Turkish Journal of Computer and Mathematics Education Vol.12 No.2 (2021), 2125-2128
Research Article

e*-open and *e-open sets via §-open sets

V.Amsaveni2, M.Anitha? and A.Subramanian®

a

Research Scholar, Department of Mathematics, The M.D.T Hindu College,
Affiliated to Manonmaniam Sundaranar University, Tirunelveli -India
bDepartment of Mathematics, Rani Anna Govt. College for Women, Tirunelveli ,
TamilNadu, India.
°Department of Mathematics, The M.D.T. Hindu College, Tirunelveli-627010, India

Avrticle History: Received: 11 January 2021; Accepted: 27 February 2021; Published online: 5 April 2021

Abstract: The notion of [1-open sets in a topological space was studied by Velicko. Usha Parmeshwari et.al. and Indira et.al.
introduced the concepts of b# and *b open sets respectively. Following this Ekici et. al. studied the notions of e-open and e-
closed sets by mixing the closure, interior, [I-interior and [I-closure operators. In this paper some new sets namely e#-open
and *e-open sets are defined and their relationship with other similar concetps in topological spaces will be investigated.
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1. Introduction
Velicko introduced the notion [1-open sets in the year 1968. Andrijevic, Indra et. al. and Usha Parameswary
et. al. initiated the study of b-open sets, *b-open sets and b#-open sets in the year 1996, 2013 and 2014
respectively. Following this the researchers in point set topology concentrate on investigating the above concepts
in topology. Recently EKkici et. al. studied e-open and e-closed sets. In this paper some new sets that are similar
to *b-open and b#-open sets are introduced and studied. A brief survey of the basic concepts and results that are
needed here is given in Section-2. The Section-3 deals with *e-open and e#-open sets. Throughout this paper
(X, 1) is a topological space and A, B are subsets of X.
2. Preliminaries
The interior and closure operators in topological spaces play a vital role in the generalization of open
sets and closed sets. The relations on the interior and closure operators motivate the point set topologists to
introduce several forms of nearly open sets and nearly closed sets. Some of them are given in the next definition.
2.1. Definition
A subset A of a space X is called
(i) regular open (Stone, 1937) if A= IntCIA and regular closed if A=ClIntA,
(ii) semiopen(Levine,1963) if AcCI IntA and semiclosed if Int CIA cA,
(iii) preopen(Mashhour et,al.,1982) if Ac Int Cl A and preclosed if Cl Int A cA,
(iv) b-open(Andrijevic,1996) if AcCI Int Aulnt CIA and b-closed if Cl Int AN Int CIACA,
(v) *b-open(Indira et.el., 2013) if AcClIntAN IntCIA and *b-closed if Cl IntAulnt CIACA,
(vi) b*-open(Usha Parameswari et.al.,2014) if A= ClintAuIntCIA and b*-closed
ifClIntANIntClIA=A.
For a subset A of a space X, the semiclosure of A, denoted by sCIA is the intersection of all semiclosed
subsets of X containing A. Analoguesly preclosure of A, denoted by pCIA may defined. The semi-interior of A,
denoted by sIntA is the union of all semiopen subsets of X contained in A. Analoguesly preinterior of A, denoted
by pIntA may defined.
2.2. Lemma
Let A be a subset of a space X. Then
(1) sCIA=AuIntCI A,
(i) sint A= ANCl Int A,
(iii) pCl A= AUCI Int A,
(iv) pint A = Anint CI A. (Andrijevic, 1986)
The concept of 8-closure was introduced by Velicko- A point x is in the 3-closure of A if every regular open nbd
of x intersects A. ClsA denotes the &-closure of A. A subset A of a space X is 3-closed if A=ClsA. The
complement of a -closed set is 5-open. The collection of all §-open sets is a topology denoted by °. This 1 is
called the semi - regularization of . Clearly RO(X,t) = ©® = 1. Let IntsA denote the §-interior of A.
The next lemma is due to Velicko.
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2.3. Lemma
(i) For any open set A, ClsA= CIA
(ii) For any closed set B, IntsB= IntB.
(iii) 7, © have the same family of clopen sets.
2.4. Definition
A subset A of a space (X, 1) is called
(i) e-open (Ekici, 2008) if Ac ClI IntsA U Int CIsA and e-closed if CI IntsA m Int ClsA CA.
(ii) 8-semiopen (Park et.al., 1997) if Ac Cl IntsA and 3-semiclosed if Int ClsA A,
(iii) 8-preopen(Raychaudhuri et. al., 1993) if Ac Int ClsA and &-preclosed if Cl IntsA cA,
The following lemma is due to the authors (2021, February).
2.5. Lemma
For any subset A of a space (X, 1), the following always hold.
(i) IntCIA = IntsCIA < IntsClsA = IntClsA.
(i) Cls IntsA = ClintsA < ClIntA = ClsIntA
The next definition and the subsequent lemma are due the authors (2021).
2.6. Definition
A subset A of a space (X, t) isan r-set if
IntClsA = IntCIA and an r*-set if Cl IntsA =ClI IntA.
2.7. Lemma
(i) Aisan r-set < IntsCIA=IntsClsA=Int CIA=Int CIsA.
(ii) Alisan r*-set < Cl IntsA=Cl IntA=ClsIntsA=Cls IntA.
3. e*-open and *e-open sets

3.1. Definition
A subset A of a space (X, 1) is
0] e*-open if A= Cl IntsA U Int Cl:A
(i) e*-closed if CIIntsA M Int CLA = A.

