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Abstract-In this paper, introduce a neutrosophicopen sets in neutrosophic topological spaces. Also, discuss about near
open sets, their properties and examplesZ-open set which is a union of neutrosophic P-open sets and neutrosophic dof
a neutrosophicS Z-open set. Moreover, we investigate some of their basic properties and examples of neutrosophic Z-
interior and Z-closure in a neutrosophic topological spaces.
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1 Introduction

In mathematics, concept of fuzzy set between the intervals was first introduced by Zadeh [16] in discipline of logic
and set theory. The general topology has been framework with fuzzy set was undertaken by Chang [4] as fuzzy
topological space. In 1983, Atanassov [2] initiated intuitionistic fuzzy set which contains a membership and non-
membership values. Coker [5] created intuitionistic fuzzy set in a topology entitled as intuitionistic fuzzy topological
spaces. The concepts of neutrosophy and neutrosophic set was introduced Smarandache [11, 12] at the beginning of
20" century. Salama and Alblowi [8] in 2012, originated neutrosophic set in a neutrosophic topological space. Saha
[13] defined d-open sets in fuzzy topological spaces. In 2008, Ekici [6] introduced the notion of e-open sets in a general
topology. In 2014, Seenivasan et. al. [10] introduced fuzzy e-open sets in a topological space along with fuzzy e-
continuity. Vadivel et al. [3] studied fuzzy e-open sets in intuitionistic fuzzy topological space. Vadivel et al. [14]
introduced e-open sets in a neutrosophic topological space. From 2011, EI-Maghrabi and Mubarki [7] introduced and
studied some properties of Z-open sets and maps in topological spaces. In this paper, we develop the concept of
neutrosophic Z-open sets in a neutrosophic topological spaces and also specialized some of their basic properties with
examples. Also, we discuss about neutrosophic Z-interior and Z-closure in neutrosophic topological spaces.

2 Preliminaries

The needful basic definitions & properties of neutrosophic topological spaces are discussed in this section.
Definition 2.1 [9] Let X be a non-empty set. A neutrosophic set (briefly, Ns) L is an object having the form L =
Ly, u(y).oL(y),vi(y)) : y € X} where g — [0,1] denote the degree of membership function, o — [0,1] denote the
degree of indeterminacy function and v. — [0,1] denote the degree of non-membership function respectively of each
elementy € X to the set L and 0 < p(y) + ar(y) + vi(y) <3 foreachy € X.

Remark 2.1 [9] A Ns L = {{y,u(y),aL(y),vi(y)) : y € X} can be identified to an ordered triple {y,uL(y),oL(y),v.(y)) in
[0,1] on X.

Definition 2.2 [9] Let X be a non-empty set & the Ns’s L & M in the form L = {{y,u.(y),ou(y),v.(y)) : y € X}, M =
Ly, kma(y), om(y), vm(y)) 1y € X}, then

(i) On=(y,0,0,1) and 1n= (y,1,1,0),

(i) L Miff p(y) < pm(y), ou(y) < om(y) & vi(y) = vmly) 1y € X,

(i) L=MiffLcMand M c L,

(iv) In—L={@wly)l —auly)ply)) :y € X} =L,

(v) L UM ={{y,max(p(y),um(y)).max(or(y),om(y)).min(v(y),vm(y))) : y € X},

(vi) LN M= {{y,min(u(y),um(y)).min(ow(y).om(y)).max(vi(y).vm(y))) : y € X}.
Definition 2.3 [8] A neutrosophic topology (briefly, Nt) on a non-empty set X is a family =y of neutrosophic subsets

