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Abstract: The finite projective geometry is used to construct many series of symmetric orthogonal arrays of strength two and
more. In this paper, we propose a method of construction of Nearly orthogonal arrays mappable into fully symmetric orthogonal
arrays of strength two finite projective geometry.

Key Words: Orthogonal arrays, symmetric orthogonal array, Mappable nearly orthogonal arrays, Finite Projective Geometry.

1. Introduction The concept of orthogonal arrays introduced by Rao (1946) is very useful in the field of design of
experiments. Rao (1947) obtained upper bound on the maximal number of factors for a symmetric orthogonal array.
Bose and Bush (1952) constructed orthogonal arrays of strength two and three using difference schemes, Galois
field and finite projective geometry. Different methods for the construction of orthogonal arrays with different levels
and strengths using orthogonal Latin squares, Hadamard matrices, group theory, finite fields, coding theory and
finite projective geometry are discussed in Hedayat et al. (1999).

Bose and Bush (1952) constructed orthogonal arrays of strength two and three using difference schemes, Galois
field and finite projective geometry. Different methods for the construction of orthogonal arrays with different levels
and strengths using orthogonal Latin squares, Hadamard matrices, group theory, finite fields, coding theory and
finite projective geometry are discussed in Hedayat et al. (1999).

Mukerjee et al. (2014) constructed some series of nearly mappable orthogonal arrays of strength two using
resolvable orthogonal arrays. In these types of arrays, each column of a group is orthogonal to a large proportion of
the other columns, and these arrays are also easily convertible to fully orthogonal arrays using a mapping of the
large symbols in each column to a possibly smaller or same set of symbols. The importance and applications of this
type of arrays have been of considerable interest because of their inherent better space filling properties.

Mukerjee et al. (2014) illustrated through an example how an MNOA with 81 runs, 40 factors each with 9 symbols
can achieve a stratification on a 9 x 9 grid in 720 out of 780 two-dimensions and on a 3 x 3 grid in the remaining 60
two-dimensions. Thus, having a better space filling properties than an OA with 81 runs, 40 factors each at 3 levels
and accommodating more factors than an OA with 81 runs, 10 factors with 9 symbols. An important property of
MNOA's is that an another MNOA can be obtained with the same number of runs but less columns after deleting
one or more columns from a MNOA (Mukerjee et al. 2014). The main intent is to increase the number of groups
for attaining better amount of orthogonality degree instead of obtaining other orthogonal array after deleting
columns. Liu et al. (2023) constructed mappable nearly orthogonal arrays with column - orthogonality and enhance
the MNOA's projection uniformity on any one dimensional by using the construction (nearly) column orthogonal
MNOAs and rotation matrices. Singh et al. (2023) constructed many new series of mappable nearly orthogonal
arrays using difference matrix.

In this paper, we propose a method to construct mappable nearly orthogonal arrays using finite projective
geometry. The constructed nearly orthogonal arrays are mappable to fully symmetric orthogonal arrays of strength
two.
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In section 2, we give notations and definitions of orthogonal array, mappable nearly orthogonal array (MNOA)
and finite projective geometry. In section 3, we present a new method and some newly constructed mappable nearly
orthogonal array of strength two using the concept of finite projective geometry. We also provide MNOA tables that
are obtained using our propose method
2. PRELIMINARIES
Following results and definitions are useful and important for the present study.

2.1. Orthogonal array: An N x k matrix 4, with entries from a set G of s (= 2) elements, is called a symmetric
orthogonal array of strength t, size N, k constraints and s levels if every (N X t) submatrix of A contains all
possible (1 x t) row vectors with the same frequency A. The orthogonal array is denoted by OA[N, k, s, t]. The
number A is called the index of the array and it satisfies N = Ast.

Theorem 1: (Rao, 1947) Inan OA(N, k, s, t) the inequalities

N—12<]1c> (5—1)+........+(z> (s—1* if t=2u

and

N—12(llc)(s—l)+........+<z) (5—1)“+( )(s—l)”“ if t=2u+1

must hold.
An orthogonal array is said to be a tight orthogonal array, if equality holds inequalities.

