Turkish Journal of Computer and Mathematics Education Vol.14 No.02 (2023),806-823
Research Article

Solving Singed Product Cordial Labeling of Corona Products of Paths and
the Third Power of Lemniscate Graphs

Atef Abd El-hay 2, Yasser Elmshtaye , A. Elrokh ¢

@ Computer science dep. Higher Institute of Computers and Information Technology, Shorouk
Academy.
b Dept.of Math, Faculty of Science and Art, Muharyl Asser ,King khalid University, Abha,
Saudi Arabia.
¢ Dept. of Math., Faculty of Science, Menoufia University, Shebeen Elkom, Egypt

E mail address: 2atef 1992@yahoo.com, Pyalmshtaye@kku.edu.sa, and
“ashraf.hefnawy68@yahoo.com

Abstract: A graph G = (V, E) is called singed product cordial if it is possible to label the vertex by the function
f:V = {=1,1} and label the edges by f*: E — {—1,1}, where f*(uv) = f(w)f(v),u,v € Vsothat |lv_; —v;| <1
and |e_; — eq| < 1. In our work we present necessary and sufficient conditions for which the singed product cordial
labeling of corona product of paths and third power of lemniscate graph.
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1. Introduction

Labeling graphs are used widely in different subjects including astronomy and communication networks. The
concept of graph labeling was introduced during the sixties’ of the last century by Rosa [1]. Many researches have
been working with different types of labeling graphs [2] [3]. In 1954 Harray introduced S-cordiality [4]. An excellent
reference for this purpose is the survey written by Gallian [5]. All graphs considered in this theme are finite, simple
and undirected. The original concept of cordial graphs is due to Chait [3]. He showed that each tree is cordial; an
Euerlian graph is not cordial if its size is congruent to 2(mod 4).Let G = (V,E) beagraphandlet f:V - {—1,1}
be a labeling of its vertices, and let the induced edge labeling f*: E — {—1,1} be givenby f*(e) = f(w)f (v), where
e=uvandu,v € V. Letv_, and v, be the numbers of vertices that are labeled by (—1) and 1, respectively, and
let e_; and e; be the corresponding numbers of edges. Such a labeling is called signed-cordial if both |[v_; — v;| <
1and [e_; —e;| < 1 hold. A graph is called signed-cordial if it has a signed-cordial labeling. In [8] J.Devaraj and
P.Delphy defined signed graphs, and started by labeling edges and then induced the labeling of vertices. In [9]
Jayapal Baskar Babujee and Shobana Loganathan proved that path graph, cycle graphs, star-K;,, Bistar-
BB, ,n =3 and CF,n > 3 are signed product cordial.

Definition 1. A path with n vertices has n — 1 edge and cycle with n vertices has n edges.

Definition 2. The third power of cycle denoted by C3 , is C, U J, where J is the set of all edges of the form edges
v;v; such that 2 < d(v;v;) < 3 and i < j where d(v;v;) is the shortest path from v; to v; .

Definition 3. The third power of lemniscate graph is the graph created by the union of two third power of cycles
with a common vertex, and it denoted by L3 ,,, = C3#C3.

Definition 4. Let G,, G, respectively be (py,q1), (92, q2) graphs. The corona G,®G, of two graphs G, (with n,
vertices , m, edges) and G, (with n, vertices , m, edges) is defined as the graph obtained by taking one copy of G,
and copies of G, , and then joining the i*" vertex of G, with an edge to every vertex in the i® copy of G, . It is easy
to see that the corona G, ©G, that has n; + n,n, vertices and m; + n,;m, + n;n, edges.

In this paper we study the singed product cordial of the corona product P, O L3, ,, of paths and the third power of
lemniscate graphs, and show that this is singed product cordial for all positive integers k,n, m.

