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Abstract. In this paper, we prove common fixed-point theorems in complete b-metric spaces 

using rational type contraction for two self-mappings. Our result improves and extends the 

results proved by Mlaiki et al. [1] for a single continuous self-mapping in extended complete b-

metric space. We improve the results of Mlaiki et al. [1] to complete b-metric spaces for two 

self-mappings without assuming the continuity of any mapping. 
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1. Introduction. 

 

Banach [2] in demonstrated a highly consequential theorem in the context of complete metric 

spaces, establishing the existence of a unique fixed point. Since then, the fixed-point theory is 

one of the most important tools in many branches of science, economics, computer science, 

engineering and the development of nonlinear analysis. 

 

As an extension of metric spaces, the concept of b-metric spaces was introduced by Backhtin 

[3]. Czerwik [4] first presented a generalization of Banach fixed point theorem in b-metric 

spaces. Mehmet et al.  [5], Boriceanu [6],  Bota [7], Pacurar [8] extended  used this idea and 

proved fixed point theorems and its applications in b-metric spaces. 

 

In this paper, we extend the results of Mlaiki et al. [1] and prove a common fixed-point theorem 

in complete b-metric spaces using rational type contraction for two self-mappings. Our result 

improves and extends the results proved by Mlaiki et al. [1] for a single continuous self-

mapping in extended complete b-metric space. We improve the results of Mlaiki et al. [1] to 

complete b-metric spaces for two self-mappings without assuming the continuity of any 

mapping. 

 

2. Preliminaries. 

 

Definition 2.1 [3] Let 𝑋 be a non empty set and 𝑠 ≥  1 be a given real number.   

A function 𝑑𝑏 ∶  𝑋 ×  𝑋 →  [0, ∞) is called b-metric if it satisfies the following properties for 

each 𝑥, 𝑦, 𝑧 ∈  𝑋 − 

(𝑏1) 𝑑𝑏(𝑥, 𝑦) =  0 ⇔  𝑥 =  𝑦;  
(𝑏2) 𝑑𝑏(𝑥, 𝑦) =  𝑑(𝑦, 𝑥);  
(𝑏3) 𝑑𝑏(𝑥, 𝑧)  ≤  𝑠[𝑑𝑏(𝑥, 𝑦)  +  𝑑𝑏(𝑦, 𝑧)]. 
The pair (𝑋, 𝑑𝑏) is called a b-metric space. 

Example 2.1. Let 𝑋 =  𝑙𝑝(𝑅) with 0 <  𝑝 <  1, where  

𝑙𝑝(𝑅)  =  {{𝑥𝑛} ⊂  𝑅 ∶  ∑|𝑥𝑛|𝑝

∞

𝑛=1

  <  ∞}. 
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Define 𝑑𝑏 ∶  𝑋 ×  𝑋 →  𝑅+ as- 

𝑑𝑏(𝑥, 𝑦) = (∑|𝑥𝑛 − 𝑦𝑛|𝑝 

∞

𝑛=1

)

1
𝑝

 

where 𝑥 =  {𝑥𝑛}, 𝑦 =  {𝑦𝑛}.  Then (𝑋, 𝑑𝑏) is a b-metric space with coefficient 𝑠 =  2
1

𝑝.   
 

Example 2.2. Let 𝑋 =  𝐿𝑝[0, 1] be the space of all real functions 𝑥(𝑡), 𝑡 ∈  [0, 1] such that 

∫ |𝑥(𝑡)|𝑝𝑑𝑡 < ∞
1

0
 with 0 <  𝑝 <  1.  Define 𝑑𝑏: 𝑋 ×  𝑋 →  𝑅+ as 

𝑑𝑏(𝑥, 𝑦) = (∫ |𝑥(𝑡) − 𝑦(𝑡)|𝑝𝑑𝑡
1

0

)

1
𝑝

 

Then (𝑋, 𝑑𝑏) is a b-metric space with coefficient 𝑠 =  2
1

𝑝.   
 