2.2. Mappable nearly orthogonal array

A mappable nearly orthogonal array MNOA[N, T2, sc, T2, ]'[]C.i=1 rl-j] isan N X ¢ array whose ¢ = ¢; + -+ + ¢pp,
columns can be partitioned into m disjoint groups of ¢4, ....., ¢, columns with the following properties:

(i) fori=1,.... m, every column of the ith group is populated by s; symbols;
(ii) any two columns from different groups are orthogonal,;

(iiyfori=1,...... mandj =1, ......c;, the s; symbols in the jth column of the ith group can be mapped to a set of
r;j < s; symbols such that these mapping convert the array into an orthogonal array OA[N, 1‘[?;11'[;1': 1Tl In
particular, if s; =s, ¢c; = c and r;; = r for every i and j, then a mappable nearly orthogonal array is denoted as
A = MNOA[N, (s)™, (r©)™].

In a mappable nearly orthogonal array, before mapping each column c;in the ith group is orthogonal to at least a

proportion ; = (CC__Cl‘)z = 1,2, .....,m of the other columns. Here we construct only symmetric mappable nearly
orthogonal arrays, so every column c; contains the same symbols. Also, ifc; =¢, == ¢, =c¢, thené =mc
and we have

T = My =(m—1)c/(mc—1) (1)

where m and ¢ are number of groups and number of columns respectively.
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2.3. Finite Projective Geometry: A finite projective geometry PG (r, m) over Galois field of order m or GF (m),

where m is a prime or a power of a prime number, consists of ordered sets (yg, ¥1, -+ «ex - ,¥y) called points where
v, 1 =0,1,.......,7, are elements of GF (m) and all of them are not simultaneously zero. The point
(ayg, ayq, cov eoe e , ay,) represents the same point as(yg, Y1, - «er - ,¥-), forany a € GF (m), (a # 0). The collection

of all those points which satisfy a set of (r — t) linearly independent homogeneous equations with coefficients from
GF (m) (all of them are not simultaneously zero within the same equation) is said to represent a t-flat in PG (r, m).

In particular, a 0-flat, 1-flat,......... , a(r—1)-flat in PG(r,m) is known as a point, a line,......, a hyperplane

(mt*1l-1) . .
and the number of independent points

respectively. The number of points lying on a t-flat in PG (r,m) is r—

lying on a t-flat is (¢t + 1).

3. Method of construction

Mukerjee et al. (2014) constructed mappable nearly orthogonal arrays of strength two using resolvable orthogonal
arrays. Here, we use projective geometry to construct new series of mappable nearly orthogonal arrays of strength

two. The total number of distinct points in PG (r,m) is |[PG(r,m)| = [m;r_ll_l] PG (r,m) has disjoint t- flats if and

mr+1_

only if (t + 1)|(r + 1) and there are [ 1] number of disjoint t- flats. disjoint t-flats. The PG (r, m)can be used

mt+1_1
r+1_
to construct symmetric orthogonal array OA[m"*%,p, m**1,2], wherep = [::Tl_ﬂ

We now describe a new method for constructing mappable nearly orthogonal array using projective geometry.

mt+2_1:|
m-1

Step I: Using all points of PG (t + 1, m) obtain the orthogonal array A = 0A[m**?,q,m, 2], where q = [

Step 11: Write the array Aas A =[C] Cj ... .. Cnl’, where Gj,j = 1,2, ... ,mis of order (m**1 x q). Delete
the column, having single symbol from C; to obtain 7', for j = 1,2, ... ... ,m. Sothat ¢/ has (g — 1) columns.

Step Ill: For j=1,2,..mand k =1,2,....,(q — 1), replace the mt** occurrences of each of the m symbols in the
kth column of C; by m*** symbols from the set § = (0,1, 2, ........., (m**! — 1)) as follows to obtain D;

Fork =1,2,......,(q — 1), define
ten = {hm,hm+ 1, ......,hm+ (m* -1}, h=012,......,(m—1) 2)

and replace the m!** occurrences of symbol h by the m* members of ¢,,, in order as obtained in (2), that is, the first
occurrence of h is replaced by hm and second occurrence by hm + 1 and so on.

Step IV: Write D = [Dj, Dj,........,D;,]", where D; is the the (m‘*! x (q — 1)) array obtained from C; after
changing symbols of ;" according to (2), such that each column of D; is a permutation of {0, 1, ... ... e, (ML —
1)} symbols. Let Rij denote the ith row of D;, fori = 1,2, ....... (m*** = 1).