2. Terminologies and Notations

we can use these symbols of labeling as follows
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Lg, 11-DEDH DD, (repeated r time)
Ly, -DEDILLIED D). ... (repeated r time)
Sar CDIIEDIEDHED..... (repeated r time)
Sgr 1CDEDIEDILED). ... (repeated r time)
Mg, CDI1EDHIIEDICD).. ... (repeated r time)
Mg, 1CDICHEDIEDT..... (repeated r time)

Ny, 11¢-D(-D..... (repeated r time)
Ng,. -D(D1t..... (repeated r time)
F,, -DI1(¢-D1..... (repeated r time)
F,, 1¢-D1-D)..... (repeated r time)
Qur 1-D(-D1..... (repeated r time)
Q4r -D11(-D)..... (repeated r time)

Table 2.1. The labeling code.

Suppose that 4;, 4}, A}’ andA;" is a collection of labeling of a path P, where k = i(mod4) and for the
special P, where Vk = 1,2,3 we choose the labeling Py, P, P,/ andpy,”.

Suppose that j = 0,1,2,3. let B, meaning the labeling of L}, 45, ; where t is odd and s is even, By,
meaning the labeling of Lit+l,4s+j where t is odd and s is odd, B, meaning the labeling of LZHHSH-, where t

is even and s is odd and B, finally the labeling of Lit+z,4s+j where t is even and s is even.

The labeling B/and B/’ for the particular cases L3 4,,;¥j = 0,1,2,3 where s is even and Bjand B}’ for the
odd s of L} ;5,;Vj = 0,1,2,3, let B, is the labeling of L3 ,. B} is the labeling of L3 45+j»Vj = 0,1,2,3 where s is
odd, Blje meaning the labeling of Li.4S+]" Vj = 0,1,2,3 where s is even. Finally By, is the labeling of L} ,.

We use the notation [4; (B; C)] where 4 is the labeling of Py, B is the labeling of C3, C is the labeling of
C3.if G and H are two graphs where G has m vertices, the labeling of corona G © H denoted v; and e; (i =
0,1) to show the number of vertices and edges respectively labeled by i.

One canseethatv_; —v; = (xg —x;) + k. (Y_; —Y)ande_, —e; = (a_y —ay) + k.(B_, — By) —
x_1.(Y_; = V1) + x;. (Y_; — Y;), where k is the order of p. Consider that Y_; = (y_; + y.;) where y_;
and y’, are the number of zero vertices of C2andC3, Y; = (v; + v;) where y,andy; are the number of ones
vertices of C3and C3, B_; = (b_; + b.;) where b_;andb/, are the number of negative ones edges of C2and
C3 and B, = (b, + bj) where y,andy, are the number of ones edges of C3and C3.

3. Main result

In this section we study the necessary and sufficient condition of the singed product cordial labeling of a corona
product of paths and a third power of lemniscate graphs P, O L3 ,,, for all k > 1 and n,m > 3. we labeling each
cycle separately, and we considered the common vertex as apart of the second cycle, and the labeling of the second
cycle is starting from the common vertex. To achieved our target we study the following series of cases.

Table illustrate the vertex and edges of the path P, where k = 1,2,3

P, k=123 X-1) | X1 |ag| A1
P =(-1) 1 |0]0] O
Pl=1 0 |1]l0] o
P, =(-11 1 |1]0 1
P, =(-1), 2 (o|1] o
P =1, 0 |2|1] o
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The next table illustrate the vertex and edges of a path P, where k = i(mod4) Vi = 0,1,2,3.
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Table (3) Vertex and edge of a path. P, where k = i(mod4) Vi = 0,1,2,3
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Py =(-1)1(-1)
Py =(—1);

Py =1,

Py’ = (~1),1
Py = 15(=1)

P NOWN

N R WO
R R NN O

R, OO

Table (2) Vertex and edges of a path. Py,

P,k =i(mod4)i =0,1,23 x1) | x4 a; |-y
Ay = (—Dyur ar |0 4r — 1(0
Ay = Fyr 4r — 2U4r — 20 4r — 1
Al =1,, 0 4r  lr — 10
Al = Nj, 4r — 24r — 2Ur — 2[4 — 3
Ay = (14 (1D ar + 1[0 4r 0
A = Fy (1) 4r — 1/4r — 20 ar
Al =1,1 0 4r +14r 0
Al = Ni.(-1) 4r — 14r — 2Ur — 24r — 2
Ay = (—D4r (1), 4r + 2(0 4r + 1/0
Ay = Fir (D1 4r — 14r — 10 4r + 1
V=141, 0 4r + 2Wr + 10
Y =Ny, 1(-1) 4r — 14r — 14r — 14r — 2
Az = (=14 (=13 4r + 3|0 4r + 2(0
Ay = F,(-D1(-1) W@r Wr—-10 4r + 2
Ay = 1,15 0 4r + 3{4r + 20
Al = N;.(—1),1 4r  J4r — 14r — 14r — 1