of X satisfying
(i) On, INE .
(II) LiN Ly e ryfor any Li,Lo € 7N
(III) ULsEwm, V0ia:a€EACT
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Then (X,zv) is called a neutrosophic topological space (briefly, Nts) in X. The zn elements are called neutrosophic open
sets (briefly, Nos) in X. A Ns C is called a neutrosophic closed sets (briefly, Ncs) iff its complement C®is Nos.
Definition 2.4 [8] Let (X,zn) be Nts on X and L be an Ns on X, then the neutrosophic interior of L (briefly, Nint(L)) and
the neutrosophic closure of L (briefly, Ncl(L)) are defined as
Nint(L) =u{l:1cL&lisaNosin X} Ncl(L)=nN{l:L< | &lisaNcsinX}.
Definition 2.5 [1] Let (X,zn) be Nts on X and L be an Ns on X. Then L is said to be a neutrosophic regular (resp. pre,
semi, o & f) open set (briefly, Nros (resp. NPos, NSos, Naos & Nfos)) if L = Nint(Ncl(L)) (resp.
L < Nint(Ncl(L)), L < Ncl(Nint(L)), L < Nint(Ncl(Nint(L))) & L < Ncl(Nint(Ncl(L)))).
The complement of an NPos (resp. NSos, Naos, Nros & Nfos) is called a neutrosophic pre (resp. semi, «, regular
& p) closed set (briefly, NPcs (resp. NScs, Nocs, Nrcs & Nfcs)) in X.
The family of all NPos (resp. NPcs, NSos, NScs, Naos, Nacs, Nfos & Nfcs) of X is denoted by NPOS(X) (resp.
NPCS(X), NSOS(X), NSCS(X), NaOS(X), Na.CS(X), NBOS(X) & NSCS(X)).
Definition 2.6 [14] A set L is said to be a neutrosophic
(i) o interior of L (briefly, Noint(L)) is defined by Ndint(L) =N U{l :Cl € L & I is a Nros in X}}.
(ii) o closure of L (briefly, Noci(L)) is defined by Noc/(L) ={A:L A &AisaNrcsinX.
Definition 2.7 [14] A set L is said to be a neutrosophic
1. J-open set (briefly, Ndos) if L = Noint(L).
2. o-semi open set (briefly, NoSos) if L © Ncl(Noint(L)).
The complement of an Ndos (resp. NoSos ) is called a neutrosophic ¢ (resp. d-semi) closed set (briefly, Nocs (resp.
NoScs)) in X.
The family of all N6Sos (resp. NdScs) of X is denoted by NoSOS(X) (resp. N6SCS(X)).
Definition 2.8 [14] A set K is said to be a neutrosophic
(i) e-open set (briefly, Neos) if K € Ncl(Noint(K)) U Nint(Noc/(K)).
(ii) e-closed set (briefly, Necs) if K 2 Ncl(Noint(K)) N Nint(Nocl(K)).
The complement of a Neos is called a Necs.
The family of all Neos (resp. Necs) of X is denoted by NeOS(X) (resp. NeCS(X)).
3 Neutrosophic Z-open sets in Nts
Throughout the sections 3 & 4, let (X,zn) be any Nts. Let K and M be a Ns’s in Nts.
Definition 3.1 A set K is said to be a neutrosophic
(i) Z-open set (briefly, NZos) if K € Ncl(Ndint(K)) U Nint(Ncl(K)).
(ii) Z-closed set (briefly, NZcs) if K 2 Ncl(Ndint(K)) N Nint(Noc/(K)).
The complement of a NZos is called a NZcs.
The family of all NZos (resp. NZcs) of X is denoted by NZOS(X) (resp. NZCS(X)).
Definition 3.2 A set K is said to be a neutrosophic
(i) Zinterior of K (briefly, NZint(K)) is defined by NZint(K) =N U{A :€A € K & A is a NZos in}X}.
(if) Z closure of K (briefly, NZcl(K)) is defined by NZcl(K) ={A: K A& AisaNZcsinX.
Proposition 3.1 The statements are hold but the converse does not true.
(i) Every Ndos (resp. Ndcs) is a Nos (resp. Ncs).
(i) Every Nos (resp. Ncs) is a NoSos (resp. NJScs).
(iii) Every Nos (resp. Ncs) is a NPos (resp. NPcs).
(iv) Every NdSos (resp. NoScs) is a NZos (resp. NZcs).
(v) Every NPos (resp. NPcs) is a NZos (resp. NZcs).
(vi) Every NZos (resp. NZcs) is a Neos (resp. Necs).
Proof. The proof of (i), (ii) & (iii) are studied in [14, 15].
(iv) Kisa NoSos, then K € Ncl(Ndoint(K)) < Ncl(Noint(K)) U Nint(Ncl(K)). « K is a NZos.
(v) KisaNPos, then K € Nint(Ncl(K)) € Ncl(Ndint(K)) U Nint(Ncl(K)). - K is a NZos.
(vi) Kis a NZos then K € Ncl(Noint(K))UNint(Ncl(K)). So K € Ncl(Noint(K))UNint(Ncl(K)) & Ncl(Noint(K))u
Nint(Ndci(K)). - K is a Neos.
It is also true for their respective closed sets. =2
Remark 3.1 The diagram shows NZos’s in fnts.
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Example 3.1 Let Y = {a,b,c} and define Ns’s Y1,Y2,Y3& Ysin X are

el Jod

Ha b e Tq Ty Tea Vq U Ve
Vi=V(—= — —)(— —,—)(—,—,—)),
=Y (530304 G505 05 08 0706
Ha Hb e Oq Op O Vg v Ve
Yo = (Y, , , , , , , ,
2= (T 1550505 (0.9 00 06)