The above examples show that the class of b-metric spaces is larger than the class of metric 

spaces. When 𝑠 =  1, the concept of b-metric space coincides with the concept of metric space.  

 

Definition 2.2 [9] Let (𝑋, 𝑑𝑏) be a b-metric space. A sequence {𝑥𝑛} in 𝑋 is said to be: 

(I) Cauchy if and only if 𝑑(𝑥𝑛, 𝑥𝑚)  →  0 as 𝑛, 𝑚 →  ∞;  
(II) Convergent if and only if there exist 𝑥 ∈  𝑋 such that 𝑑(𝑥𝑛 , 𝑥)  →  0 as 𝑛 →  ∞ and we 

write lim
𝑛→∞

𝑥𝑛  =  𝑥;  

(III)  The b-metric space (𝑋, 𝑑𝑏) is complete if every Cauchy sequence is convergent. 

 

3. Main Result. 

 

Theorem 3.1. Let 𝑆, 𝑇: 𝑋 → 𝑋 be self-mappings with (𝑋, 𝑑𝑏) be a complete b-metric space and 

for all distinct 𝑥, 𝑦 ∈ 𝑋- 

𝑑𝑏(𝑆𝑥, 𝑇𝑦) ≤ 𝜉1𝑑𝑏(𝑥, 𝑦) + 𝜉2

𝑑𝑏(𝑥, 𝑆𝑥)𝑑𝑏(𝑦, 𝑆𝑥) + 𝑑𝑏(𝑦, 𝑇𝑦)𝑑𝑏(𝑥, 𝑇𝑦)

𝑑𝑏 (𝑥, 𝑇𝑦) +  𝑑𝑏(𝑦, 𝑆𝑥)
 

 where 𝑑𝑏 (𝑥, 𝑇𝑦) +  𝑑𝑏(𝑦, 𝑆𝑥) ≠ 0,0 < 𝜉1 + 𝜉2 < 1, 𝜉1, 𝜉2 ∈ [0,1). Then 𝑆 and 𝑇 have a 

unique common fixed point in 𝑋. 

Proof.  Let 𝑥0 ∈ 𝑋 be arbitrary and {𝑥𝑛} be a sequence in 𝑋 such that 

𝑥𝑛+1  = 𝑆𝑥𝑛, 𝑥𝑛+2  =  𝑇𝑥𝑛+1. 
Then 

𝑑𝑏(𝑥𝑛+1, 𝑥𝑛+2) = 𝑑𝑏(𝑆𝑥𝑛 , 𝑇𝑥𝑛+1)
≤ 𝜉1𝑑𝑏(𝑥𝑛 , 𝑥𝑛+1)

+ 𝜉2

𝑑𝑏(𝑥𝑛, 𝑆𝑥𝑛)𝑑𝑏(𝑥𝑛+1, 𝑆𝑥𝑛) + 𝑑𝑏(𝑥𝑛+1, 𝑇𝑥𝑛+1)𝑑𝑏(𝑥𝑛, 𝑇𝑥𝑛+1)

𝑑𝑏 (𝑥𝑛 , 𝑇𝑥𝑛+1) + 𝑑𝑏(𝑥𝑛+1, 𝑆𝑥𝑛)
= 𝜉1𝑑𝑏(𝑥𝑛 , 𝑥𝑛+1)

+ 𝜉2

𝑑𝑏(𝑥𝑛, 𝑥𝑛+1)𝑑𝑏(𝑥𝑛+1, 𝑥𝑛+1) + 𝑑𝑏(𝑥𝑛+1, 𝑥𝑛+2)𝑑𝑏(𝑥𝑛 , 𝑥𝑛+2)

𝑑𝑏(𝑥𝑛, 𝑥𝑛+2) +  𝑑𝑏(𝑥𝑛+1, 𝑥𝑛+1)
= 𝜉1𝑑𝑏(𝑥𝑛 , 𝑥𝑛+1) + 𝜉2𝑑𝑏(𝑥𝑛+1, 𝑥𝑛+2) 

which implies 

𝑑𝑏(𝑥𝑛+1, 𝑥𝑛+2) ≤
𝜉1

1 − 𝜉2
𝑑𝑏(𝑥𝑛 , 𝑥𝑛+1) = 𝜉𝑑𝑏(𝑥𝑛, 𝑥𝑛+1) 

where 𝜉 =
𝜉1

1−𝜉2
∈ [0,1). 