Case (1): n = 3, then P, © L3 ,, is singed product cordial .

labeling of lemniscate

j L3 i Y(_l) Yl Bl B(—l)
3,45+j
B, = N,1(-1) 3 3 4 4
0| B, = 1,(—1); (—1)Lgs_gN41(—1) l4s + 14s + 1125 — 1125 — 1
B, = 1,(=1); 0S4,1(=1) 4s + 3l4s + 3125 + 5[12s + 5
By = (—1)3; (—=1)1;Lg,-g1 4s  |as — 1125 — 5[12s — 6
133’ = 13;1(—1),Lgs_g(—1) 4s — 144s  |12s — 5125 — 6
Bl = 1,(—1); (1) Ligs_gNj(—1)1,4s + 14s + 2[125 + 1125
BY = (—1),1; 1Lgs_gN,1(—1), 4s + 2/4s + 1125 + 112s
X B =1,(—1); (—1)Lgs_gNs l4s |4s  [12s — 4125 — 4
B2 = 1,(—1); (—=1)Mg, 4s + 2/4s + 2/12s + 2[125 + 2
B3 =1,(—1); (—D)Lgs—sNsl a5 |as + 1125 — 2125 — 3
3 B3 = (—1),1;1Lgs_gN,(—1)  l4s+ 14s  [12s —2[12s — 3
B3 = (—1)3;1,Lgs_gN,1(—1), {4s + 2/4s + 3[12s + 4125 + 3
B3 = 1,;(=1),L4_gNi(—1)1, [4s+3@s + 2125 + 4125 + 3

Table 1.1. Vertex and edge of a lemniscate L§,4s+]-

By using table (2), we study the singed product cordial of P, © L§,4S+j when k = 1,2,3.

Research Article
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3
L3,4s+j

j=0123 VLT A

(=)
i)
o
[y

4

=)

4

ASH
| | W o o

s}

B, B,
B., B,
B;, By
B3, B;
BZ,B;
p.| B?, B2
B3, B3, Bs
BS,B:,BS
B;',B;', B,
BY, BY, B
B3, B, B;
BZ,BZ, B;
B3, B3, By
B, B, B
Table 1.2. Vertex and edge of P O L3 4.;

rnr

P3

[} = = R = O] © |00 O

S W N _[=] o [wu v =
o
R o] o |lo| o |lo »r |o

1P3IIII

2P

3|Py" 0 0

By using table (3), we study the singed product cordial of P, © L33‘4s+]- when k = i(mode)4 Vi = 0,1,2,3.

, L3,
) Pk ].3‘:458—]1 23 V1) — V1€(-1) — €1
B,,B,,B,,B,...
OA/H 02 PorPorDPg 0 _1
0 BelBEJBelBe---
1lay BY,BY,BL BL... 0 )
Bl BY Bl Bl...
2A6” Bg:Bg,Bg,Bg... 0 _1
B?,B2,BZ,B2...
3AIII Bg;Bg,Bg’,Bg’... 0 _1
° B3,B3, B3, BY...
" Bo;Bo;Bo,BO...,BO
014} B,,B.,B.,B,..., B, -1 0
1r 1r 1 1 17
1A11ll Bi’,Bi’,Bi,Bi...,Bolr 0 0
BY,BY B;,B;..., B2
2A’1” Bg;Bg,Bg,Bg...,Bg _1 0
BZ,B2,B% B2..., B>
er~er~er—e ) e
34y Boz,B(z,Boz:, Boz:. ..,Boz 0 .
BBE’BBG'BBEéBe "B';BBe
OAIII 0 Do) Dg)Dg-++,Dp, Dy 0 1
2| B, B, B, B,...,B,, B,
g Bo'»B',Bo,Bs..., B, By’ 0 1
2 Bll Bll B1 Bl Bl Bl,
er~e r~erZe-"")~er e
ol B?,B%,B?,B2...,B%,B? 0 L
| BZ B2 BZB2.. B2 B?
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| Be B BB BB | .
B3,B3,B¥,BY..., B, B3

