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Abstract— A graph labeling problem is an assignment of labels to the vertices or edges (or both) of a graph G 

satisfying some mathematical condition. Radio Mean Labeling, a vertex-labeling of graphs with non-negative 

integers has a significant application in the study of problems related to radio channel assignment. 

The maximum label used in a radio mean labeling is called its span, and the lowest possible span of a radio 

mean labeling is called the radio mean number of a graph. In this paper, we obtain the radio mean number of 

paths and total graph of paths. 

Keywords— Channel assignment problem; Graph theory; Path graph; Radio Mean Labeling; Total graph of a 
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I.  INTRODUCTION  

For basic graph theory terminology, we refer [16]. The basic principle of a Radio communication network is 

transmission and reception of radio signals. Each radio station is assigned a channel number or frequency; 

transmitter sends signals; a receiver then picks it up and translates it to the sounds heard through the radio. 

However, the reception will be degraded by the unnecessary interference by transmitters of closely related 

channel number, if any. Hence the channel assignment problem is to assign radio channels to transmitters with 

minimum span in such a way that it minimizes interference between radio stations that are in the same 

neighborhood. This problem of Radio channel assignment can be converted into a Graph theoretic problem as 

follows: The radio network can be considered as a graph in which vertices corresponds to transmitter locations 

and two vertices are adjacent if the locations of the radio stations corresponding to these vertices are close. The 

main objective is to label vertices of this graph with minimum span where the labels given to the vertices 

determine the channel on which it transmits [15]. Chartrand et al. converted this problem to a vertex labeling 

problem as follows: For a connected graph G, radio labeling was defined as a one-to-one function φ from V(G) to 

ℤ +, the set of all positive integers where d(u,v)+ǀ φ(u)-φ(v)ǀ  ≥ 1 + diam(G),∀ u,v ∊ V(G). Authors in [17] 

studied the Radio labeling of Strong product of K3 and Pn. Graphs for which the largest label used is same as the 

order of the graph are called radio graceful. In [10], [11] the authors study this concept of radio gracefulness of a 

graph. 

The idea of radio mean labeling of graphs was conceived the paper [5], published in the year 2015. The radio 

mean labeling of a connected graph G was defined as an injective function  

f: V(G) → ℤ + where  

 
The radio mean number of f or rmn(f) is the maximum integer assigned to any v∈ V(G) under this mapping f. 

Further the radio mean number of G, denoted by rmn(G) is the smallest value of rmn(f) taken over all radio 

mean labelings f of G. It is obvious by the definition that rmn(G) ≥ | V(G) |. If rmn(G) = 

| V(G) |, then G is called a radio mean graceful graph [3].  

    In [5, 6, 7, 8, 9], Ponraj, R., S. Sathish Narayanan and R. Kala have investigated the radio mean labeling of 

many classes of graphs including graphs with maximum distance between distinct pairs of vertices either two or 

three. The radio mean number of Triangular Ladder graph, corona Pn with ̅K2, corona Kn with ̅K2 and corona 

Wn with ̅K2 are obtained in [13] by Sunitha, K., C. David Raj and A. Subramanian and that of subdivision 

graph of complete graphs, Mongolian tent graph, subdivision of Friendship graphs, and diamond graphs in [10] 

by Lavanya Y. and K. N. Meera. Smitha, KM Baby and K. Thirusangu studied the radio mean labeling of 

corona Km with Kn , corona Wm with Kn¯, corona star Sm with Kn¯and corona Helm Hm with Kn¯ in [12]. In 

[11], Raj, Deva and Brindha studied the radio mean labeling of Degree Splitting graph of Pn , K1,n and corona Pn 

with K1. In [4] the mean in the definition is replaced by geometric mean and radio geometric graceful graphs are 

studied.  
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   The total graph of a graph G is a graph whose vertex set is V(G) ⋃ E(G), and two vertices are adjacent in the 

total graph if and only if they are adjacent or incident in G. We denote total graph of G by Τ(G). 

II. RADIO MEAN LABELING OF PATHS 

 

Consider the Path Pn ion n verticesiv1,v2,···i,vn. Note that for path graph i Pn, idiam(Pn) i= in i− i1. IA labeling 

f: V(Pn) → ℤ + is a Radio mean labeling of Pn , if f is injective and satisfies the condition:  

 
A. Case I: n = 2, 3  

Define f: V(Pn) → ℤ + defined by f(vi) = i, where vi ∈ V(Pn) for each n ∈ {2, 3}. It can easily be seen that paths 

P2, P3 admit Radio mean Graceful labeling under the injective mapping f. 