. r+1_
Step V: Consider orthogonal arrays B/ = 0A[m"*1,p, mt*1,2],j =1,2,...... ,m obtained from p = [ZTLI]
disjoint t-flats of PG (r,m). Let 0,1, ... ...... ,(mt* — 1) be the symbols in the ith column of orthogonal arrays
Bi=1[b;]; 1=1,2,..... mttandi=1,2, ....p.

Step VI: Construct the pre - mapping array using array A as described below

Write the array B/ as B/ = [by: b,: ......b,] , Where b,, e = 1,2, ......,p are the column vectors of array B/ of
order (m"*1 x 1) with mf** symbols . Replace the symbols {0,1, 2, ... ....., (m**? — 1)} of the column vector b, of
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B/ respectively by R}, R{ ........R{mm_l) rows of D; respectively to obtain t., where t, is of order
m"™1 x (q — 1), having rows R), RJ,........... .....R(’mm_l).

(i). Forj=1,2,...,m write T; = [ty: t,: .....:t,]; where T; is of order (m"*' x p(q — 1)) with each column
having symbols 0,1,2, ... ....., (mf*1 — 1).

(ii). Juxtaposition T; , j = 1,2, .....,m to obtain the pre mapping array T = [T;" ... T,.']’, which is of order
m'*2 X p(q — 1), having p groups of (g — 1) columns each.

Step VI1: Now for post mapping array, mt*! symbols t,, = {hm,hm + 1, ... ..., hm + (m* — 1)}, are in each of
the (¢ — 1) columns of t, mapped to h for h = 0,1,2, ........,(m — 1) to get the array of order m"*! x p(q — 1)

with symbols {0, 1, ..., (m — 1)}. Hence, we get the following mappable nearly orthogonal array
MNOA[m™ 2, {(m**H)471}P, {(m)?~1}7 ].
Thus ,we have the following result.
Theorem 2: The existence of orthogonal arrays A = OA[m'*?,q,m,2] and B = OA[m"*1,p, m'*1,2] with

r+1_ t+2 _
m 1] . q= [m+2 1] and (t+1) divides (r+1) . Implies the existence of a

p= [m“’l—l m-1

MNOA[m™2,{(m"))T71}P, {(m)T~}¥ ].

We illustrate this result through the examples

Example 2.1: Let t =1,r =3 and m = 2 in PG(r,m). Using step |, we obtain the array A = 0A[8, 7, 2, 2] of
order (8 x 7) using the PG(t + 1,m) or PG(2,2) as

[0

OR OR OR
RO RR OR O

P RO ORr R,ROO
R RrRrR,O OO0
O RrRPR OO RrRrRFR O
S ORr RPRR R,ROO
o0 RO PR O

-

For j = 1,2 the array A can be written as A = [C{ ;] through the step II,

0000UO0TO 00 0010111
1100110 1 1011010
G=lo 10101 1] ™M&=lg 111100
1100110 111000 1

Now we can see that C;and C, have third column , which has same symbols 0 and 1. So this column will be deleted
from C; and C, and remaining columns consisting only two symbols with equal occurrences.

0

=)

Cf =

__Oo O

0 0
1 * 0
1 and C; = 1
0 1

O R RO
oOR O R
cCOoOR R
R oo R

0
1
0
1

_oR o
[
_ o o

0

Now, replace the occurrences of two symbols 0 and 1 in the every column of C; and C; by set of four symbols
S =1(0,1,2,3) according to (2), to get D, , D, and D as displayed below:

457



Turkish Journal of Computer and Mathematics Education Vol.14 No.03 (2023),454-464
Research Article

00000 0 0002 2 2
212 21 2 21203 0
Dy=11 5 3 1 2 3|@dD=(7 5 3 3 § 1

3313 3 1 331113

and the array
0 0 0 0 0 O
212 2 1 2
12312 3
p_|3 31331
000 2 2 2
2120 3 0
123301
3 311 1 3

Here Ry, R}, RY, R} and R3, R?, RZ, R? are the rows of D, and D, respectively.