4| BoBoBoBo BoBo By | 0

3| B,,B,,B,,B,...,B.,B.,B.

A,g,,Bg’,Bg’,Bg,Bg...,Bg’,Bg’,Bg 0 0
BY',BY,BL,BL..., BY, B, B}

a Bi,B(E,Bi,B(E...,B(E,Bi,B(E L 0
B2,B2,B2,B2...,B2, B2, B

A,B,,Bg,Bg,Bg',Bg'...,Bg,Bg,ng 0 0
B3,B3,B3,B%...,B2 B2, BY

Table 1.3. Vertex and edge of P, O L3 44;

It well known that P, © L3 454 = P O Ly
Case (2): n = 0(mod4), then p;, © L3, ,, is cordial.

consider n = 4t and m = 4s + jVj = 0,1,2,3 is singed product cordial.

the lemniscate.

Research Article

the next table (1.1) illustrate the labeling of

labeling of lemniscate
J Yoo Y, By By
By = LggNy; 1Lgg(—1)1 4t +4s+3 | 4t+4s+4 | 16t +12s+3 | 12t + 16s + 3
0 Bye = 1Lg1,(—1); (—1)Lgs_gN;1(—1) 4t +4s+1|4t+4s+2 | 16t+8s+1 | 16t+8s+1
Boo = 1Lg;_gN,(—1),1; 1Lg 1(—1) 4t +4s+1|4t+4s+2 | 8t+16s+1 | 8t+16s+1
B,, = Lyg;; Lgs_gNi1,(—1) 4t +4s—1 | 4t + 4s 8t +8s+3 8t +8s+3
Boo = LgtNy; (—1)2Lgs 15 4t +4s+4 | 4t +4s+4 | 16t + 165 16t + 16s + 1
Boo = 1;Lg12; (—1)2Lgs—gNa1(=1)31(=1) |4t +4s+4 |4t +4s+4 | 16t+16s+1 | 16t + 165
1 Beo = (—1)Lge_gNy1,(—1); (—1); L5512 4t+4s—2 |4t +4s—2 | Bt+4s+2 8t +4s+3
B,e = LgeNy; (—1)Ligs_gN31,(=1) 4t +4s4+2 |4t +4s+2 | 16t+12s—1 | 16t + 125 —2
Bee = Lgg; (—1)Lgs_gNi(—1)1, 4t + 4s 4t + 4s 8t+12s+1 | 8t+12s
B,y = Ligg; (—1),L5,1, 4t+4s+2 |4t +4s+2 | 8t+16s+3 | 8t+16s+ 2
Boo = 1Lgi1,(—1); (—1)Lgs_gN,4 4t + 4s 4t +4s+ 1| 16t+4s+2 | 16t+4s+2
2 Boe = 13Lgi15; (—1),Lgs_gNi1(—1), At +4s+2 | 4t+4s+3 | 16t +12s 16t + 12s
B.o, = 1Lg;_gN,(—1),1; Lgs_gN,1 4t +4s—2 | 4t+4s—1| 8t+8s 8t + 8s
B.e = Lg;; Lgs1 4t + 4s 4t +4s+1| 8t+12s+2 | 8t+12s+2
Byo = (—1)Lge(—1)21; 1Lgs_gNy1 4t+4s+1|4t+4s+ 1| 16t +8s 16t +8s—1
3 Boe = (—1);Lge(—1)2; 15LgsgNy13(—1) 4t +4s+3 | 4t+4s+3 | 16t+12s+2 | 16t +125s+1
B., = (—1)1Lg_gNj1y; (—1),L4_gNi1 4t +4s—1|4t+4s—1|8t+8s+2 8t+8s+1
Boe = (=1)Ly;_gNj1,(—=1); (—1)Lgs1 4t +4s+1 | 4t+4s+1|8t+12s+4 | 8t+12s+3

Table 2.1. Vertex and edge of a lemniscate Lit_4s+,-

By using table (2), we study the singed product cordial of P, © Limsﬂ- when k = 1,2,3.

