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1  Introduction
Smarandache’s neutrosophic framework have wide scope of constant applications for the fields of Computer Science,
Information Systems, Applied Mathematics, Artificial Intelligence, Mechanics, dynamic, Medicine, Electrical &
Electronic, and Management Science and so forth [1, 2, 3, 4, 19, 20]. Topology is an classical subject, as a
generalization topological spaces numerous kinds of topological spaces presented throughout the year. Smarandache
[13] characterized the Neutrosophic set on three segment Neutrosophic sets (T-Truth, F-Falsehood, I-Indeterminacy).
Neutrosophic topological spaces (nts’s) presented by Salama and Alblowi [10]. Lellies Thivagar et al. [8] was given
the geometric existence of N topology, which is a non-empty set equipped with N arbitrary topologies. Lellis Thivagar
et al. [9] introduced the notion of Ny-open (closed) sets in N neutrosophic crisp topological spaces. Al-Hamido et al.
[5] investigate the chance of extending the idea of neutrosophic crisp topological spaces into N-neutrosophic crisp
topological spaces and examine a portion of their essential properties. In 2008, Ekici [6] introduced the notion of e-
open sets in topology. In 2020, Vadivel and John Sundar [16] introduced N-neutrosophic é-open, N-neutrosophic -
semiopen and Nneutrosophic 5-preopen sets are introduced. The purpose of this paper is to introduce and study the
notion of NncZ*0-sets. Also, some characterizations of these notions are presented.
2 Preliminaries
Salama and Smarandache [12] presented the idea of a neutrosophic crisp set in a set X and defined the inclusion
between two neutrosophic crisp sets, the intersection (union) of two neutrosophic crisp sets, the complement of a
neutrosophic crisp set, neutrosophic crisp empty (resp., whole) set as more then two types. And they studied some
properties related to nutrosophic crisp set operations. However, by selecting only one type, we define the inclusion,
the intersection (union), and neutrosophic crisp empty (resp., whole) set again and discover a few properties.
Definition 2.1 Let X be a non-empty set. Then H is called a neutrosophic crisp set (in short, ncs) in X if H has the
form
H = (Hq,H2,Hs), where Hi,H2, and Hs are subsets of X,
The neutrosophic crisp empty (resp., whole) set, denoted by ¢ (resp., Xn) is an ncs in X defined by ¢n= (¢ ,¢,X)
(resp.
Xn= (X,X,)). We will denote the set of all ncs’s in X as ncS(X).
In particular, Salama and Smarandache [11] classified a neutrosophic crisp set as the followings.
A neutrosophic crisp set H = (Hy,Hz2,Hs) in X is called a neutrosophic crisp set of Type 1 (resp. 2 & 3) (in short, ncs-
Type
1 (resp. 2 & 3) ), if it satisfies H1 N Ho=H>N H3=H3zN Hi=¢ (resp. HtN Ha=H> N H3=H3zN Hi1=¢ and H1U H,
UH3;=X&H1NHN Hz=¢ and H1 U Ha U Hz = X). ncS1(X) (ncS2(X) and ncSs(X)) means set of all ncs Type 1 (resp.
2 and 3).
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Definition 2.2 Let H = (H1,H2,Hs),M = (M1,M2,M3) € ncS(X). Then H is said to be contained in (resp. equal to) M,
denoted by H € M (resp. H = M), if H; € My,H, € Maand H3 2 Ms (resp. H S M and M € H), He= (H3, H5, Hy)
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HNM=(HI NMLH2 "M2,H3 U M3),HU M= (H1 U M1,H2 U M2,H3 N M3). Let (Aj)jed <ncS(X), where Hj=
(H;1,H;2,H;3). Then N H; (simply NH;) = (NH;1,NH;2,UH;3); U H; (simply UH;), = (UH;1,UH;2,NH;3).
jed jed
The following are the quick consequence of Definition 2.2.
Proposition 2.1 [7] Let L,M,0 € ncS(X). Then
(i) ¢nSLCXn,
(i) ifLcMand M c O, thenL € O,
(i) LNMcLandLNMCS M,
(v LeLuMandM S LU M,
(v) LeMiffLNM=L,
(vi) LEMIffLUM=M.
Likewise the following are the quick consequence of Definition 2.2.
Proposition 2.2 [7] Let L,M,O € ncS(X). Then
(i) LuL=L,LNL=L (Idempotent laws),
(i) LUuM=MUL,LNM=MN L (Commutative laws),
(iii)  (Associative laws) :LU(MuUO)=(LUM)uO,LN(MNO)=(LNM)NOQO,
(iv) (Distributive laws:) LUMNO)=(LUM)N(LUO),LN(MUO)=(LNM)u (LNO),
(v)  (Absorptionlaws): LU (LN M)=L,LN(LUM)=L,
(vi) (DeMorgan’s laws) : (L U M)*= LN M¢, (L N M)¢=L°U M,
(vii) (L%¢=1L,
(viil) @ LU @n=L, LN ¢n=¢n,
(b) LU Xa=Xn, LN Xn=L,
(©) Xi°=¢, p=Xn,
(d) ingeneral, L U L°=[] Xn, LNL=00 ¢
Proposition 2.3 [7] Let L € ncS(X) and let (L;)j€Jd S ncS(X). Then
M (ML) =UL (ULy)" = N,
(i) L N (UL = u(L NLy), L U (NLj) = N(L U Ly).
Definition 2.3 [11] A neutrosophic crisp topology (briefly, ncts) on a non-empty set X is a family z of nc subsets of X
satisfying the following axioms
(i) ¢n XnEr
(II) HiNH,etVH & HE 1.
(iii) UHa ez, forany{Hs:a€J} c .
a
Then (X;7) is a neutrosophic crisp topological space (briefly, ncts ) in X. The r elements are called neutrosophic crisp
open sets (briefly, ncos) in X. A ncs C is closed set (briefly, nccs) iff its complement C®is ncos.
Definition 2.4 [5] Let X be a non-empty set. Then nct1, nct2, -+, nczn are N-arbitrary crisp topologies defined on X and
the
N N
r={ACX:A=(UH)uU(N Ly _ .
j=1 j=t , HjLj € ncr} is called N neutrosophic crisp (briefly, Nnc)-