Applying it recursively, we get 

𝑑𝑏(𝑥𝑛+1, 𝑥𝑛+2) ≤ 𝜉𝑛𝑑𝑏(𝑥0, 𝑥1). 
Since 𝜉 ∈ [0,1), we have 
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lim
𝑛→∞

𝑑𝑏(𝑥𝑛+1, 𝑥𝑛+2) = 0 

Or 

lim
𝑛→∞

𝑑𝑏(𝑥𝑛 , 𝑥𝑛+1) = 0. 

By triangular inequality, for any 𝑚 ≥ 1 

𝑑𝑏(𝑥𝑛 , 𝑥𝑛+𝑚) ≤ 𝑏[𝑑𝑏(𝑥𝑛, 𝑥𝑛+1) + 𝑑𝑏(𝑥𝑛+1, 𝑥𝑛+𝑚)]
≤ 𝑏𝑑𝑏(𝑥𝑛, 𝑥𝑛+1) + 𝑏2[𝑑𝑏(𝑥𝑛+1, 𝑥𝑛+2) + 𝑑𝑏(𝑥𝑛+2, 𝑥𝑛+𝑚)]
≤ 𝑏𝑑𝑏(𝑥𝑛, 𝑥𝑛+1) + 𝑏2𝑑𝑏(𝑥𝑛+1, 𝑥𝑛+2)
+ 𝑏3[𝑑𝑏(𝑥𝑛+2, 𝑥𝑛+3) + 𝑑𝑏(𝑥𝑛+3, 𝑥𝑛+𝑚)] … … .. 

Therefore 

𝑑𝑏(𝑥𝑛 , 𝑥𝑛+𝑚) ≤ [𝑏𝜉𝑛 + 𝑏2𝜉𝑛+1 + 𝑏3𝜉𝑛+2 + ⋯ … … . . ]𝑑𝑏(𝑥0, 𝑥1)

= 𝑏𝜉𝑛[1 + (𝑏𝜉)2 + (𝑏𝜉)3 + ⋯ … . . ]𝑑𝑏(𝑥0, 𝑥1) =
𝑏𝜉𝑛

1 − 𝑏𝜉
𝑑𝑏(𝑥0, 𝑥1) 

Therefore, we have 

𝑑𝑏(𝑥𝑛 , 𝑥𝑛+𝑚) ≤
𝑏𝜉𝑛

1 − 𝑏𝜉
𝑑𝑏(𝑥0, 𝑥1) 

As 𝑛 → ∞, we conclude that {𝑥𝑛} is a Cauchy sequence in complete b-metric space (𝑋, 𝑑𝑏). 

Hence there exists 𝑥∗ ∈ 𝑋 such that 

lim
𝑛→∞

𝑥𝑛 = 𝑥∗. 

Now to show that 

𝑆𝑥∗ = 𝑥∗. 
We have 

𝑑𝑏(𝑆𝑥∗, 𝑥∗) ≤ 𝑏[𝑑𝑏(𝑆𝑥∗, 𝑇𝑥𝑛+1) + 𝑑𝑏(𝑇𝑥𝑛+1, 𝑥∗)]
≤ 𝑏𝑑𝑏(𝑥𝑛+2, 𝑥∗)

+ 𝑏 [𝜉1𝑑𝑏(𝑥∗, 𝑥𝑛+1)