According to step V, consider an orthogonal array B = 0A(16, 5,4,2), obtaining using disjoint 1 —flats in
PG (3,2) and is displayed below:

0 0 0 0 0

1 0 2 2 1
21 2 0 3

2 21 2 0

0 2 2 1 2
310 2 2

3 2 3 01

_|1 2 0 3 3
B=lo 3 3 2 3
2 3 0 1 1

2 0 3 3 2

1 31 0 2
33 2 30
01 1 3 1
301 13
‘11 3 1 0

We can write the array B/ = [b;], herel = 1,2, ...........16, j=1,2and i = 1,2, ... .....,5.

Using step VI, construct the pre - mapping array as follows:

First denote the arrays By and B, as B; = [by: by: b3: b,: bg] and B, = [by: b,: bs: b,: bg], where B; and B, are same
as array B and b., e = 1,2, ....,5 are the columns or group of array B. Now construct the arrays Tj, j = 1,2 each of
order 16 x 6, after each symbols b, is replaced by the row Ri] for every j = 1, 2 by following step VI and hence we

have pre-mapping array T = [?] where Ty = [t: ty:tg:tyits] and T, = [ty: ty: ts: ty: ts]. FOr post mapping array,
2
map the symbols (0,1,2,3) to (0,1) using (2) we obtain the resultant MNOA[32, (4°)°, (2%)°]

Pre-mapping

458



Turkish Journal of Computer and Mathematics Education

000000
212212
123123
123123
000000
331331
331331
212212
000000
123123
123123
212212
331331
000000
331331
212212
000222
212030
123301
123301
000222
331113
331113
212030
000222
123301
123301
212030
331113
000222
331113
212030

000000
000000
212212
123123
123123
212212
123123
123123
331331
331331
000000
331331
331331
212212
000000
212212
000222
000222
212030
123301
123301
212030
123301
123301
331113
331113
000222
331113
331113
212030
000222
212030

000000
123123
123123

212212
123123

000000
331331
000000
331331
000000
331331

212212
123123

212212
212212

331331
000222

123301
123301

212030
123301

000222
331113

000222
331113

000222
331113

212030
123301

212030
212030

331113
Post-mapping

000000
123123
000000
123123
212212
123123
000000
331331
123123

212212
331331

000000
331331

331331
212212

212212
000222

123301
000222

123301
212030

123301
000222

331113
123301

212030
331113

000222
331113

331113
212030

212030

000000
212212
331331

000000
123123
123123
212212
331331
331331
212212
123123
123123
000000
212212
331331
000000
000222
212030
331113
000222
123301

123301
212030

331113
331113

212030
123301

123301
000222

212030
331113

000222
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000000 000000 000000 000000 000000
101101 000000 011011 011011 101101
011011 101101 011011 000000 110110
011011 011011 101101 011011 000000
000000 011011 011011 101101 011011
110110 101101 000000 011011 011011
110110 011011 110110 000000 101101
101101 011011 000000 110110 110110
000000 110110 110110 011011 110110
011011 110110 000000 101101 101101
011011 000000 110110 110110 011011
101101 110110 101101 000000 011011
110110 110110 011011 110110 000000
000000 101101 101101 110110 101101
110110 000000 101101 101101 110110
101101 101101 110110 101101 000000
000111 000111 000111 000111 000111
101010 000111 011100 011100 101010
011100 101010 011100 000111 110001
011100 011100 101010 011100 000111
000111 011100 011100 101010 011100
110001 101010 000111 011100 011100
110001 011100 110001 000111 101010
101010 011100 000111 110001 110001
000111 110001 110001 011100 110001
011100 110001 000111 101010 101010
011100 000111 110001 110001 011100
101010 110001 101010 000111 011100
110001 110001 011100 110001 000111
000111 101010 101010 110001 101010
110001 000111 101010 101010 110001
101010 101010 110001 101010 000111

This is required mappable nearly tight orthogonal array MNOA[32, (4°)°, (29)°].