collection Ny
topology on
X if the axioms are satisfied:

M ‘ZQ" Xn € Npct.
" .‘191 4 eNnCT V{4 }?il € Nncr.

nj=1

(iii) N Aj € Nnct V {Aj}nj=1 € Nncr.
Then (X,Nnct) is called a Nnc-topological space (briefly, Nncts) on X. The Nnez elements are called Nnc-open sets (Nnc0S)
on X and its complement is called Nnc-closed sets (Nnccs) on X. The elements of X are known as Npc-sets (Nnes) on X.
Definition 2.5 [5] Let (X,Nnct) be Nncts on X and H be an Nncs on X, then the Ny interior of H (briefly, Nncint(H)) and
Nrc closure of H (briefly, Nnccl(H)) are defined as
(i)  Nrcint(H) =U{A: A H&AisaNn0sin X} & NneCl(H)=N{C:H S C & CisaNncsin X}.
(ii)  Nnc-regular open [14] set (briefly, Nncros) if H = Nncint(NncCl(H)).
(iii) Nnc-pre open set (briefly, NncPos) if H S Nncint(NncCl(H)).
(iv) Nnc-semi open set (briefly, NncSos) if H S NncCl(Nncint(H)).
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(v)  Nnc-a-open set (briefly, Nncaos) if H € Npcint(NncCl(Nncint(H))).

(Vi) Nne-y-open set[14] (briefly, Nncyos) if H S NncCl(Nncint(H)) U Nncint(Nnccl(H)).

(vii) Nnc-g-open set [15] (briefly, Nncfos) if H S NncCl(Nncint(Nnccl(H))).

The complement of an Nincros (resp. NncSos, NncP0s, Nncatos, Nngfos & Nicyos) is called an Nnc-regular (resp. Npc-semi,
Nne-pre, Nnc-at, Nine-f & Nnc-y) closed set (briefly, Nncrcs (resp. NncScs, NncPcs, Nncacs, Nngfes & Nicye)) in X.