3.2. Definition
A subset A of a space (X, 1) is
M *e-open if Ac Cl IntsA n Int ClIsA and
(i) *e-closed if Cl IntsA U Int ClIsA cA.

It is note worthy to see that every e*-open set is e-open and every *e-open set is e-open. However the
converse implications are not true. The following proposition is an easy consequence of the definitions.
3.3. Proposition
(i) Ais e*-open < X\A is e-closed.
(ii) A'is *e-open < X\A is *e-closed.
3.4. Proposition
For a subset A of a space X,
(i) A is e*-open <> A is *e-closed and e-open.
(i) A is e*-closed <> A is *e-open and e-closed .
Proof
A is e*-open <Cl Ints AUINtCIsA=A
< ClIntsAulntCIsAcA and AcCl Ints AuIntClsA. Then it follows that
A is e*-open if and only if A is *e-closed and e-open. This proves (i) and the proof for (ii) is analog.
3.5. Proposition
The following are equivalent.

Q) A is *e-closed.
(i) A is preclosed and semiclosed in (X, t%).
(iii) A is 8-preclosed and 8-semiclosed in (X, 1).
Proof
Let A be *e-closed. Since A is *e-closed ClintsAuIntCIsAcCA. It follows that Cl IntsAcA and
Int CIsAcA that implies A is both 8-preclosed, and 3-semiclosed. Then ClsIntsA = ClintsAcA and

IntsClsA= IntCIsAcA that implies A is preclosed and semiclosed in (X,t%). This proves (i)=(ii), (i)=(iii) and
(i) (iii). Now let A be preclosed and semiclosed in (X, t°). Then ClsIntsAcA and IntsCIsAcA that implies by
using the same lemma we have ClintsAcA and IntClsAcA so that ClintsAulIntCIsAcA which further implies A
is *e-closed. This proves (ii)=(i).

The proof for the next proposition is analogous to the above proposition.
3.6. Proposition
The following are equivalent.
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(i) A'is *e-open.

(ii) Ais preopen and semiopen in (X, t°).
(iii) A is 3-preopen and &-semiopen in (X, 1).
3.7. Proposition

Q) If Ais e*-open then A is 8-preclosed, and 8-semiclosed.
(i) If Ais e*-closed then A is 5-preopen and 3-semiopen.
Proof

Let A be e*-closed. Since A is e*-closed, ClintsAnIntClsA =A. It follows that AcClIntsA and AcIntCIsA.
Thus A is 8-preopen and &-semiopen, This proves (ii) and the proof for (i) is analog.

3.8. Proposition
(i) Ais e*-open < itis b*open in (X, 19).
(i) Ais e*-closed < itis b*-closed in (X, 19).
(iii) A'is e-open <> A is b-open in (X, 1%).
(iv) Ais e-closed < itis b-closed in (X, t°)
(v) Ais *e-open <itis *b-open in (X, 19).
(vi) Ais *e-closed < itis *b-closed in (X, ).
Proof
We have IntCIA=IntsCIAc IntsClsA = IntClsA and
ClsIntsA=ClI IntsAcCI IntA=Cls IntA. Therefore we get

IntsClsAu ClsIntsA = Int ClsAu CI IntsA (Exp. 2.1)
and
IntsCIsANClsIntsA = Int CIsANCI IntsA (Exp. 2.2)

Then the proposition follows from Exp.2.1 and Exp.2.2.

Let A be an r-set and an r*-set in the next six theorems whose proof follow from the lemma on r-sets
and r*-sets.
3.9. Theorem
The following ae equivalent.
(i) A is b-open
(i) A is b-open in (X, 1)
(iii) Ais e-open
(iv) A clIntsCIAU Cls IntA
(v) A cIntsCIAU Cl IntsA
Proof
Suppose A is an r-set and r*-set. Then we have
IntsCIA=IntsClsA=Int CIA=Int ClsA and ClintsA=CIl IntA=ClsIntsA=Cls IntA from which it follows that Int
CIAUCI IntA = IntsClsAUCIsIntsA=IntCIsAUCHINtA
= IntsCIA U ClsIntA = IntClsA U ClsIntA
that implies the theorem.
The next five theorems whose proof is analogous to the above theorem and characterize some nearly open and
nearly closed sets.
3.10. Theorem
The following ae equivalent.
0] A is b*-open
(i) A is b*-open in (X, 1°)
(iii) A is e*-open
(iv) A =IntsCIAU Cls IntA
(V) A =IntsCIAU CI IntsA
3.11.Theorem
The following ae equivalent.
Q) A is *b-open
(i) A is *b-open in (X, 1°)
(iii) A'is *e-open
(iv) A cIntsCIAN Cls IntA
(v) A cIntsCIANCI IntsA

3.12.Theorem
The following ae equivalent.
(i A isb-closed
(i) A is b-closed in (X, %)
(iii) Ais e-closed
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(iv)
(v)

IntsCIAN Cls INtA c A
IntsCIANCI IntsA < A

3.13.Theorem

(M)
(i)
(iii)
(iv)
(v)

The following ae equivalent.

A is b*-closed

A is b*-closed in (X, 1)
A is e#t-closed
IntsCIAN Cls IntA = A
IntsCIANCI IntsA = A

3.14. Theorem
The following ae equivalent.

Q) A is *b-closed

(ii) A is *b-closed in (X, 1)

(iii) A is *e-closed

(iv) IntsCIAU Cls IntA cA

(v) IntsCIAUCH IntsA cA
Conclusion

The two level operators in topology namely IntClsA and ClintsA are used to define new sets in topology namely
e*-open set and *e-open set. Some existing sets in topology are characterized using these sets.
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