Example 2.2: Let t =2,r =5andm = 2 in PG(r,m). Using step |, we obtain the array A = 0A[16, 15, 2, 2] of
order (16 x 15) using the PG (t + 1,m) or PG(3,2) as

0 0 0 0O 0O OOO 0O OO0 O O 0 0
1 0101010101010 1
0110011001100 11
11 0011001100110
000111100001 111
1 01101001 011010
01111000011 1100
4=f110 100 101101001
00 00 00011111111
1 010101101010 10
011001111001 100
11 0011010011001
00 0111111110000
1011 01010100101
01111001100 O0TO0T1T1
‘11 0 1 0 011001011 o0

For j = 1,2 the array A can be writtenas A = [C{ (]’ through the step II,
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O- HO —w 0O —
COoOHHA A HO O
ocHoOoOAHOHO
Coo0O H —H—H
O H 1O O —H+H O
SO H+H O O
ocHOoO— O —HO
coocococococo
O —H 1O 1 OO
COoOHHAH HO O
oOoHOoOHHOHO
COoO 00 — —H—
OCHHO O —H—H O
cord—H oo
CHOHO —HO

Il

S

O OHO —H—H O
—HOoO0o OO
Ao HO O HO
A HH O o0 o
o oA H oo «
—HOoOO H O O
o HOoO HOoOH O
S S P
O-H-HO H OO
cCo-rHA - —HOo O
oO-HoOoAHOHAO
COoOO0O H ——
OCH—HO O —H O
corHo oA
OCHOH O HO

Il

S

o

&

Now we can see that C;and C, have seven column , which has same symbols 0 and 1. So this column will be deleted

from C; and C, and remaining columns consisting only two symbols with equal occurrences.

O HO — 0O
coH—HHO O
oOc-HoOoOHA—HOHO
COoO 0O — —H—
O+ HO O —HH O
coH— o O
ocHO—H O —HO
oCHd—HOoO Ao H
coH—HH-HO O
oO-HOoOHA—HOHO
COoO 0O — —H—
OCHHO O ——H O
coH—H oo
CHOH O —HO

Il

3

and

O OHO —H—H O
—H oo OO —
Ao HO O HO
A" HH O o0 o
o oA —H oo «
Ao HOoO HOoH O
o HO " o0
cCorHHAHHO ©
oOHOoOAHOH O
cCooco H - o
cCo—-—HAOo O
OCHOH O HO

Il

* N

o

Now, replace the occurrences of two symbols 0 and 1 in the every column of C; and C; by set of four symbols

$=1(0,1,2,3,4,5,6,7) according to (2), to obtain D;, D, and D as displayed below:

O O NM N
O - ¥ O NN M
O =N O NN M
O -HANMFINO N
O N N ON M
O — F1N N N0 I~
O —HIN N OM I~
OO NM N
O - ¥ O NN M
O % =N O NN M
O-HANMF N0 N
O N N ON M
O — F1N N N0 N
O ¥ =N N OMm

]

g

and

461



Turkish Journal of Computer and Mathematics Education

Vol.14 No.03 (2023),454-464
Research Article

0 0 0 0 0 0 0 4 4 4 4 4 4 4
4 1 41 41 4 0505050
1 45 2 1455016501
D, = 55135511157 1175
2 2 2 4 6 6 6 6 6 6 0 2 2 2
6 3 6 5 2 7 2 2 7 2 16 3 6
3 6 7 6 7 2 3 7 2 3 2 3 6 7
7 7 3 7 3 3 7 3 3 7 3 7 7 3
and the array
0 0 0 0 0O OOO 0O O 0 0 0 O
4 1 41 4 1 4 4 1 4 1 4 1 4
1 45 21 45145 2 1 45
5513551551325 251
2 2 2 4 6 6 6 2 2 2 4 6 6 6
6 3 65 2 7 2 6 3 6 5 2 7 2
36 7 6 7 2 3 3 6 7 6 7 2 3
D= 7 7 3 7 3 3 7 7 7 3 7 3 37
0 00O OO0 O0 4 4 4 4 4 4 4
4 1 41 4 1 4 0505050
1 45 21455016 501
55135511157 1175
22 2 4 6 6 6 6 6 6 0 2 2 2
6 3 6 5 2 7 2 2 7 2 1 6 3 6
36 76 7 2 37 2 3 2 3 6 7
7 7 3 7 3 3 7 3 3 7 3 7 7 3
Here Ry, RY, R e and R} are rows of D, , similarly R3, RZ,R3,.......... and R2) are rows of D, and D,

respectively.