B. Case II: n ≥ 4  

Theorem: II-B.1  

The Path Pn , n = 4, 5, 6 admits Radio mean labeling with rmn(Pn) = 2n − 4. 

Proof. For n = 4, 5, 6, define a function f: V(Pn) → ℤ + by  f(v1) = n – 3,  f(v2) = 2n – 4,  f(v3) = n – 2, f(vi) = 2n 

− i − 1 : 4 ≤ i ≤ n. Clearly, f is an injective function. We shall now show that the function f satisfies (1). 

Consider any pair (vi , vj ) ∈  V(Pn). 

 
   Under this labeling f, every pair of vertices in Pn, n = 4, 5, 6 satisfies radio mean condition and hence f is a 

radio mean labeling of Pn. The maximum integer used as a label under this function f is 2n − 4 and so rmn(f) = 

2n − 4. When n = 4, f is a graceful labeling and so rmn(Pn) = 2n − 4 = n and for n = 5, 6, rmn(Pn) ≤ 2n – 4. 

  It is clear from the definition of f that any radio mean labeling of Pn, n = 5, 6 whose range consists of only 

integers greater than n − 3 has a span greater than that of f. Let us now consider any radio mean labeling h of Pn 

, n = 5, 6, h : V(Pn) →{n−4, n−3, n−2, · · · }. Then it follows from the Radio mean condition that any vertices 

receiving labels n − 4 and n − 3 are at least n − 2 distance apart, any vertices receiving labels n − 3 and n − 2 are 

at least n – 3 distance apart and any vertices receiving labels n−4 and n−2 are at least n − 2 distance apart. A 

labeling of Pn using integers {n − 4, n − 3, n − 2} satisfying the above constraints on distance is not feasible. 

This indicates that not all of the integers {n−4, n−3, n−2} are in the Range of h and so span of h is greater than 

2n−5. In other words, rmn(h) ≥ 2n − 4. Thus, we can show that any radio mean labeling of Pn, n = 5, 6 whose 

range set consists of integers less than n − 3 has span greater than or equal to 2n − 4. Hence, rmn(Pn) = 2n − 4, n 

= 5, 6. Hence, for path Pn, n = 4, 5, 6 we have rmn(Pn) = 2n − 4. 

 

Lemma: II-B.1  

Suppose n is any integer which belongs to an interval of the form : [4+Sk, 6+Sk +k] where Sk = 3+4+5+· · 

·+(3+k−1) and k = 1, 2, 3, · · · . Then there exists a Radio mean labeling of Pn, n ≥ 7 with radio mean number, 

rmn(Pn) = 2n−k−4. 

Proof. Suppose n ∈ [4+Sk, 6+Sk+k] where Sk = 3+4+5+ · · · + (3 + k − 1) and k = 1, 2, 3, · · ·.  Let us define a 

function f, 

 
Clearly, f is an injective function. We shall now show that the f satisfies (1). Following are the different cases we 

consider: 
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From all the above cases it follows that f satisfies Radio mean condition for all pairs of vertices of Pn, n ≥ 7. The 

maximum number assigned to any vertex of Pn under this mapping is 2n − k − 4. Hence the radio mean number 

of f, rmn(f) = 2n − k − 4. 

 

Theorem: II-B.2  

For any Path Pn , n ∈ [4 + Sk, 6 + Sk + k] where Sk = 3+ 4+ 5+· · ·+ (3+k−1) and k = 1, 2, 3, · · · as in 

previous lemma the radio mean number of Pn is 2n − k − 4. 
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Proof. It is clear from the function f defined in previous lemma that any radio mean labeling of Pn whose range 

contains only integers greater than n – k − 3 has a span greater than that of f. Now we shall investigate about the 

span of radio mean labelings of Pn whose range consists of integers less than n − k − 3. It is observed that under 

the labeling f, 

 
Consider any radio mean labeling h of Pn, h : V (Pn) →{n − k − 4, n − k − 3, n − k − 2, · · · }. Then it follows 

from Radio mean condition that any vertices receiving labels n − k − 4 and n − k − 3 must be at least k + 3 

distance apart, any vertices receiving labels n − k − 3 and n − k − 2 must be at least k + 2 distance apart, any 

vertices receiving labels n − k − 2 and n − k − 1 must be at least k + 1 distance apart, · · ·, any vertices receiving 

labels (n − k − 3) + k and (n − k − 3) + (k + 1) must be at least 2 distance apart. If {(n − k − 4),(n − k − 3),(n − k 

