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Abstract. In this paper, we prove common fixed-point theorems in complete b-metric spaces
using rational type contraction for two self-mappings. Our result improves and extends the
results proved by Mlaiki et al. [1] for a single continuous self-mapping in extended complete b-
metric space. We improve the results of Mlaiki et al. [1] to complete b-metric spaces for two
self-mappings without assuming the continuity of any mapping.
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1. Introduction.

Banach [2] in demonstrated a highly consequential theorem in the context of complete metric
spaces, establishing the existence of a unique fixed point. Since then, the fixed-point theory is
one of the most important tools in many branches of science, economics, computer science,
engineering and the development of nonlinear analysis.

As an extension of metric spaces, the concept of b-metric spaces was introduced by Backhtin
[3]. Czerwik [4] first presented a generalization of Banach fixed point theorem in b-metric
spaces. Mehmet et al. [5], Boriceanu [6], Bota [7], Pacurar [8] extended used this idea and
proved fixed point theorems and its applications in b-metric spaces.

In this paper, we extend the results of Mlaiki et al. [1] and prove a common fixed-point theorem
in complete b-metric spaces using rational type contraction for two self-mappings. Our result
improves and extends the results proved by Mlaiki et al. [1] for a single continuous self-
mapping in extended complete b-metric space. We improve the results of Mlaiki et al. [1] to
complete b-metric spaces for two self-mappings without assuming the continuity of any

mapping.
2. Preliminaries.

Definition 2.1 [3] Let X be a non empty set and s > 1 be a given real number.

A functiondy, : X X X — [0, ) is called b-metric if it satisfies the following properties for
eachx,y,z € X —

(b)) dp(x,y) =0 & x = y;

(bz) db(xi )’) = d()" X);

(b3) dp(x,2) < sldyp(x,y) + dp(y,2)].

The pair (X, d}) is called a b-metric space.

Example 2.1. Let X = lp (R) with0 < p < 1, where

I,(R) = {{x,}c R: ZIxnlp < o},
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Defined, : X X X - R™ as-

db(x'y) = (len _yn|p>

where x = {x,},y = {¥.}. Then (X,d}) is a b-metric space with coefficient s = 2.

1
P

Example 2.2. Let X = L,[0, 1] be the space of all real functions x(t),t € [0, 1] such that

[} 1x(®)IPdt < 0o with0 < p < 1. Define d,: X X X — R*as
1

1 P
dp(x,y) = (f |x(t) — y(t)l”dt>
0

Then (X, d},) is a b-metric space with coefficient s = 2».

The above examples show that the class of b-metric spaces is larger than the class of metric
spaces. When s = 1, the concept of b-metric space coincides with the concept of metric space.

Definition 2.2 [9] Let (X, d;) be a b-metric space. A sequence {x,} in X is said to be:

(I) Cauchy ifand only if d(x,, x,,) = 0asn,m — oo;

(IT) Convergent if and only if there exist x € X such that d(x,,x) — 0asn — oo and we
write %1_{{)10 Xpn = X;

(ITIT) The b-metric space (X, dj) is complete if every Cauchy sequence is convergent.
3. Main Result.
Theorem 3.1. Let S, T: X — X be self-mappings with (X, d;,) be a complete b-metric space and
for all distinct x,y € X-
dy(x,Sx)d,(y,Sx) + dp (y, Ty)d, (x, Ty)

dp(Sx, Ty) < &1d,y (%, ) + &, dyp (x,Ty) + dp(y, Sx)

where dp, (x,Ty) + dp(y,Sx) #0,0 <& +¢&, <1,§,&, €[0,1). Then S and T have a
unique common fixed point in X.
Proof. Let x, € X be arbitrary and {x,} be a sequence in X such that

Xny1 = SXp Xntz = TXpyq.