Ao L3 i
U |Pr j4=t'48+1] 53 [PD T V1D T &
B,, 1
B 1
P oe
op g 0 .,
B,, 1
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BOO'BOO' oo’ 00""BOO’BOO’BOO
Boes Boes Boes Boe- - » Boes Boer B

3AI oe’ ~oe’ ~oe’ ~oe »~oer Foer Foe 1 _1
3B€O'B€O’BeO'B€O'"'BQO’BBO‘BEO
Bee:Bee'Bee:Bee--"BeelBee'Bee

Table 2.3. Vertex and edge of P O L}, 45+

For a special case if n = 4, then P, © L3 ,, is singed product cordial, except P, O L3 5.

consider n = 4 and m = 4s + jvj = 0,1,2,3 is singed product cordial. The next table (1.3) illustrate the labeling of

the lemniscate

labeling of lemniscate

J I Y | 1 B, | By
45+]
Bi1 = IN,(—1)1(-1) 3 4 6 6
Bie = (—1)31;1Lgs_gNy(=1)1  Us + 24s+18s+5 [8s + 4
0B, = 15(=1); (=1 Lss_gNs1(—Dlds + 1/4s + 2|85 + 5 8s + 4
B, = Q4; 1Lgs(—1)1 4s + 3/4s + 4/16s + 2165 + 2
B!, = Q4; (1) L5 1(=1) 4s + 44s + 3[16s + 2165 + 2
1 Bie = (=131 1Lgs_gNa(—1)1; s + 2/4s + 2[125 + 2[125 + 2
By, = Ny; (=1),L51, 4s + 44s + 416s + 4[16s + 4
Bio = 15(=1); (—1)Lgs_gNy 4s  Ws+18s+2 Bs+1
5| Bio = (-1)s1; 1Lgs-gNs 4s +14s  [Bs+2 [Bs+1
By, = 14; (—1),L5s_gNs1(—=1), {s + 2/4s + 320s + 220s + 1
B!, = (=1)4; 1,Lgs_gN,(=1)1, {45+ 3j4s + 220s + 220s + 1
3 Bio = (=D1(=1)3;1;LgsgNs Ps+ 14s+18s+3 Bs+3
Bi. = (—1)4; 1,Lgs_gNy15(—=1) s + 34s + 3[16s + 1165 + 1

Table 2.4. Vertex and edge of a lemniscate Li,4s+j

By using table (2), we study the singed product cordial of P, © Li,4s+j where k = 1,2,3.

L a5+
j|p, | 44t Vi_y — Vile—1) — €
| Fk j=0123 (-1) 11€(-1) 1
By1 1
0| Py Bie 0 0
g{o 0
1| P, Ble 1 0
10
BI
2| P/ to 0 0
Bie
B
3| P, to 0 0
Bie
Bi1,Byy 1
0 PZI Ble: Ble 0 -1
glorglo -1
1 P ler Ple 0 _1
2 Blo'Blo
B,,, B;
2P| e 0 1
g Ble' Ble
B,,B
3 P 10’ P1o 0 1
2 Ble' Ble
P; |B11, B11 1
OPEI.”B{e'B{e:Ble 0 0
PBI.”B{e'B{e:Ble 0
Bl ’Bl ,Bl
1PIII [ o] [ 1 0
3 Ble:BleﬂBle
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Table 2.5. Vertex and edge of P, © Li,4s+j where k = 1,2,3.

Bio, Bi1o, B1
ZPHI [ (] ,O 0 0
’ Blev Ble'Ble
mBlov Blo'Blo
3\P. 1 0
3 Blev Ble'Ble

By using table (3), we study the singed product cordial of P, O Lf;ASﬂ.