The family of all Nncros (resp. Nncrcs, NncP0s, NncPcs, NncS0S, NneScS, Nncawos, Nincocs, NngBos, NngBes, Nncyos &
Nncyes,) of X is denoted by NncROS(X) (resp. NncRCS(X), NncPOS(X), NncPCS(X), NncSOS(X), NncSCS(X), Nnc OS(X),
NncOCCS(X), NncﬁOS(X), NncﬁCS(X), NchOS(X) & Nnc)’CS(X))

Definition 2.6 [16] A set H is said to be a
(i) Nnco interior of H (briefly, Nncdint(H)) is defined by Npcdint(H) = U{A : A € H & A is a Nncros}.
(ii) Nnco closure of H (briefly, Nncdcl(H)) is defined by Nncdcl(H) = U{Xx € X : Npcint(Nnccl(L)) NH=L ¢p, X EL &
L is a Nnc0S}-
Definition 2.7 [16] A set H is said to be a
(i)  Nnco-open set (briefly, Nncdos) if H = Nncdint(H).
(if) Nnco-pre open set (briefly, NncdPos) if H S Nncint(Nncdc/(H)).
(iii) Nnco-semi open set (briefly, NncdSos) if H S NncCl(Nncdint(H)).
(iv) Nnca open set (briefly, Nncaos) if H © Nucint(NncCl(Nncdint(H))).
(v) Nncdp-open set or Nnce*-open set (briefly, Nncdfos or Nnce*0S) if H © NincCl(Nncint(Nncdcl(H))).
The complement of an Nncdos (resp. NncoP0S, NncdS0S, Nnca0s & Nnce*0s) is called an Nncd (resp. Nnco-pre, Nnco-semi,
Nnca ) & Nnce* closed set (briefly, Nncocs (resp. NncdPcs, NncdScs, Nncd acs & Nnce*cs)) in'Y .

The family of all Nncdos (resp. Nncocs, NncdP0S, NncdPCS, NncdS0S, NncdScs, Nnca0s, Ninc acs, Nnce*0s & Nnce*cs ) of
X is denoted by NncdOS(X) (resp. NncdCS(X), NncdPOS(X), NncdPCS(X), NncdSOS(X), NncdSCS(X), NncaOS(X),
Nnc@CS(X), Nince*OS(X) & Nnce*CS(X)).