− 2), · · · ,(n − k − 3) + k,(n− k − 3) + (k + 1)} are in the Range of h, then we must have 

(k+3) + (k+2) + (k+1) ⋯ + 3 + 2 + 1 ≤ n – 1 

That implies (k + 3) + 4 + Sk − 1 ≤ n − 1, a contradiction since 4 + Sk ≤ n ≤ 6 + Sk + k. This means not all of the 

integers 

Fig:1 Path on 8 vertices 

 
{(n − k − 4),(n − k − 3),(n − k − 2), · · · ,(n − k −3) +k,(n−k −3) + (k + 1)} are in the Range of h which implies 

that the maximum integer assigned to any vertex of Pn under the mapping h, rmn(h) > 2n − k − 5. In other 

words, rmn(h) ≥ 2n − k − 4. 

   Similarly, we can show that any radio mean labeling of Pn whose range set includes integers less than n − k − 

3 has span greater than or equal to 2n − k − 4. Therefore, for path Pn, 4 + Sk ≤ n ≤ 6 + Sk + k, rmn(Pn) = 2n − k − 

4. 

III. RADIO MEAN LABELING OF TOTAL GRAPH OF PATHS  

The total graph of a path Pn is a graph whose vertex set consists of the vertices and edges of Pn and two vertices 

are adjacent in Τ (Pn) if and only if their corresponding elements are either adjacent or incident in Pn. Let Pn be a 

path of n vertices namely iv1,v2, ⋯i,vn and edges e1, e2, ⋯ , en. Then the total graph of Pn denoted by Τ (Pn) is the 

graph with vertex set  

 
Whereivi’ is the vertex corresponding to edge ei of Pn and two vertices of Τ (Pn) are adjacent if their 

corresponding elements are adjacent in Pn. It is obvious that the diameter of Τ (Pn) is equal to n − 1. A labeling 

f: V(Τ (Pn)) → ℤ + is a radio mean labeling of Τ (Pn), if Τ (Pn) is injective and satisfies the condition 

 
A. Case I: n = 2, 3, 4  

 

Theorem: III-A.1  

The total graph Τ (Pn)  of Path Pn, n = 2, 3, 4 admits Radio mean graceful labeling. 

Proof. Define f: V(Τ (Pn)) → ℤ + as follows. 

 
Clearly, f is an injective function. We shall now show that the f satisfies (2). Following are the different cases 

we consider: 
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From all the above cases it follows that f satisfies Radio mean condition for all pairs of vertices of Τ (Pn), n = 2, 

3, 4 and the largest integer utilized in this labeling is n and so rmn(f) = n and f is a graceful radio mean labeling. 

B. Case II: n = 5, 6, 7  

 

Theorem: III-B.1   

The total graph Τ (Pn) of path Pn, n = 5, 6, 7 admits Radio mean labeling with rmn(Τ (Pn)) = 3n − 6. 

Proof. Define f: V(Τ (Pn)) → ℤ + using indices d0  = n, d1 = 1, d2 = 3 as follows: 

 
 

Clearly, f is an injective function. We can also verify as in earlier case that f satisfies (2) and so it follows that f 

is a radio mean labeling. Since maximum integer assigned to any vertex under this labeling is 3n − 6, rmn(f) = 

3n − 6. When n = 5, f is a graceful labeling and so rmn(Τ (Pn)) = 3n − 6, n = 5. And rmn(Τ (Pn)) ≤ 3n − 6, n = 6, 

7. It is clear from the function f that any radio mean labeling of Τ (Pn), n = 6, 7 whose range consists of only 

integers greater than n − 4 has a span greater than that of f.  
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Let us now consider any radio mean labeling h of Τ (Pn), n = 6, 7, h : V(Τ (Pn)) →{n−5, n−4, n−3, · · · }. 

Then it follows from Radio mean condition that any vertices receiving labels  

n − 5 and n − 4 must be at least 4 distance apart, any vertices receiving labels n − 4 and n − 3 must be at least 3 

distance apart, any vertices receiving labels n − 3 and n − 2 must be at least 2 distance apart and any vertices 

receiving labels n − 2 and n − 1 must be 1 distance apart. It can easily be seen that it is not feasible to label the 

vertices of Τ (Pn) using integers from n − 5 to n − 1 satisfying the above constraints on distance. This indicates 

that not all of these integers are in the Range of h which in turn says that the maximum integer assigned to any 

vertex under this labeling, rmn(h) > 3n − 7. In other words, rmn(h) ≥ 3n − 6. Thus, we can show that any radio 

mean labeling of Τ (Pn), n = 6, 7 whose range set consists of integers less than n − 4 has span greater than or equal 

to 3n − 6. Hence, rmn(Τ (Pn)) = 3n − 6, n = 6, 7.  

