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Abstract

Let G = (V (G),E(G)) be a simple graph. A dominating set D € V(G) is a strong split
dominating set if the induced subgraph < V — D > is totally disconnected with at least two vertices.
Let Dy (G, i) be the family of strong split dominating sets of G of cardinality i and |Dg (G, )| =
de(G,i). We define the strong split domination polynomial of a graph G of order n as the
polynomial Dy (G, x) = Z?sts(c) d(G,)xt. In this paper, we determine the strong split domination

polynomial of paths and obtain some of its properties.1

1. Introduction

Let G = (V,E) be a simple graph with vertex set V =V (G) and edge set
E =E(G). Aset D € V is a dominating set if every vertex in V — D is adjacent to a
vertex in D . The domination number y(G) is the minimum cardinality of a
dominating set in G. A dominating set with cardinality y(G) is called a y-set. For a
detailed treatment of this parameter the reader is referred to [2]. In [1], S Alikhani
and Y H Peng has found the recursive relation for the domination polynomial of
paths. Now in the same way we find the recursive relation for the strong split
domination polynomial of paths.

A dominating set D € V(G) is a strong split dominating set if the induced
subgraph <V — D > is totally disconnected with at least two vertices. The strong
split domination number is the minimum size of a strong split dominating set of G
and is denoted by y,(G). Strong split domination in graph was introduced by Kulli
and Janakiraman in [3]. For more details on strong split domination we refer [4]. It is

immediate that for any path B,, y.c(B,) = BJ [4].

Definition 1. [5] Let Dy (G, i) be the collection of strong split dominating
sets of G of cardinality i and |Ds(G,i)| = ds(G,i). The strong split domination

polynomial of G is defined as Dys(G,x) = X725 () dss(G, Dx".
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2. Construction of Strong Split Dominating Sets of Paths

A Path is a graph whose vertices can be listed in the order {uq, u,, ..., u,}
such that the edges are {u;u;,,} where i =1,2,3,...,n— 1. Let D, (B, i) be the
collection of strong split dominating sets of B, with cardinality i.

Observation 1. For any path B,,

1. D, (P, i) =@ifandonlyifi >n—2ori< BJ
2. D (P, i) # @ if and only if BJ <i<n-2

3. To find a strong split domination polynomial of P, with cardinality i, it is
enough to consider Dy, (P,_1,i — 1) and Dy (P,_,, i — 1). Thus we have to
consider four combinations of whether these two collections are empty or
not.

Lemmal. If Dg(Py_q,i —1) =@ and Dg,(P,_p,i —1) = @, then D (B, i) = .

Proof. Suppose that Dy, (P,, i) # @. Let A € Dy (P,,i). Then at least one vertex n or
n—1is inA. If n € A then, at least one vertexn—2orn—3isinA. Ifn—2 € A,
then A — {n} € Dy, (P,,_1,i — 1), which is a contradiction. If n — 3 € A, then A — {n} €
Dys(P,_,, i — 1), which is a contradiction.

Now suppose that, n — 1 € A. Then at least one vertex n —3orn —4isin A. If
n—2€A, thenA—{n—1} € Dy (P,_1,i — 1), which is a contradiction. If n — 3 € A,
then A — {n — 1} € Dy (P,_,, i — 1), which is a contradiction.

Hence Dy, (B,, i) = 0.

Lemma 2. Suppose Dy, (P,, i) # @. Then

1. Dgs(Pp_q,i—1) =0 and Dgs(Pp_p, i —1) # @ ifand only if n = 2k + 1 and

i = k for some k € N.

2. Dys(Pp_q,i—1) #@and Dgs(Pp_p,i—1) =0 ifandonlyifi =n — 2.

3. Dys(Py_q,i—1) # @ and Dys(Py_,, i — 1) # @ if and only if

|=|+1sisn-2

Proof. 1. Assume that Dy (P,_1,i—1) =0 and Dg,(Pn_p,i—1) # @ . Since
Dys(Pp_1,i—1) =@ by Observation 1, i—1>n—-30ri—1< lnT_l Ifi—1>n-

3, theni > n — 2 and by Observation 1, D (P,,i) = @ a contradiction. Soi < 1"7_1] +1

and since D (P, i) # @ together with EJ <i< l"T_lJ +1, we have n =2k +1 and

i = k forsome k € N.
Conversely, if n = 2k + 1 and i = k for some k € N, then by Observation 1, Assume that
Dss(Pp_1,i—1) =@ and Dys(Py_p,i — 1) # O.
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2. Assume that Dg(Pp_1,i—1)# @ and Dy (P,_,i—1)=@ . Since
Dys(Py_s,i —1) = @, by Observation 1,i —1>n—4ori—1< l"T_ZJ Ifi—1< l"T_Z ,

theni—1< ["T_lj and hence Dss(P,—_1,i — 1) = @, a contradiction. So i >n — 3 and
also since Dgg(Pp_q,i —1) # @, i —1 < n — 3. Therefore, i =n — 2.
Conversely, if i = n — 2, then by Observation 1, Dys(Py_1,i — 1) # @ and Dy (Py_y, i —
1) =0.