+ 𝜉2

𝑑𝑏(𝑥∗, 𝑆𝑥∗)𝑑𝑏(𝑥𝑛+1, 𝑆𝑥∗) + 𝑑𝑏(𝑥𝑛+1, 𝑇𝑥𝑛+1)𝑑𝑏(𝑥∗, 𝑇𝑥𝑛+1)

𝑑𝑏 (𝑥∗, 𝑇𝑥𝑛+1) +  𝑑𝑏(𝑥𝑛+1, 𝑆𝑥∗)
]

≤ 𝑏𝑑𝑏(𝑥𝑛+2, 𝑥∗)

+ 𝑏 [𝜉1𝑑𝑏(𝑥∗, 𝑥𝑛+1)

+ 𝜉2

𝑑𝑏(𝑥∗, 𝑆𝑥∗)𝑑𝑏(𝑥𝑛+1, 𝑆𝑥∗) + 𝑑𝑏(𝑥𝑛+1, 𝑥𝑛+2)𝑑𝑏(𝑥∗, 𝑥𝑛+2)

𝑑𝑏 (𝑥∗, 𝑥𝑛+2) +  𝑑𝑏(𝑥𝑛+1, 𝑆𝑥∗)
] 

As 𝑛 → ∞, 
𝑑𝑏(𝑆𝑥∗, 𝑥∗) ≤ 𝑏𝜉𝑑𝑏(𝑆𝑥∗, 𝑥∗) 

which is a contradiction as 𝜉 ∈ [0,1). Hence 

𝑆𝑥∗ = 𝑥∗. 
Similarly, we can show 

𝑇𝑥∗ = 𝑥∗. 
Therefore 𝑆 and 𝑇 have a common fixed point in 𝑋 i.e. 

𝑆𝑥∗ = 𝑇𝑥∗ = 𝑥∗. 
To show uniqueness of the fixed point, let 𝑧 ≠ 𝑥∗ be another fixed point of 𝑆 and 𝑇 i.e. 

𝑆𝑧 = 𝑇𝑧 = 𝑧; 𝑆𝑥∗ = 𝑇𝑥∗ = 𝑥∗. 
Then  

𝑑𝑏(𝑧, 𝑥∗) = 𝑑𝑏(𝑆𝑧, 𝑇𝑥∗) ≤ 𝜉1𝑑𝑏(𝑧, 𝑥∗) + 𝜉2

𝑑𝑏(𝑧, 𝑆𝑧)𝑑𝑏(𝑥∗, 𝑆𝑧) + 𝑑𝑏(𝑥∗, 𝑇𝑥∗)𝑑𝑏(𝑧, 𝑇𝑥∗)

𝑑𝑏 (𝑧, 𝑇𝑥∗) +  𝑑𝑏(𝑥∗, 𝑆𝑧)

= 𝜉1𝑑𝑏(𝑧, 𝑥∗) + 𝜉2

𝑑𝑏(𝑧, 𝑧)𝑑𝑏(𝑥∗, 𝑧) + 𝑑𝑏(𝑥∗, 𝑥∗)𝑑𝑏(𝑧, 𝑥∗)

𝑑𝑏 (𝑧, 𝑥∗) +  𝑑𝑏(𝑥∗, 𝑧)
= 𝜉1𝑑𝑏(𝑧, 𝑥∗). 

Since 𝜉1 ∈ [0,1), we have 𝑑𝑡(𝑧, 𝑥∗) = 0 i.e. 𝑧 = 𝑥∗. 
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This completes the proof. 