Definition 2.8 [17] Let H be an Nncs on a Nipcts X. Then H is said to be a
(i) Nnce-open (briefly, Nnceo) set if H € NncCl(Nncdinz(H)) U Nncint(Nncdc/(H)).
(i1) Nnce-closed (briefly, Nncec) set if NncCl(Nncoinz(H)) N Npcint(Nncoci/(H)) € H.
The complement of an Nnceo set is called an Nyce closed (briefly. Nncec) set in X. The family of all Nnceo (resp. Nncec)
set of X is denoted by NnceOS(X) (resp. NnceCS(X)). The Ny e-interior of H (briefly, Nnceint(H)) and Ny e-closure of
H (briefly, Nncecl(H)) are defined as Nnceint(H) = U{G : G € H and G is a Nnce0 set in X} & Nncecl(H)=N{F:H <
F and F is a Nncec set in X}.
Lemma 2.1 [16] Let A, B be two subsets of (X,Nncz). Then:
(i) Ais Nnco-open iff A = Nncints(A),
(if)  X\(Nncints(A)) = Nnccls(X\A) and Nicints(X\A) = X\(Nnccls(A)),
(iii) NncCl(A) € NncCls(A)( resp. Nicints(A) S Nicint(A)), for any subset A of X,
(iv) NncCls(A U B) = NncCls(A) U NncCls(B),Nncints(A N B) = Nicints(A) N Nincints(B).
Proposition 2.4 Let A be a subset of a space (X,Nncz). Then:
(i)  NneSCI(A) = A U Nicint(NncCl(A)),(Nncsint(A) = A N NncCl(Nrcint(A))
(i) Nnpcl(A) = A U NncCl(Nrcint(A)),Nncpint(A) = A N Npcint(Nnc€l(A)) (i) Npescls(X\A) = X\§ —
(Nncsint(A),Nncescls(A U B) S Ninescls(A) U Nnescls(B)
(iv) Nncpcls(X\A) = X\Nnepints(A),Nncpcls(A U B) € Nicpcls(A) U Nncpcls(B).
Lemma 2.2 [17] Let H be an Nxcs on a Nyets X. Then the following are hold.
(i) NncoPcl(H) = H U Nnccl(Nncoint(H)) and NncdPint(H) = H N Nicint(Nncdcl(H)),
(i1) NncoSint(H) = H N NncCl(Nncoint(H)) and NncdScl(H) = H U Nicint(Nncdcl(H)),
(iii) NncCl(Nncdint(H)) = Nicdcl(Nnedint(H)), (iv) Nncint(Nncdcl(H)) = Nicdint(Nncdcl(H)).
3 NncZ*-open sets and NncZ*-closed sets
Definition 3.1 Let (X,Nncz) be a Nicts. Let A be an Nies in (X,Nncz). Then A is said to be a
(i) NncZ=-open (briefly, NncZ*0) if A S NincCl(Nncint(A)) U Nicint(Nnccls(A)),
(if) NncZ*-closed (briefly, NncZ*c) if Nncint(NncCl(A)) N NncCl(Nncints(A)) S A.
The family of all NncZ*0 (resp. NncZ*c ) subsets of a space (X,Nncz) will be as always denoted by NncZ*OS(X) (resp.
NncZ*CS(X)).
Remark 3.1 The following holds for a space (X,Nnct).
(i) Every Nncyo (resp. Nnceo) set is NncZ*0,
(if) Every NncZ*0 set is Nnce*o.
But not conversely.
Remark 3.2 The following diagram holds for a Ny set of a Nycts X:
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NnCO NncO(O NncSO Nncyo Nncﬂo

|

NncZ:O ’ Nnce:O

Nucoo > Nncao > NpcoPo — N,,.e0

Example 3.1 Let X = {ab,c,d}, nct1 = {PpnXNAB,CD}, etz = {dpn,XNEF}. A = ({a}{¢p}{b,cd}), B =
({cr{o}{abd}) C=({ac}{¢}{bd}) D = ({acd}{s}{b}). E = ({ab}{p}{cd}) F={abck{p}.{d})
then we have 2nct = {¢n,XN,A,B,C,D,E,F}. The set

(i) ({b,c}{¢}.{a.d}) is a 2,.Z*0s but not 2ncyos.

(i) ({a,d}.{¢}.{b,c}) is a 2ncZ*0s but not 2,.e0s.

(iii) ({b,d}.{¢ }.{a.c}) is a 2nce*0s but not 2,.2*0s.

Proposition 3.1 Let (X,Nncz) be a Nicts. Then the Nincd-closure of a NncZ*0 set of (X,Nncz) is NncdSo.

Proof. Let A € NncZ*OS(X). Then NncCls(A) S NncCls(NncCl(Nncint(A)) U Nncint(NncCls(A))) S NincCls(NncCl(Nnc
int(A)))UNncCls(Nncint(NncCls(A))) € NicCls(Nncint(A))UNncCls(Nncint(NncCls(A))) = NincCls(Nncint(NncCls(A))) =
NncCls(Nncints(NncCls(A))) = NicCl(Nne ints(NncClaeita(A))). Therefore NncCls(A) € NncdSOS(X).

Lemma 3.1 Let (X,Nncz) be a Nicts. Then the following statements are hold.

(i) The union of arbitrary NncZ*0 sets is NneZ*0,

(if) The intersection of arbitrary NncZ*C sets is NncZ*C.