3. Let us assume that Dgo(P,_1,i — 1) # @ and Dgs(P,,_5,i — 1) # @. Then by
Observation 1, [n—_IJ <i—-1<n-3and [n—_ZJ <i—1<n-4. So, ln—_lj <i—1<

2 2 2

n — 4 and hence [?J+1Si3n—2.

Conversely, if ["T_lj +1<i<n-2, then by Observation 1, Dy;(P,_1,i — 1) # @ and
Dss(Pn—ZJi - 1) * 0.

Theorem 1. Letn>5andi > BJ

1. If Dy(Py_q,i—1) = @ and Dys(P,_p,i — 1) # @, then Do (B, i) =
{{246,..,n—3,n—1}}.

2. fDg(Py_q,i—1) # @ and Dyg(Py_y,i—1) =0, then Dy (B, i) =S U
{{1,23,...n =1} — {x}/x € {1,2,3,...,n — 2}} where § = {X; U {n}/X, €
Dss(Pn—lin - 3)}

3. I Dg(Pp_q1,i—1) #= @ and Dys(Py_p,i — 1) # @, then Dy (B, i) = S U Sy,
where S; = {X; U{n}/X; € Ds;(P,_1,i — 1}and s, = {X, U{n—1}/X, €
Dss(Pn—Z’i - 1)}

Proof. 1. Let Dyg(Pp_1,i — 1) = @ and Dy (P,_,, i — 1) # @. By Lemma 2(1)

n =2k + 1andi =k forsome k € N. Then
Dys(Py, 1) = D5 (Porr1, k) = {{2/4,6,...,n —3,n — 1}}.

2. Let Dy(Py_q,i — 1) # @ and Dy (P, i —1) = @. By Lemma 2(2),i =n —
2. Therefore {{1,2,3, won—1}—{x}/x €{1,23,...,n— 2}} be the collection of strong
split dominating sets of B, of cardinality n — 2 with the vertex n not included and
S = {Xl U {n}/xl € Dss(Pn—lfn - 3)}

3. Let Dy(Pyp_q,i—1) #@ and Dg(Pp_p,i—1) # @ ad assume that X; €
Dys(P_1,i—1) . Then X, u{n}eDy (P,i—1) . Take &, ={X;u{n}/X;€
Dss(Pp_1,i — 1)}. Then 8; € Do (P, 0).

Let us assume that X, € Dy(P,_,,i —1). Then X, U{n — 1} € D, (P, i — 1). Take
S, ={X,Uu{n—1}/X, € Dys(Py_,i —1)}. Then S, € Dy (P,,i). Thus S; U S, S
Dys(Py, 1).

Now suppose that Y € D,.(P,,i). Thenn € Y orn ¢ Y. If n € Y, then there exist

X, € Dys(Py_q1,i —1)suchthatY = X, U{n}. HenceY € §,. Ifn¢Y,thenn—1€Y
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otherwise Y & Dy (P, i). If n — 1 € Y, then there exist X, € Dy (P,_,, i — 1) such that
X,u{n—1} €Y. ThusY € §,. Therefore D (P,, i) S §; U S,. Hence the Proof.

Example 1. Consider the Path P, on 7 vertices with V(P;) = {1,2,3,4,5,6,7}.
By using Theorem 1 we construct the strong split dominating sets of Dy (P, i) for
i =34,5.

Since Dy (P, 2) = @ and Dy, (Ps, 2) # @, by Theorem 1(1), Dgs(Ps, 2) = {2,4}.
Therefore Dy (P;,3) = {2,4,6}.

Since Dy (Ps, 3) = {{1,3,5},{2,4,5},{2,4,6},{2,3,5}} and
Dss(Ps,3) = {{1,3,5},{2,3,4},{2,3,5},{1,2,4}, {2,4,5}, {1,3,4}}, then by Theorem 1(3),

D,s(Py,4) = | (13,57} (24,57}, (24,67}, {2,3,57), |
58 7 B {1131516}’ {2131416}’ {21315’6}' {1'2l4l6}l {2I4I5I6}l {1I3I4I6} .