Then
dp (X1, Xn42) = dp(Sxy, TXpp41)
< &dp (X, Xny1)
dp (xn, Sxp)dp (X1, Sxn) + dp (i1, Txp 1) dp (X, TXp i)
db (xn:Txn+1) + db (xn+1:5xn)

2

= fldb (xn'xn+1)

+£ dp(Xn, Xn+1)dp (Kni1, Xne1) + dp (g1, X2 dp (O, X 42)
2

db (xn: xn+2) + db (xn+1'xn+1)
= &1dp (X, Xpi1) + Eadp (Xpy1, Xni2)

$1
1-¢

which implies

db(xn+1'xn+2) < db(xn'xn+1) = fdb (an xn+1)

where & = 1515 € [0,1).
—s2

Applying it recursively, we get
dp (n1) Xna2) < §7dp(x0, X1).
Since é € [0,1), we have
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rlll—{go dp(Xps1, Xn42) =0
Or
rlll—{go dp(Xn, Xns1) = 0.
By triangular inequality, for any m > 1
db (xn»xn+m) < b[db (xn' xn+1) + db (xn+1an+m)]
= bdb (xn' xn+1) + bz[db (Xn+1, xn+2) + db (xn+21 xn+m)]
= bdb (xn' xn+1) + bzdb (xn+1an+2)

+ b3 [db (xn+2' xn+3) + db (xn+3; xn+m)] perre e
Therefore

dp (X, X)) < [DE™ + b2EMTL 4 p3En+2 oo L ]dp (g, x1)
b n
= b&™[1 4 (b&)* + (bE)* + -+ ... 1dp(x0,x1) = 1_—Szbfdb(xo:x1)

Therefore, we have
b&"
dy (Xn, Xp4m) < 1—_b€ dp (X0, %1)
As n — oo, we conclude that {x,} is a Cauchy sequence in complete b-metric space (X, dy).
Hence there exists x* € X such that
lim x,, = x*.
n—-oo
Now to show that
Sx* =x".
We have

dp(Sx*,x*) < bld,(Sx*, Txpe1) +dp(Txpyq, x*)]
< bdp(Xp42,x")

+b l€1db (x", Xn41)

dp(x*, Sx™)dp (Xpi1, Sx*) + dp (X1, T g )dp (X7, Txn+1)l
dp (x*, Txns1) + dp(Xny1, Sx*)

2

= bdb (xn+21x*)
+b [S;ldb(x*lxn+1)

dp(x™, Sx™)dp (X1, SX™) + dp (X 41, xn+2)db(x*'xn+2)l
db (x*ixn+2) + db (xn+1!5x*)

2

Asn — oo,
d,(Sx*,x*) < b&d,(Sx*, x*)

which is a contradiction as ¢ € [0,1). Hence

Sx* =x".
Similarly, we can show

Tx* = x".
Therefore S and T have a common fixed point in X i.e.

Sx*=Tx" =x".
To show uniqueness of the fixed point, let z # x* be another fixed point of S and T i.e.
Sz=Tz=2z;8x"=Tx" =x".

Then
db(Z,SZ)db(x*,SZ) + db(x*, Tx*)db(z, Tx*)
*) — *) < *
db(Z,x ) db(SZl Tx ) == fldb(zlx ) + 62 db (Z, Tx*) + db(x*,SZ)

i} dy(z,z)d,(x*,z) + dp(x*,x*)d,(z,x*) .
- fldb(zix ) + 62 db (Z,x*) + db(x*,z) - Eldb(zﬂx )
Since é; € [0,1), we have d,(z,x*) = 0 ie. z = x™.
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This completes the proof.

Theorem 3.2. Let (X, d;) be a complete b-metric space and S,T : X — X be self-mappings
satisfying:
dy(Sx, Ty) < ad,(x,y) + B[dy(Sx,y) + dy(x, Ty)]
dy(Sx,y)dp (v, Ty) + dp(Sx, x)d}, (x, Ty)
dy(x,Ty) + d,(Sx,y)
for all x,y € X and «,f,y € [0,1) such that 0 < a + f +y < 1. Then S,T have a unique
common fixed point in X.
Proof. Let x, € X and {x,,} be a sequence in X such that