Proof. (i) Itis clear. [ |
Remark 3.3 By the following we show that the intersection of any two NncZ*0 sets is not NncZ*0.
Example 3.2 In Example 3.1, the sets ({a,d}.{¢ }.{b,c}) and ({b,c,d},{¢ }.{a}) are Nnc.Z*0 sets but the intersection
{d}.{¢} {a,b,c}) is not NncZ*0 set.
Definition 3.2 Let (X,Nncz) be a Nncts. Then:
(i) The union of all Nn.Z*0 sets of X contained in A is called the Nn.Z*-interior of A and is denoted by NncZ*int(A),
(ii) The intersection of all NncZ*c sets of X containing A is called the NncZ*-closure of A and is denoted by NncZ*Cl(A).
Theorem 3.1 Let A, B be two subsets of a Nncts (X,Nncz). Then the following are hold:
(i) NncZ=cl(X\A) = X\NpcZ*int(A),
(i) NncZHint(X\A) = X\NncZ*cl(A),
(iii) 1f A € B, then NncZ*cl(A) S NncZ*cl(B) and NncZ*int(A) S NncZ*int(B),
(iv)  x € NncZ*cl(A) iff for each a NncZ*0 set U contains x, U N A= ¢,
(v) X € NpeZHint(A) iff there exist a NncZ*0 set W such that x e W € A,
(vi) A'is NncZ*o set iff A = NpcZ*int(A),
(vii) Ais NncZ*c set iff A = NncZ*cl(A),
(viii) NncZ*cl(NncZ*cl(A)) = NincZ*cl(A) and NncZ*int(NncZ*int(A)) = NncZ*int(A),
(iX)  NncZ*cl(A) U NpeZ:cl(B) S NncZ*cl(A U B) and NpcZ*int(A) U NncZ*int(B) S NncZ*int(A U B), (X) NincZ*int(A N B)
C NneZ#int(A) N NncZ*int(B) and NncZ*cl(A N B) € NncZ*cl(A) N NncZ*cl(B).
Remark 3.4 By the following example we show that the inclusion relation in parts (ix) and (x) of the above theorem
cannot be replaced by equality.
Example 3.3 Let X = {a,b,c,d,e}, nct1= {¢pn,Xn,AB,C} ne2 = {pn,Xn} A = ({c} {¢p}.{a,b,d,e}), B=
{a,b}.{¢ }.{c.de}), C=({ab,c},{¢p}.{d,e}), then we have 2,z = {¢pn,XN,A,B,C}. Then, the sets

(i) A= ({ab}{p}{cde}) and B = ({c,d}{¢}.{ab.e}), then AUB = ({ab,c,d},{p}.{e}). 2ncZ:CI(A) =
{a,b} {9}, {c,d,e}), 2ncZ*cl(B) = ({c,d}.{¢p}.{ab,e}) and 2,.Z*cl(A U B) = X. Thus 2,:Z*cl(A U B) [Ic
2ncZ*cl(A) U 2ncZxcl(B).

(i) C = {ac}t{p}{bde}) and D = ({c,d}{p}.{a,b,e}), then CND = ({c}{¢p}.{ab,d,e}). 2.c.Z*cl(C) =
({a,c.de}, {¢p}.{b}), 2.c2:cl(D) = ({c.d}.{p}.{a,b,e}) and 2,.Z:cl(C N D) = ({c}{¢p}.{a,b,d,e}). Thus
2ncZ*cl(C) N 2pcZ*cl(D) [ 24cZ*cl(C N D).

(iii) E = ({a,d}{¢p}.{b,ce}) and F = ({b,d}.{p}.{ac.e}), then E U F = ({a,b,d},{p}.{c.e}). 2ncZ*int(E) =
{a}r{¢p}.{b,c.de}), 2ncZ*int(F) = ({b}{¢p }.{a,c,d,e}) and 2,.Z*int(E U F) = ({a,b,d},{¢ }.{c.e}). Thus 2,.Z2*
int(E U F) 01c 24cZ*4int(E) U 2ncZeint(F).

Theorem 3.2 Let A, B be two Ny sets of a Nncts (X,Nncz). Then the following are hold:

(i) NncZ*cl(NncCl(A) U B) = Niccl(A) U NncZ*cl(B),

(i1) NncZ*int(Nncint(A) N B) = Nrcint(A) N NncZ*int(B).
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Proof. (i) NncZ*CI(NncClI(A) U B) 2 NncZ*Cl(NncCI(A)) U NpcZ*cl(B) 2 Nnccl(A) U NpcZ=cl(B). The other inclusion,
NncCl(A) U B S Npccl(A) U NpcZ=cl(B) which is NpcZ*c. Hence, NncZ*CI(NncCI(A) U B) S NncCl(A) U NncZ*cl(B).
Therefore, NncZ*Cl(NncCl(A) U B) = NncCI(A) U NncZ*cl(B).