- 0.1’0.1°0.4
Ha Hb  He Jd, 0Oy O L vy Ve

Yo=(Y (—,—, —),(—,—, —), (—, —, —)),

3= '(0.2’ 0.2° U.3)' 0.5 0.5 U.S)' (0.8' 0.8 0.7))'

!'J-" a ,U‘-’J H c Oq Op O Vg Vp Ve
Y, = (Y, y s , , ; , ,
1= '(0.2 0.4'0.4)'(0.5'0.5'l’).5)'(0.8’0.6'0.6)>
Ha Hb  He Jd, Oy O L vy Ve
Y= (—,—,—)(—, —,—), (—, —, .
5= (0.8' 0.7 U.S)' 0.5°0.5° 0.5) ( 2703 0.2)) ,

Then we have v = {On,Y1,Y2,1n} is a Nts in X, then
(i) YsisaNPos but not Nos.
(i) Yaisa NZos but not NPos.
(iii) Ysis a Neos but not NZos.
Example 3.2 Let Y = {a,b,c} and define Ns’s Y1,Y2& Ysin X are

Ha Hb  He Tg o, Oe
Y, = (Y, ,—), (=—, —, =
! (’(0.4’0.6'0.5)‘(().5’0.5'U.5

Vg vy Ve
0.670.470.5

) ( ))

Juu, Hy  He Tq Ty T Vq vy Ve
Yo = (Y, (Lo Mo Moy (Ta Tb Ty (Ve T Te
2= (0.6 0.4° 04) (0‘3 0.5° 05) (0.4' 0.6 06)>
Ha Hb  He Oaq Op O¢ Vg vy Ve
Yo = (Y, (—, —, ; s = , s =)
3= (0205 05" 05 05 05" 56 05 05

Then we have wn = {On,Y1,Y2,Y1U Y2,Y1N Y2,1n} is a Nts in X, then Y3 is a NZos but not **Sos.
The other implications are shown in [14].
Theorem 3.1 Let (X,zn) be a Nts. Then if M € NoOS(X) and M € NZOS(X), then H N M is NZo.
Proof. Suppose that H € N6OS(X). Then H = Nints(H). Since M € NZOS(X), then M < Ncl(Nints(M)) U Nint(Ncl(M))
and hence
H N M < Nints(H) N (Ncl(Nints(M)) U Nint(Ncl(M)))
= (Nints(H) N Ncl(Nints(M))) U (Nints(H) N Nint(Ncl(M)))

€ Ncl(Nints(H) N (Nints(M))) U Nint(Nint(H) N Ncl(M)) € Ncl(Nints(H N M)) u

Nint(Ncl(H N M)).
Thus H N M < Ncl(Nints(H N M)) U Nint(Ncl(H N M)). Therefore, H N M is NZo.

Proposition 3.2 Let (X,zn) be a Nts. Then the closure of a NZo set of X is NSo. B
Proof. Let H € NZOS(X). Then
Ncl(H) < Ncl(Ncl(Nints(H)) u Nint(Ncl(H)))
< Ncl(Nints(H)) U Ncl(Nint(Ncl(H))) = Ncl(Nint(Ncl(H))).
Therefore, Ncl(H) is NSo.
Theorem 3.2 The statements are true. &
(i) NPcl(K) 2 K U Ncl(Nint(K)).
(ii) NPint(K) < K N Nint(Ncl(K)).
(iii) NoScl(K) 2 K U Nint(Nocl(K)).
(iv) NoSint(K) € K N Ncl(Ndint(K)).
Proof. (i) Since NPcl(K) is NPcs, we have
Ncl(Nint(K)) € Ncl(Nint(NPcl(K))) < NPcl(K).
Thus K U Ncl(Nint(K)) € NPcl(K).
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[1]

The other cases are similar.