 

Theorem 3.2. Let (𝑋, 𝑑𝑏) be a complete b-metric space and 𝑆, 𝑇 ∶  𝑋 → 𝑋 be self-mappings 

satisfying: 

𝑑𝑏(𝑆𝑥, 𝑇𝑦) ≤ 𝛼𝑑𝑏(𝑥, 𝑦) + 𝛽[𝑑𝑏(𝑆𝑥, 𝑦) + 𝑑𝑏(𝑥, 𝑇𝑦)]

+ 𝛾
𝑑𝑏(𝑆𝑥, 𝑦)𝑑𝑏(𝑦, 𝑇𝑦) + 𝑑𝑏(𝑆𝑥, 𝑥)𝑑𝑏(𝑥, 𝑇𝑦)

𝑑𝑏(𝑥, 𝑇𝑦) +  𝑑𝑏(𝑆𝑥, 𝑦)
 

for all 𝑥, 𝑦 ∈  𝑋 and 𝛼, 𝛽, 𝛾 ∈ [0,1) such that 0 < 𝛼 + 𝛽 + 𝛾 <  1. Then 𝑆, 𝑇 have a unique 

common fixed point in 𝑋. 

Proof.  Let 𝑥0 ∈ 𝑋 and {𝑥𝑛} be a sequence in 𝑋 such that 

𝑥2𝑘+1  =  𝑆𝑥2𝑘, 𝑥2𝑘+2  =  𝑇𝑥2𝑘+1. 
Then 

𝑑𝑏(𝑥2𝑘+1, 𝑥2𝑘+2) = 𝑑𝑏(𝑆𝑥2𝑘, 𝑇𝑥2𝑘+1)   
≤ 𝛼𝑑𝑏(𝑥2𝑘, 𝑥2𝑘+1) + 𝛽[𝑑𝑏(𝑆𝑥2𝑘, 𝑥2𝑘+1) + 𝑑𝑏(𝑥2𝑘, 𝑇𝑥2𝑘+1)]

+ 𝛾
𝑑𝑏(𝑆𝑥2𝑘, 𝑥2𝑘+1)𝑑𝑏(𝑥2𝑘+1, 𝑇𝑥2𝑘+1) + 𝑑𝑏(𝑆𝑥2𝑘, 𝑥2𝑘)𝑑𝑏(𝑥2𝑘, 𝑇𝑥2𝑘+1)

𝑑𝑏(𝑥2𝑘, 𝑇𝑥2𝑘+1) +  𝑑𝑏(𝑆𝑥2𝑘, 𝑥2𝑘+1)
= 𝛼𝑑𝑏(𝑥2𝑘, 𝑥2𝑘+1) + 𝛽[𝑑𝑏(𝑥2𝑘+1, 𝑥2𝑘+1) + 𝑑𝑏(𝑥2𝑘, 𝑥2𝑘+2)]

+ 𝛾
𝑑𝑏(𝑥2𝑘+1, 𝑥2𝑘+1)𝑑𝑏(𝑥2𝑘, 𝑥2𝑘+2) + 𝑑𝑏(𝑥2𝑘+1, 𝑥2𝑘)𝑑𝑏(𝑥2𝑘, 𝑥2𝑘+2)

𝑑𝑏(𝑥2𝑘, 𝑥2𝑘+2) +  𝑑𝑏(𝑥2𝑘+1, 𝑥2𝑘+1)
= (𝛼 + 𝛾)𝑑𝑏(𝑥2𝑘, 𝑥2𝑘+1) + 𝛽𝑑𝑏(𝑥2𝑘, 𝑥2𝑘+2) 

Therefore 

𝑑𝑏(𝑥2𝑘+1, 𝑥2𝑘+2) ≤ (𝛼 + 𝛾)𝑑𝑏(𝑥2𝑘, 𝑥2𝑘+1) + 𝛽𝑏[𝑑𝑏(𝑥2𝑘, 𝑥2𝑘+1) + 𝑑𝑏(𝑥2𝑘+1, 𝑥2𝑘+2)] 
Which implies 

𝑑𝑏(𝑥2𝑘+1, 𝑥2𝑘+2) ≤
𝛼 + 𝛽𝑏 + 𝛾

1 − 𝛽𝑏
𝑑𝑏(𝑥2𝑘, 𝑥2𝑘+1) = ℎ𝑑𝑏(𝑥2𝑘, 𝑥2𝑘+1) 

where ℎ =
𝛼+𝛽𝑏+𝛾

1−𝛽𝑏
∈ [0,1). 