    Therefore, for the total graph Τ (Pn) of path Pn, n ∈ {5, 6, 7}, rmn(Τ (Pn))  = 3n − 6. 

C. Case III: n ≥ 8  

 

Theorem: III-C.1  

 

The total graph Τ (Pn), n ∈ [8, 12] admits Radio mean labeling with rmn(Τ (Pn)) = 3n − 7. 

Proof. Let n ∊ [8, 12]. Define f: V(Τ (Pn)) → ℤ + using indices d0  = n, d1 = 1, d2 = 3, d3 = 5, d4 = 5 as follows: 

 

 
Clearly, f is an injective function. We can also verify that f satisfies (2) and so it follows that f is a radio mean 

labeling. Since maximum integer assigned to any vertex under this labeling is 3n−7, rmn(f) = 3n−7. And rmn(Τ 

(Pn)) ≤ 3n − 7, n ∊ [8, 12]. It is clear from the function f that any radio mean labeling of Τ (Pn), n ∊ [8, 12] whose 

range consists of only integers greater than n − 5 has a span greater than that of f. Let us now consider any radio 

mean labeling h of Τ (Pn), n ∊ [8, 12], h : V(Τ (Pn)) →{n − 6, n − 5, n − 4, · · · }. Then it follows from Radio 

mean condition that any vertices receiving labels n − 6 and n − 5 must be at least 5 distance apart, any vertices 

receiving labels n − 5 and n − 4 must be at least 4 distance apart, any vertices receiving labels n − 4 and n − 3 

must be at least 3 distance apart and any vertices receiving labels n − 3 and n − 2 must be 2 distance apart. It can 

easily be seen that it is not feasible to label the vertices of Τ (Pn) using integers n − 6 to n − 2 satisfying the above 

constraints on distance. This indicates that not all of these integers in the range of h and hence the maximum 

integer assigned to any vertex under this labeling, rmn(h) > 3n − 8. In other words, rmn(h) ≥ 3n − 7. Thus, we can 

show that any radio mean labeling of Τ (Pn), n ∊  [8, 12] whose range set consists of integers less than n − 5 has 

span greater than or equal to 3n − 7. Hence, rmn(Τ (Pn)) = 3n − 7, n ∊ [8, 12]. 

 

Lemma: III-C.1 

  

Suppose n is any integer which belongs to an interval of the form : [8+ Sk, 12+ Sk +k] where Sk = 5+6+7+ · · 

·+(5+k−1) and k = 1, 2, 3, · · · . Then there exists a Radio mean labeling of Τ (Pn), n ≥ 13 with radio mean 

number 3n − k − 7. 

Proof. Let us define a function f: V(Τ (Pn)) → ℤ + using indices d0, d1, d2,⋯ where 

 
The function f is given by 
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Clearly, f is an injective function. We can also verify that f satisfies (2) and so it follows that f satisfies Radio 

mean condition for all pairs of vertices of Τ (Pn) where n ∈ [8 + Sk, 12 + Sk + k] where Sk = 5 + 6 + 7 + ⋯ + (5 + 

k − 1) and k = 1, 2, 3, ⋯. The largest integer used under this mapping is 3n − k − 7. Hence the radio mean number 

of f, and the rmn(f) = 3n − k − 7. 

 

Theorem: III-C.2 

For Τ (Pn), n ∈ [8 + Sk, 12 + Sk + k] where Sk = 5 + 6 + ⋯ + (5 + k − 1) and k = 1, 2, 3, · · · as in previous 

lemma, the radio mean number rmn(Τ (Pn))s 3n − k − 7. 

Proof: Proof follows from the preceding lemma. 

 

Fig:2  Total graph of Path on 8 vertices 

 
 

IV. CONCLUSION 

 

In this paper, authors have obtained Radio mean labelings of Path graph and its total graph with minimum span.  