Theorem 3.3 Let K is a NZos iff K = NPint(K) u NoSint(K).
Proof. Let K is a NZos. Then K € Ncl(Noint#(K)) U Nint(Ncl(K)). By Theorem 3.2, we have

NPint(K) u NdSint(K) = K N (Nint(Ncl(K))) U (K N Ncl(Ndint(K))) = K N (Nint(Ncl(K))) u

Ncl(Noint(K)) = K.
Conversely, if K = NPint(K) U NoSint(K) then, by Theorem 3.2
K = NPint(K) U NoSint(K)
= (K N Nint(Ncl(K))) U (K N Ncl(Noint(K)))
= K N (Nint(Ncl(K)) U Ncl(Noint(K))) € Nint(Ncl(K)) U Ncl(Ndint(K))

[1]

and hence K is a NZos.
Theorem 3.4 The union (resp. intersection) of any family of NZOS(X) (resp. NZCS(X)) is a NZOS(X) (resp.
NZCS(X)).
Proof. Let {Ka: a € =} be a family of NZos’s. For each a € v, Ka © Ncl(Noint(Ka)) U Nint(Ncl(Ka)).
| K. < | Nel(Noint(K,)) U Nint(Nel(K,))
aAETN aETN

C Nel(Néint(UK,)) U Nint(Ncl(UK,))

[1]

The other case is similar.
Remark 3.2 The intersection of two NZos’s need not be NZos.
Example 3.3 Let Y = {a,b} and define Ns’s Y1,Y> & Y3in X are

_ Ha b Oq U_ ﬂ
= (5501 G505 G o5)
}u'u ,Ub Oq ay vy
%=(.(5505) (6505 G ( 7090
(Y, (M oy (T O VM_
Ydf&’(o.l.’(m)’ 0.5 5) ( 0.1 )>
Then we have v = {0n,Y1,1n} is a Nts in X, then Y, & Yz are NZos but Y, N Y3 is not NZos.

Proposition 3.3 LetK is a
(i) NZos and Noint(K) = Oy, then K is a NPos.
(i) NZos and Ncl(K) = Oy, then K is a NdSos.
(iii) NZos and Ndcs, then K is a N9Sos.
(iv) NoSos and Ncs, then K is a NZos.
Proof. (i) Let K be a NZos, that is
K € Ncl(Noint(K)) U Nint(Ncl(K)) = On U Nint(Ncl(K)) = Nint(Ncl(K))

Hence K is a NPos.

(i) Let K be a NZos, that is

K € Ncl(NVdint(K)) U Nint(Ncl(K)) = Ncl(Vdint(K)) U On = Ncl(Noint(K))

Hence K is a N9Sos.

(iii) Let K be a NZos and Nocs, that is

K € Ncl(NVdint(K)) U Nint(Ncl(K)) = Ncl(Vdint(K)) U Nint(Ncl(K)) = Ncl(Ndint(K)).

Hence K is a NoSos.

(iv) Let K be a NoSos and Ncs, that is

K € Ncl(Noint(K)) € Ncl(Noint(K)) U Nint(Ncl(K)).

Hence K is a NZos. E
Theorem 3.5 Let K be a NZcs (resp. NZos) iff K = NZcl(K) (resp. K = NZint(K)).
Proof. Suppose K = NZcl(K) = N{A: K< A & AiisaNZcs}. Thismeans K € N{A: K< A & A is a NZcs} and hence
K is NZcs.

Conversely, suppose K be a NZcs in X. Then, we have K € N{A: K € A & A is a NZcs}. Hence, K € A implies K
=N{A: K< A &AisaNZcs} = NZcl(K).

Similarly for K = NZint(K). =

Proposition 3.4 Let K and L are in X, then

(i) NZcl(K) = NZint(K), NZint(K) = NZcl(K).
(i) NZcl(K U L) 2 NZcl(K) u NZcl(L), NZcl(K N L) € NZcl(K) N NZcl(L).
(ii)) NzZint(K U L) 2 NZint(K) U NZint(L), NZint(K N L) € NZint(K) N NZint(L).
Proof.
(i) The proof is directly from definition.
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(i) K< KuLorL < KUL. Hence NZcl(K) € NZcl(K UL) or NZcl(L) € NZcl(K UL). Therefore, NZcl(K UL) 2
NZcl(K) u NZcl(L). The other one is similar.
(i) KeKuLorL=KUL. Hence NZint(K) € NZint(K U L) or NZint(L) € NZint(K U L). Therefore,
NZint(K U L) 2 NZint(K) U NZint(L). The other one is similar.