(i) It is follows from (i). [ |
Theorem 3.3 Let (X,Nncr) be a Nicts and A € X. Then A is a NncZ*0 set iff A = (NncSint(A)) U Nncpints(A).
Proof. It is clear. |
Proposition 3.2 Let (X,Nncz) be a Nncts and A € X. Then A is a NineZ*C set iff A = NncSCI(A) N Nncpcls(A).
Proof. It follows from Theorem 3.3. [ |

Proposition 3.3 Let A be a Ny set of a Nncts (X,Nncz). Then:
(i) NncZ*cl(A) = Nncscl(A) N Npcpcls(A),
(i) NncZ*int(A) = Nnesint(A) U Nncpints(A).
Lemma 3.2 Let A be a Nicset of a Nicts (X,Nncz). Then the following are hold:
(i) Nncpcl(Nncpints(A)) = Nncpints(A) U NicCl(Nncint(A)),
(i) Nncpint(Nncpcls(A)) = NncpCls(A) N Nicint(NncCI(A)).
Proof. (i) By Lemma 2.2 and Proposition 2.4, NncpCl(Nncpints(A)) = Nncpints(A) U NncCl(Nncint(Nncpints(A))) = Nicp
ints(A) U NncCl(Nncint(A N NncCls(Nncint(A)))) = Nacpints(A) U NicCl(Nrcint(A)).
(i) 1t follows from (i). [ |
Proposition 3.4 Let A be a Nncset of a Nncts (X,Nncz). Then:
(i) NneZcl(A) = A U Nncpint(Nncpcls(A)),
(ii) NncZ*int(A) = A N Nncpcl(Nncpints(A)).
Proof. (i) By Lemma 3.2, A U Nucpint(Nncpcls(A)) = A U (Nncpcls(A) N Nncint(NncCl(A))) = (A U Nncpels(A)) N (AU
Nncint(NncCl(A))) = Nacpcls(A) N NieSCI(A) = NincZ*cl(A).
(i) 1t follows from (i). [ |
Theorem 3.4 Let A be a Npc set of a Nncts (X,Nncz). Then the following are equivalent:
(i) AisaNpZ*0 set,
(i) A < Nncpcl(Nncpints(A)),
(iii) there exists U € NycdPOS(X) such that U € A < Nycpcl(U),
(iv) Nncpcl(A) = Nncpcl(Nncpints(A)).
Proof. (i) = (ii). Let A be a NncZ*0 set. Then, A = NycZ*int(A) and by Proposition 3.4, A = A N Nncpcl(Nncpints(A)) and
hence ,A € Nncpcl(Nncpints(A)).
(iii) = (i). Let A € Nncpcl(pints(A)). Then by Proposition 3.4, A € A N Nncpcl(Nnepints(A)) = NneZ*int(A) and hence
A = NpeZ*int(A). Thus A is NycZ*0.
(ii) = (iii). It follows from putting U = Npcpint;(A).
(iii) — (ii). Let there exists U € NncdPOS(X) such that U € A € Npcpcl(U).Since U € A, then Npcpcl(U) <
Nncpcl(Nncpints(A)) therefore A € Nicpcl(U) S Nncpcl(Nncpints(A)). (iv) < (i). Itis clear. m
Theorem 3.5 Let A be a Ny set of a Nncts X. Then the following are equivalent: (i) A is a NncZ*C set,
(if) Nncpints(Nncpcl(A)) € A,
(iii) there exists U € NncdPCS(X) such that Nncpint(U) € A € U,
(iv) Nnepint(A) = Nncpint(Nncpcls(A)).
Proof. It follows from Theorem 3.4. [ ]
Proposition 3.5 If A is a NncZ*0 set of a Nicts (X,Nnez) such that A € B € Niepcl(A), then B is NpeZ*0.
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