The radio mean number of Pn is given by 

 
And the radio mean number of Τ (Pn) is given by 



Radio Mean Labeling Of Paths And Its Total Graph 

350 

 
 

 

REFERENCES 

 

1. Chartrand, iGary, iCooroo iEgan iand iPing iZhang. iHow ito iLabel ia iGraph. iSpringer iInternational 

iPublishing, i2019. 

2. Gallian, iJoseph iA. i”A idynamic isurvey iof igraph ilabeling.” iThe iElectronic iJournal iof 

iCombinatorics i17 i(2014) i: i60 i− i62. 

3. Lavanya iY. iand iK. iN. iMeera. i”Radio iMean iGraceful iGraphs.” iJournal iof iPhysics: iConference 

iSeries. iVol. i1172. iNo. i1. iIOP iPublishing, i2019. 

4. K. iN. iMeera, i”Radio iGeometric igraceful igraphs”, iIOP iconference iseries i: iMaterial iScience 

iand iEngineering, i577(2019), i012167. 

5. Ponraj, iR., iS. iSathish iNarayanan iand iR. iKala. i”Radio imean ilabeling iof ia igraph.” iAKCE 

iInternational iJournal iof iGraphs iand iCombinatorics i12.2 i− i3(2015) i: i224 i− i228. 

6. Ponraj, iR., iand iS. iSathish iNarayanan i”On iradio imean inumber iof isome igraphs.” iInternational 

ijournal iof iMathematical iCombinatorics i3 i(2014) i: i41. 

7. Ponraj, iR., iS. iSathish iNarayanan iand iR. iKala. i”Radio imean inumber iof isome iwheel irelated 

igraphs.” iJordan iJournal iof iMathematics iand iStatistics i(JJMS) i7 i.4(2014) i: i273 i− i286. 

8. Ponraj, iR., iS. iSathish iNarayanan iand iR. iKala. i”Radio imean inumber iof isome isubdivision 

igraphs.” iJordan iJournal iof iMathematics iand iStatistics i(JJMS) i9 i.1(2016) i: i45 i− i64. 

9. Ponraj, iR. iand iS. iSathish iNarayanan i”Radio iMean iNumber iof iCertain iGraphs.” iInternational 

iJournal iof iMathematical iCombinatorics i2 i(2016) i: i51. 

10. Radha iRamani iVanam iand iK. iN. iMeera. i”Radio idegree iof ia igraph.” iAIP iConference 

iProceedings. iVol. i1952. iNo. i1. iAIP iPublishing iLLC, i2018. 

11. Radha iRamani iVanam, iK. iN. iMeera iand iDhanyashree. i”Improved ibounds ion ithe iRadio 

idegree iof ia icycle.” iIOP iConference iSeries: iMaterials iScience iand iEngineering. iVol. i577. iNo. 

i1. iIOP iPublishing, i2019. 

12. Raj, iC. iDAVID, iM. iDeva iSaroja iand iBrindha iMary iVT. i”RADIO iMEAN iLABELING iON 

iDEGREE iSPLITTING iOF iGRAPHS.” iThe iInternational ijournal iof ianalytical iand 

iexperimental imodal ianalysis 

13. Smitha, iKM iBaby iand iK. iThirusangu. i”ON iTHE iRADIO iMEAN iNUMBER iOF iCORONA 

iGRAPHS.” iInternational iJournal iof iPure iand iApplied iMathematics i118 i.10(2018) i: i223 i− 

i233. 

14. Sunitha, iK., iC. iDavid iRaj iand iA. iSubramanian. i”Radio imean ilabeling iof iPath iand iCycle 

irelated igraphs.” iGlobal iJournal iof iMathematical iSciences: iTheory iand iPractical i9 i.3(2017) i: 

i337 i− i345. 

15. Van iden iHeuvel, iJan, iRobert iA. iLeese iand iMark iA. iShepherd. i”Graph ilabeling iand iradio 

ichannel iassignment.” iJournal iof iGraph iTheory i29.4(1998) i: i263 i− i283. 

16. West, iDouglas iBrent. iIntroduction ito igraph itheory. iVol. i2. iUpper iSaddle iRiver, iNJ: iPrentice 

ihall, i1996. 

17. Qi, iHengxiao, iet ial. i”Radio iLabeling ifor iStrong iProduct .” iIEEE iAccess i8 i(2020): 

i109801-109806. 

18. Badr, iElsayed, iet ial. i”An iInteger iLinear iProgramming iModel ifor iSolving iRadio iMean 

iLabeling iProblem.” iIEEE iAccess i8 i(2020): i162343-162349. 

 