Vol.14 No.02 (2023),806-823

L3 ;
i1 P, dAst) V1) — Vil — €
J| Pr j=0123 1)~ Ve T 6
Ao Bi11,B11,B11, Bys- - 1
040’ Bie,Bies Bie, Bie- -- 0 -1
Ay By, B1o, By, Bl -1
Bl 'Bl ’Bl ’Bl “aa
14" e e e e 0 -1
0 Bi1,,B10,B10,B1g-: - -
Bi,,B10,Bio, Bio---
ZAE]” 1o 1o ’10 ,10 0 -1
gle'gle'gle'gle'“
3Am lo» 2102 P10’ P10 0 -1
0 Ble'Ble'Ble'Ble---
A
A,l,, Bi11,By1,B11, By, By 1
OAlll/ Ble'Ble’B]’.e'B{E"'!Ble 0 0
! BlorBlo:BiorB{o'-”Blo 0
B¢, Bie) Bie) Bie---, B
1Am ler P1er Pler Ple yPle 1 0
! BlorBlo:BlorBlo'-'JBlo
2A’1” Blo'Blo'B,{o'B’{O""Blo 0 0
gle'gle'gle'gle“"gle
3Am lo» 2102 P10rP10+»P1lo 1 0
! Ble'Ble'Ble'Ble---'Ble
Az | Bi1,B11,B11,B11-+, By, Big 1
02" Bie Bie)BiesBie- .-, Bie Bie 0 -1
AIZH Ble:Ble:B{e:Blle---'Bie:Ble -1
B Biy...,Bio, B
1Am 1o P102 P10’ P10 »P10r P10 0 -1
| BiesB1e,BieBio-os Biei Bre
| BrorBioBiosBlor BiosBay | 7
B1e,Ble;B1e,Ble---,B1e;Ble
Biy,B1y,B19,B1p-+-»B1o, B
3AIII 10’ P10 P10’ P1lo ' P10 P10 0 -1
z BlerBle:BlerBle---rBle»Ble
A3 |B11, B11, B11, B11..., B11, By1, Big 1
OAg”Ble'Ble'B{elB{e"'lBletBleJBlle 0 0
A’3”Blo'BlolB{o'Bt;""BlolBlot31’0 0
Bie, B1e, B1o, Big--+» B1e, B1e, B
1Am ler P1ler Pler Ple »PlerPler Ple 1 0
3 BlorBlo:BlorBlo---rBlo»BlorBlo
! ! !
ZAg/glo:glo:g}o:g,lo- --:glo'BBloiBB’lo 0 0
1e:Blet ler Ble---t Ble: Ble' Ble
3Am lor P10 P10 P10+ P10’ P10 Plo 1 0
3 BleﬂBle:Ble'Ble'"'Ble'Ble'Ble

Table 2.6. Vertex and edge of P O L3 44;

Research Article

Case (3): n = 1(mod4), then P, O L3, ,, is singed product cordial. except P, © L3114 and P, © L1115

consider n = 4t + 1 and m = 4s + j,Vj = 0,1,2,3 is singed product cordial. The next table (2.1) illustrate the