Xok+1 = SXop Xogez = TXopyq-
Then
dp (Xap+1 X2p42) = dp (SXop, TXpp41)
< adp(Xap, Xox+1) + Bldp(Sxap, Xox+1) + dp (Xop, TXop+1)]
dp(Sx2p X241)Ap Kok 1, TX2p41) + dp (Sxop, X216 )dp (X4, TX2411)
dp(Xop, TX k1) + dp(Sxok, X2p41)
= ady(Xzp, Xak+1) + Bldp (Xak+1, X2k41) + dp X2k X2p42)]
dp (X415 X2p+1) Ap o X2ie42) + dp (X1, X2 dp (X2k) X24e42)
dp(Xop, Xok42) + dp (Xop41, Xok+1)
= (a +y)dp X2k X2k41) + BAdp X2k X242)

Therefore

dp (Xap+1, X2p42) < (@ +y)dp (Xok, Xok41) + B[y Kok, Xap41) + dp (Xakt1, X2k42)]
Which implies

a+pfb+y
dp (Xak+1) X2k42) < de(x2k1x2k+1) = hd, (X2k) X2k41)
__ a+pb+y
where h = pp € [0,1).
Therefore, we have for all n,
dp (et Xn) < hdy (o, Xp—1) < h?dp(Xp_1, Xp—z) < e e < R (x4, X0).

By triangular inequality, for any m > 1
dpy (X, Xpim) < bldy Xy, Xng1) + dp (ny 1, Xnpm)]
< bdy (X, Xn41) + b?[dp (Xni1, Xpna2) + dp (a2, Xpam)]
< bdy, (Xp, Xn41) + b?dp (Xps1, Xn42)
+ b3[dp (Xn42, Xne3) + dp (Knis, Xnem)] e oo

Therefore
dp (X, Xpem) < [DR™ + b2R™ + B3R™2 + ... L ]dp (g, 1)
bh™
= bh™[1 + bh + (bh)? + (bh)3 + - ..... 1dp (xg, x1) = mdb(xo,xl)
Therefore, we have
n
dp (xn'xn+m) < mdb (xo'xl)

As n — oo, we conclude that {x,} is a Cauchy sequence in complete b-metric space (X, d;).
Hence there exists x* € X such that
lim x,, = x™.

n—-oo

Now to show that

*

Sx* = x*.
We have
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dp(Sx*,x™) < b[dy(Sx*, Txpp41) + dp(TX 441, X7]
= bldy (X2, x") + dp(Sx*, Txp41)]
<b Idb (Xgp42 ™) + ady (™, x2p41) + ,B[db (Sx™, X 41) + dp(X*, Txp41)]

+y dp(Sx*, X 1)dp (Ko t1, TXop41) + dp(Sx™, x)dp (X%, Tx2541)
dp(x*, TXop41) + dp(SX*, X2 41)

= b |dp Koz x*) + ady (%, Xop41) + Bldp (Sx™, x2p41) + dp(X™, X2542)]

dp(Sx™, Xap41)dp X2k 41, Xor42) + dp(Sx™, x7)d,, (X*:x2k+z)l
dp(x*, Xap42) + dp(SX*, X2p41)

As k — oo, we have
d,(Sx*,x*) < bBd,(Sx*, x*)

which is a contradiction. Hence Sx* = x*. Similarly, we can show Tx* = x*.
Thus
Sx*=Tx" =x".
Therefore x* is the common fixed point of S and T.
To show uniqueness, let u* be another fixed point of S and T such that u* # x* i.e.
Sx* =Tx* = x*,
Su*=Tu" =u".
We have
d,(u*, x*) = d,(Su*,Tx")
< ad, (u,x*)+ Bld,(Su*,x*) + dp(u*, Tx*)]
dy (Su*, x*)d, (x*, Tx*) + dp(Su*, u*)d, (u*, Tx*)
dy(u*, Tx*) + dp(Su*, x*)
= adp(u’,x") + pld, (", x*) + d,(u", x7)]
dp (u*, x*)dp (x*, x*) + dp (u*, u*)d, (u*, x*)
dp(u*, x*) + dp(u*,x*)

which implies

dy,(u*,x*) < (a + 2B)d,(u*, x*)
Which is a contradiction. Therefore
ut =x"
This proves the theorem.
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