity: Suppose that (X, t) is gn-Ro and x and y € X such that gn-cl({x}) # gn-cl({y}). Then, there exists z €
gn-cl({x}) such that z & gn-cl({y}) [or z € gn-cl({y}) such that z & gn-cl({x})]. There exists V € gn-O

(X, 1) such thaty ¢ V and z € V, hence x € V. Therefore, we have x & gn-cl({y}). Thus x € [ X — gn-cl({y}) ] € gn-
O (X, 1), which implies gn-cl({x}) € [X—gn-cl({y}) ] and gn-cl({x}) N gn-cl({y}) =o.
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Sufficiency: Let V € gn-O (X, 1) and let x € V. To show that gn-cl({x}) € V. Lety ¢ V, thatisy € X-V. Then x #

yand x € gn-cl({y}). This shows that gn-cl({x}) # gn-cl({y}). By assumption, gn-cl({x}) n gn-cl({y}) = ¢. Hence
y & gn-cl({x})and therefore gn-cl({x}) < V. Hence (X, t) is gn-Ro space.

Definition:2.29 A topological space (X, t) is said to be gn-R: if for X, y in X with gn-cl({x}) # gn-cl({y}), there
exist disjoint gn-open sets U and V such that gn-cl({x})< U and gn-cl({y}) € V.

Theorem : 2.30 A topological space (X, 1) is gn-Ri space if it is gn-T» space.

Proof: Let x and y be any two points X such that gn-cl({x}) # gn-cl({y}). By remark 2.4 (i), every gn-T- space is
gn-T1 space. Therefore, by theorem 2.6, gn-cl({x}) = {x}, gn-cl({y}) = {y} and hence {x} # {y}.
Since (X, 1) is gn-To, there exist a disjoint gn-open sets U and V such that gn-cl({x}) = {x} € U and gn-cl({y}) =
{y} € V. Therefore (X, 1) is gn-R:1 space.

Theorem : 2.31 If a topological space (X, 1) is gn-symmetric, then the following are equivalent:

(i) (X, 7)isgn-T2space.

(if) (X, 1) is gn-R1 space and gn-T; space.

(iii) (X, 1) is gn-R1 space and gn-To space.
Proof: (i) = (ii) and (ii) = (iii) obvious.
(iii) = (i) Let x, y € X such that x # y. Since (X, t) is gn-To space. By theorem 2.5, gn-cl({x}) # gn-
cl({y}), since X is gn-R, there exist disjoint gn-open sets U and V such that gn-cl({x}) € U and gn-cl({y}) € V.
Therefore, there exist disjoint gn-open set U and V such that x € U and y € V. Hence (X, 1) is gn-T2 space.

Remark :2.32 For a topological space (X, t) the following statements are equivalent.
(i) (X, 1) is gn-R1 space.
(if) 1fx, y € X such that gn-cl({x}) # gn-cl({y}), then there exist gn-closed sets P; and P, such that x € P1, y
€P1,yEP,XEPy,and X=P1UP».

(iii)
Theorem : 2.33 A topological space (X, 1) is gn-R1 space, then (X, 1) is gn-Ro space.
Proof: Let U be a gn-open such that x € U. If y ¢ U, then x & gn-cl({y}), therefore gn-cl({x}) # gn-
cl({y}). So, there exists a gn-open set V such that gn-cl({y}) € V and X & V, which implies y& gn-cl({x}).

Hence gn-cl({x}) < U. Therefore, (X, 1) is gn-Ro space.

Theorem:2.34 A topological space (X, t) is gn-R1 space if and only if x € X —gn-cl({y}) implies that x and y have
disjoint gn-open neighbourhoods.

Proof:

Necessity: Let (X, 1) be a gn-Ri space. Let x € X — gn-cl({y}). Then gn-cl({x}) # gn-cl({y}), so x
and y have disjoint gn-open neighbourhoods.

Sufficiency: First to show that (X, 1) is gn-Ro space. Let U be a gn-open set and x € U. Suppose that y & U. Then,
gn-cl({y}) n U= ¢ and x & gn-cl({y}). There exist a gn-open sets Ux and Uy such that x € Uy, y € Uy and and Uy N
Uy = 9. Hence, gn-cl({x}) < gn-cl({Ux }) and gn-cl({x}) n Uy € gn-cl({Ux}) N Uy = o. [For since Uy
is gn-open set, U, is gn-closed set. So gn-cl{U,}) = U,% Also since Uy N Uy, = ¢ and Uy € Uy. So
gn-cl{Ux}) € gn-cl({Uy°}). Thus gn-cl({Ux }) € Uy]. Therefore, yggn-cl({x}). Consequently, gn-cl({x}) < U and
(X, 1) is gn-Ro space. Next, (X, 1) is gn-R:1 space. Suppose that gn-cl({x}) # gn-cl({y}). Then, assume that there
exists z € gn-cl({x}) such that z ¢ gn-cl({y}). There exist a gn-open sets V, and Vy such that z € V,,
y € Vyand V;n Vy = o. Since z € gn-cl({x}), X € V,. Since (X, 1) is gn-Ro space, we obtain gn-cl({x}) € V., gn-
cl({y}) € Vy and V; n Vy = ¢. Therefore (X, 1) is gn-R1 space.
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