Remark 3.3 The equality of (ii) in Proposition 3.4 can not be true in the given example.
Example 3.4 Let Y = {a,b,c,d} and define Ns’s Y1,Y2,Y3& Yain X are
Ha Hb He g Og Op O, 0Jg Vg Vy Ve Vg
Y= (— = —. ) (— — —, — ) (—, —, —, —
1= 170702 0 )(05 ().5'0.5'0.5)'( 017071 )]
pu'rl. ﬂ'b pu'(' .ud Oq ady e T4 Vg Vy Ve V4
( 017070 )’(0.5' 05705’ 0.5)’( ),

17071701
Ha Hb e Jld Tq Ty Oe Ogq Vg UVy Ve Vg
( ) ( ) (5 =)

Yy = (Y,
Yy = (v, (B B Be Fd b Te v e
3 ( ' 0.5 0.5 0.5 0.5 0°02°0°0

1o’ 0" 1

Ha Hb  He Hd Oq 0p Op 0Og Vg Vi Ve Vg
=005 000 1) 05050505 T 002 0,

Then we have oy = {0n,Y1,Y2,Y1N Y2, 1n} is a Nts in X, then NZcl(Ys U Y4) =00 NZcl(Y3s) U NZcl(Ya).
Proposition 3.5 Let K be a neutrosophic set in a neutrosophic topological space X. Then Nint(K) € NZint(K) € K €

NZcl(K) € Ncl(K).
Proof. It follows from the definitions of corresponding operators. E Theorem 3.6 Let K and L in X, then the

NZint sets have

(I) NZC'(ON) = ON, NZC'(lN) = 1.

(if) NZcl(K) is a NZcs in X.

(iii) NZcl(K) € NZcl(L) ifK < L.

(iv) K< NzZcl(K).

(v) KisNZcsetin X & NZcl(K) =K.

(vi) NZint(NZint(K)) = NZint(K).
Proof. The proofs (i) to (iv) and (vi) are directly from _  definitions of NZcl set. .
(v) Let K be NZc set in X. By using Proposition 3.4, K is NZo set in X. By Proposition 3.4, NZint(K) = K
NZcl(K) = K & NZcl(K) = K.

Theorem 3.7 Let K and L in X, then the NZint sets have
(I) NZInt(ON) = ON, NZint(lN) =1\
(i) NZint(K) is a NZos in X.
(iif) NzZint(K) € Nzint(L) if K < L.
(iv) NZint(NZint(K)) = NZint(K).
Proof. The proofs are directly from definitions of NZint set.

[1]

Proposition 3.6 If Kand L is in X, then (i) NZcl(K) 2 K U NZcl(NZint(K)).
(if) Nzint(K) € K N Nint(NZcl(K)).
(iii) Nint(NZcl(K)) 2 Nint(NZcl(NZint(K))).
Proof. (i) By Theorem 3.6 K € NZcl(K) — (1). Again using Theorem 3.6, NZint(K) € K. Then NZcl(NZint(K)) <
NZcl(K) — (2). By (1) and (2) we have, K U NZcl(NZint(K)) € NZcl(K).

(ii) By Theorem 3.6, NZint(K) € K — (1). Again using Theorem 3.6, K < NZint(K). Then NzZint(K) <
NZint(NZcl(K) — (2). By (1) and (2) we have, NZint(K) € K U NZint(NZcl(K)).

(iii) By Theorem 3.6, NZcl(K) < Ncl(K), we get Nint(NZcl(K)) € Nint(Ncl(K)). Hence (iii).

(iv) By (i), NZcl(K) 2 K U NZ(Nzint(K)). We have, Nint(NZcl(K)) 2 Nint(K U NZcl(NZint(K))). Since Nint(K
UL) 2 Nint(K)UNint(L), Nint(NZcl(K)) 2 Nint(K)UNint(NZcl(NZint(K))) 2 Nint(NZcl(NZint(K))). E

v)
4 Conclusion
We have studied about neutrosophic Z-open set and neutrosophic Z-closed set and their respective interior and closure
operators of neutrosophic topological space in this paper. Also studied some of their fundamental properties along
with examples in Nts. Also, we have discussed a near open sets of neutrosophic Z-open sets in Nts. In future, we can
be extended to neutrosophic Z continuous mappings, neutrosophic Z-open mappings and neutrosophic Z-closed
mappings in Nts.
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