H — {1;3;5;6}1 {2I3I4l6}l {2I3I5l6}l {1121416}5 {2141516}5 {1131416}!}
Since Dy (P 4) = | (1,235),(1,24,5},{13,4,5}. {2.34,5) ’
Dss(Ps, 4) = @, then by using Theorem 1(2),

{1,3,5,6,7},{2,3,4,6,7},{2,3,5,6,7},{1,2,4,6,7},
{Xl U {n}/Xl e DSS(P6I 4)} = {214151617}' {113141617}' {1i2i3'5i7}r {1;2;4;5;7}7
{1,3,4,5,7},{2,3,4,5,7}

 ((1,234,6},{1,2,356), {1,2,4,5,6},}
and {{1,23, .. 6} — {x}/x € (123,45} = { {1,3,4,5,6},{2,3,4,5,6) '
{1I3I5I6I7}P {2I3I4I6I7}F {2F3F5F6F7}I {1F2F4F6F7}I
(2,45,6,7),{1,3.4,6,7},{1,2,3,5,7}, {1,2,4.5,7},
{1I3I4I5I7}P {2I3I4I5I7}F {1F2F3F4F6}I {1F2F3F5F6}I '
(1,2,4,5,6},(1,3,4,5,6}, {2,3,4,5,6)

Thus Dy (P, 5) =

3. Strong Split Domination Polynomial of Paths
In this section we determine the strong split domination Polynomial of Paths and
some of its properties.

Definition 2. Let Dy (B, ) be the collection of strong split dominating sets
of B, of cardinality i and |Ds,(P,, i)| = dgs(B,, i). Then the strong split domination
polynomial of path is defined as Dy (P, x) = ?;fEJ dgs(Py, i)xt.

2

Theorem 2. If Dy (P, i) is the collection of strong split dominating set of
cardinality i of B,, then | D (B, i)| = | Dgs(Pp—1, )| + | Dss(Pn—2,0)| + |D| where
D={{123,..,n— 1} —{x}/x € {1,2,3,...,n — 2}}.
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Proof. By using Theorem 1, the result follows.

Theorem 3. For every path B,(n = 5),
Dss(Py, x) = %(Dgs (Pro1,%) + Dss(Pp—2,%)) + (n = 2)x™ with Dys(P3,x) = x
and Dy, (P,, x) = 3x2.

Proof. By using Theorem 2 and the definition of strong split domination
polynomial we get the result.

Theorem 4. Let Dy,(P,, x) be the strong split domination polynomial of path B,.
Then the following properties hold.

1. For any positive integer n, ds;(P,,n— 1) = 0 and ds(B,,n) = 0.

2. dgs(P,, i) =dgs(Pp_q1,i—1) +dgs(P,—,,i— 1), for any positive integer
5 <i<n-3.

3. dg(Pyn4q1,m) = 1, for every positive integer n > 1.

4. dg(P,,,m) =n+ 1, for every positive integer n > 2.

5. dg(P,n—2) = (’l‘l)zﬂ for every positive integer n > 3.

Proof. 1. The result follows from Definition 2.

2. It follows from Theorem 2.

3. By Theorem 2(1), {{2,4,6,..,n—3,n—1}} is the only strong split
dominating set of size n. Hence dss(Pyp41,1) = 1.

4. For =2, Dg(P,2) ={{1,3},{2,4},{23}} . So, dy(P,2) =3 and
n+ 1= 2+ 1 = 3. Therefore the result is true for n = 2. Assume that the result is
true for all positive integers less than n. By (2) and induction hypothesis

dss(Ponyn) = dgs(Ppp—q,n — 1) + dgs(Prpz,n — 1)

= dss(Pyp-141-,n— 1) + dss(PZ(n—l)’n - 1)
= dss(PZ(n—1)+1:n - 1) + dss(PZ(n—l)'n - 1)

dgs(Pop,n) =n+ 1.

5. There are (n’_’z) sets of cardinality n — 2. In any path P,, exactly (n — 1)
pair of vertices are adjacent. So, the number of strong split dominating sets of

cardinality n — 2 will be dgg(P,n—2) = (") — (n— 1) = w

4. Conclusion
In this paper we have found the Strong Split Domination polynomial for Paths. In future
we plan to investigate the polynomial for several graph products.
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