Therefore, we have for all 𝑛, 
𝑑𝑏(𝑥𝑛+1, 𝑥𝑛) ≤ ℎ𝑑𝑏(𝑥𝑛 , 𝑥𝑛−1) ≤ ℎ2𝑑𝑏(𝑥𝑛−1, 𝑥𝑛−2) ≤ ⋯ … … . ≤ ℎ𝑛𝑑𝑏(𝑥1, 𝑥0). 

By triangular inequality, for any 𝑚 ≥ 1 

𝑑𝑏(𝑥𝑛 , 𝑥𝑛+𝑚) ≤ 𝑏[𝑑𝑏(𝑥𝑛, 𝑥𝑛+1) + 𝑑𝑏(𝑥𝑛+1, 𝑥𝑛+𝑚)]
≤ 𝑏𝑑𝑏(𝑥𝑛, 𝑥𝑛+1) + 𝑏2[𝑑𝑏(𝑥𝑛+1, 𝑥𝑛+2) + 𝑑𝑏(𝑥𝑛+2, 𝑥𝑛+𝑚)]

≤ 𝑏𝑑𝑏(𝑥𝑛, 𝑥𝑛+1) + 𝑏2𝑑𝑏(𝑥𝑛+1, 𝑥𝑛+2)
+ 𝑏3[𝑑𝑏(𝑥𝑛+2, 𝑥𝑛+3) + 𝑑𝑏(𝑥𝑛+3, 𝑥𝑛+𝑚)] … … .. 

Therefore 

𝑑𝑏(𝑥𝑛, 𝑥𝑛+𝑚) ≤ [𝑏ℎ𝑛 + 𝑏2ℎ𝑛+1 + 𝑏3ℎ𝑛+2 + ⋯ … . . ]𝑑𝑏(𝑥0, 𝑥1)

= 𝑏ℎ𝑛[1 + 𝑏ℎ + (𝑏ℎ)2 + (𝑏ℎ)3 + ⋯ … . . ]𝑑𝑏(𝑥0, 𝑥1) =
𝑏ℎ𝑛

1 − 𝑏ℎ
𝑑𝑏(𝑥0, 𝑥1) 

Therefore, we have 

𝑑𝑏(𝑥𝑛 , 𝑥𝑛+𝑚) ≤
𝑏ℎ𝑛

1 − 𝑏ℎ
𝑑𝑏(𝑥0, 𝑥1) 

As 𝑛 → ∞, we conclude that {𝑥𝑛} is a Cauchy sequence in complete b-metric space (𝑋, 𝑑𝑏). 

Hence there exists 𝑥∗ ∈ 𝑋 such that 

lim
𝑛→∞

𝑥𝑛 = 𝑥∗. 

Now to show that 

𝑆𝑥∗ = 𝑥∗. 
We have 
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𝑑𝑏(𝑆𝑥∗, 𝑥∗) ≤ 𝑏[𝑑𝑏(𝑆𝑥∗, 𝑇𝑥2𝑘+1) + 𝑑𝑏(𝑇𝑥2𝑘+1, 𝑥∗]
= 𝑏[𝑑𝑏 (𝑥2𝑘+2, 𝑥∗) + 𝑑𝑏(𝑆𝑥∗, 𝑇𝑥2𝑘+1)]   

≤ 𝑏 [𝑑𝑏 (𝑥2𝑘+2, 𝑥∗) + 𝛼𝑑𝑏(𝑥∗, 𝑥2𝑘+1) + 𝛽[𝑑𝑏(𝑆𝑥∗, 𝑥2𝑘+1) + 𝑑𝑏(𝑥∗, 𝑇𝑥2𝑘+1)]

+ 𝛾
𝑑𝑏(𝑆𝑥∗, 𝑥2𝑘+1)𝑑𝑏(𝑥2𝑘+1, 𝑇𝑥2𝑘+1) + 𝑑𝑏(𝑆𝑥∗, 𝑥∗)𝑑𝑏(𝑥∗, 𝑇𝑥2𝑘+1)