According to step V, consider an orthogonal array B = 0A(64, 9,8,2), obtained using disjoint 2 —flats in

PG(5,2)

We can write the array B/ = [b;], herel =1,2,............64, j=1,2andi=1,2,.......,9.

Using step VI, construct the pre - mapping array as follows:

First denote the arrays B! = [by:by: b3t ... .. .ubgl and B? = [by:by: bs: ... ... ...

be], where B, and B, are

arrays same as array B and b,, e = 1,2, ....,9 are the columns or groups of array B. Now construct the arrays T;
j = 1,2 each of order 64 x 14, after each symbol of column b,, is replaced by the rows Ri] of D; by following step

. T,
VI and hence, we have pre-mapping array T = [Tl],where T, = [ty: tyitgityits: .. .. tg] @nd

T, = [ty: ty: tg:ty: ts: ... ... tg]. FOr post mapping array, map the symbols (0,1,2,3,4,5,6,7) to (0,1) as described in
Step VII. The resultant array is MNOA[128, {(8)*}%, {(2)1*}°].

Table 1: Some Mappable Nearly orthogonal arrays based on 1-flat and PG(r, m).

r | m A = 0A[m**?,q,m, 2] MNOA[m™2, {(m'*1)1=1)P, {(m)1~1}P | T

3 |2 0A[8,7 ,2,2] MNOA[32,{(4)°}°,{(2)°}°] 0.8275
5 |2 0A[8,7,2,2] MNOA[128, {(H)°}, {(2)* 1] 0.9600
7 |2 0A[8,7,2,2] MNOA[512, {(4)°}%5, {(2)}*5]" 0.9901
3 |4 0A[64,21,4, 2] MNOA[1024, {(16)2°}7, {(4)*°}'"]’ 0.9439
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5 |4 0A[64,21,4,2] MNOA[16384, {(16)?°}*73, {(4)*°}*"*]" 0.9965
7 |4 0A[64,21,4,2] MNOA[262144, {(16)2°}*3%, {(4)?°}*3¢°]" 0.9997
3 |3 0A[27,13,3,2] MNOA[243, {(9)*2}19, {(3)*3}'°] 0.9075
5 |3 0A[27,13,3,2] MNOA[2187,{(9)*2}°, {(3)**}°']" 0.9899
7 |3 0A[27,13,3,2] MNOA[19683,{(9)'2}82°, {(3)12}82°]* 0.9988
Table 2: Some Mappable Nearly tight orthogonal arrays based on 2-flat and PG (r, m).
r|m A = 0A[m'*%,q, m, 2] MNOA[mM ™2, {(mt*1)9-1)P {(m)9-1}7 ] 13
5 |2 0A[16,15,2,2] MNOA[128, {(8)'*}?, {(2)**}°] 0.8960
8 |2 0A[16,15,2,2] MNOA[1024,{8)'*}73,{(2)'*}"%]" 0.9872
11 |2 0A[16,15,2,2] MNOA[8192, {(8)14}°85, {(2)'*}°%°]* 0.9985
5 |4 0A[256, 85,4, 2] MNOA[4096, {(64)54}°%, {(4)®*4}°°]" 0.9732
8 |4 0A[256,85, 4, 2] MNOA[262144, {(64)84}*161, {(4)84}*161 |* 0.9997
5 |3 0A[81,40,3, 2] MNOA[2187,{(27)°}?%,{(3)%°}** |" 0.9651
8 |3 0A[81,40,3,2] MNOA[19683,{(27)*°}"%,{(3)*°}°"]" 0.9987
5 |9 0A[6561,820,9, 2] MNOA[531441, {(729)819}730,{(9)819}730]* 0.9986
5 |5 0A[625,156,5, 2] MNOA[15625, {(125)155}126, {(5)155}126]* 0.9921

Notes: All values in the last column of the above tables are obtained by using equation (1) and all designs marked
by (*) are newly constructed else are same as Mukerjee et. al (2014).

4. Conclusion

In this paper, we constructed nearly orthogonal arrays mappable into fully orthogonal arrays of strength two. Some
new designs are also constructed, these new designs can be useful as better space filling designs, since these designs
give us better values of degree of orthogonality 7.
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