𝑑𝑏(𝑥∗, 𝑇𝑥2𝑘+1) +  𝑑𝑏(𝑆𝑥∗, 𝑥2𝑘+1)
]

= 𝑏 [𝑑𝑏 (𝑥2𝑘+2, 𝑥∗) + 𝛼𝑑𝑏(𝑥∗, 𝑥2𝑘+1) + 𝛽[𝑑𝑏(𝑆𝑥∗, 𝑥2𝑘+1) + 𝑑𝑏(𝑥∗, 𝑥2𝑘+2)]

+ 𝛾
𝑑𝑏(𝑆𝑥∗, 𝑥2𝑘+1)𝑑𝑏(𝑥2𝑘+1, 𝑥2𝑘+2) + 𝑑𝑏(𝑆𝑥∗, 𝑥∗)𝑑𝑏(𝑥∗, 𝑥2𝑘+2)

𝑑𝑏(𝑥∗, 𝑥2𝑘+2) +  𝑑𝑏(𝑆𝑥∗, 𝑥2𝑘+1)
] 

As 𝑘 → ∞, we have 

𝑑𝑏(𝑆𝑥∗, 𝑥∗) ≤ 𝑏𝛽𝑑𝑏(𝑆𝑥∗, 𝑥∗) 

 

which is a contradiction. Hence 𝑆𝑥∗  =  𝑥∗. Similarly, we can show 𝑇𝑥∗  =  𝑥∗. 
Thus  

𝑆𝑥∗ = 𝑇𝑥∗ = 𝑥∗. 
Therefore 𝑥∗ is the common fixed point of 𝑆 and 𝑇. 
To show uniqueness, let 𝑢∗ be another fixed point of 𝑆 and 𝑇 such that 𝑢∗ ≠ 𝑥∗ i.e. 

𝑆𝑥∗ = 𝑇𝑥∗ = 𝑥∗, 
𝑆𝑢∗ = 𝑇𝑢∗ = 𝑢∗. 

We have 

𝑑𝑏(𝑢∗, 𝑥∗) = 𝑑𝑏(𝑆𝑢∗ , 𝑇𝑥∗)
≤ 𝛼𝑑𝑏  (𝑢∗, 𝑥∗) + 𝛽[𝑑𝑏(𝑆𝑢∗, 𝑥∗) + 𝑑𝑏(𝑢∗, 𝑇𝑥∗)]

+ 𝛾
𝑑𝑏(𝑆𝑢∗, 𝑥∗)𝑑𝑏(𝑥∗, 𝑇𝑥∗) + 𝑑𝑏(𝑆𝑢∗, 𝑢∗)𝑑𝑏(𝑢∗, 𝑇𝑥∗)

𝑑𝑏(𝑢∗, 𝑇𝑥∗) +  𝑑𝑏(𝑆𝑢∗, 𝑥∗)
= 𝛼𝑑𝑏(𝑢∗, 𝑥∗) + 𝛽[𝑑𝑏(𝑢∗, 𝑥∗) + 𝑑𝑏(𝑢∗, 𝑥∗)]

+ 𝛾
𝑑𝑏(𝑢∗, 𝑥∗)𝑑𝑏(𝑥∗, 𝑥∗) + 𝑑𝑏(𝑢∗, 𝑢∗)𝑑𝑏(𝑢∗, 𝑥∗)

𝑑𝑏(𝑢∗, 𝑥∗) +  𝑑𝑏(𝑢∗, 𝑥∗)
 

which implies 

𝑑𝑏(𝑢∗, 𝑥∗) ≤ (𝛼 + 2𝛽)𝑑𝑏(𝑢∗, 𝑥∗) 
Which is a contradiction. Therefore 

𝑢∗ = 𝑥∗. 
This proves the theorem. 
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