labeling of the lemniscate.
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] labeling of lemniscate
/ Lit+1454) Yen h By Bey
Boe = (—1)2Lgr-g(—1)21; 1Les-Nalo(—1)  |af + 45 — 114t + 45 — 24t + 85 +3 Wt +8s+3
" Bjo = 1(=1);Lge—g(—1)2; 15Lgs (= 1)1 4t + 4s + 14t +4s |4t + 165 + 2 {4t + 165 + 2
BL, = (—1),L5_gNi1,(—1); (—1)Lss1,(—1) 4t + 4s + 3[4t + 4s + 2[12t + 165 [12t + 165
B, = 1(=1),L5;_gNily; (=1),Lgs_gN;1(—1) 4t + 4s + 14t + 4s 12t + 125 — 212t + 125 — 2
Bje = Lg—gNa(—1); (—=1)Lgs_gN31,(~=1)1 4t + 4s — 14t +4s — 1|4t + 125 + 2[4t + 125 + 1
ZBelo = 1,Lgt-gN4(=1),1;1(=1),Lgsg(=1)1 4t + 4s — 14t + 45 — 1|4t + 125 + 2 4t + 125 + 1
Bl = (—1)1(—1)Lg_g(—1),1; 12Lg_g1(—1)1}4t + 45 — 34t + 45 — 3|4t + 45+ 3 [t +4s+4
B, = Lg,1; Lg._gN,(—1)F, 4t +4s + 14t +4s+ 1|12t +12s (12t +12s—1
Bgo = Lgt-gN4(—1); (—1)Ligs_gNs1 4t + 45 — 24t + 45— 34t +8s+1 Mt +8s+1
3 Bje = 1(=1),Lg,_g(—1)5; 1, Lgs At +4s [t +4s— 14t + 125 +3 Ut +12s +3
BL = (w1 1(=1)Ly_gNjl,; (1) Lhs_gNj1 {4t +4s [t +4s— 112t +8s—1 [12t + 85— 1
Bl, = (=1),1L_gNil,; (=1), L5 4t + 4s + 24t + 4s + 112t + 125 + 112t + 125 + 1

Table 3.1. Vertex and edge of a lemniscate Lit+1,4s+]-

By using table (2), we study the singed product cordial of P, © Lit+1,4s+j when k = 1,2,3.

3
L4t+1,4s+j

j=0123

V-1~

U1 6(_1) - 61

Bso
Bse
Beo
Bee

Bso
Bse
Beo
Bee

Py

Bso
Bse
Beo
Bee

"
PZ

Boe, Boe
Bso, Boo
Beo, Beo
Bee, Bee

Bso, Boo
Boe, Boe
Beo, Beo
Bee, Bee

n

[%)

Bso, Boo
Boe, Boe
Beo, Beo
Bee, Bee
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Bjo Boos Boo
Bse) Boer Boe
Bzo» Beo, Beo
Bie, e, Boe
Boev Boev Boe 1
2 P3 Beo:Beo'Beo -1 -1
Bee' Bee' Bee 1
Bjo Boos Boo
Bse) Boer Boe
Bzo» Beo, Beo
Bie, Bze, Boe
Table 3.2. Vertex and edge of Py O L3 ;41 45+

1|Py

3IP;"

By using table (3), we study the singed product cordial of P, © L3411 .

L3
P 4t+1,45+]
k .
j=0123
1 1 1 1
Bso) Boos Boos Boo- - -
1 1 1 1
Boe' Boe' Boe' Boe- v
1 1 1 1
Beo'Beo'Beo'Beo-'-
1 1 1 1
BeerBeerBee'Bee"'
1 1 1 1
BOO'BOO'BOO'BOO"'
U 1 1 1 1
2AO BeorBeo:BeorBeo'-' 0 -1
1 1 1 1
Bee' Bee' Bee' Bee' -
1 1 1 1
Bso) Boos Boos Boo- - -
1 1 1 1
Boe' Boe' Boe' Boe- v
1 1 1 1
Beo'Beo'Beo'Beo-'-
1 1 1 1
BeerBeerBee'Bee"'
1 1 1 1 1
BOO’BOO’BOOJBOO"" 0o
1 1 1 1 1
Boe: Boes Boes Boe- -+ Boe
1 1 1 1 1
Beo, Beos Beos Beo- - - Beo
1 1 1 1 1
Bee' Beet Beet Bee' ) Bee
1 1 1 1 1
Boo) Boos Boos Boo- -1 Boo
U 1 1 1 1 1
214}  BL,,BL,BL,BL... BL 1 -1
1 1 1 1 1
Bee, Bee) Boe, Bee - -, Bee
1 1 1 1 1
BOO’BOO’BOOJBOO""BOO
1 1 1 1 1
Boe, Boes Boes Boe- -+ Boe

V(-1) T V1f(-1) T &

B4y

1147

3147 0 1
1 1 1 1 1
BeO’BEO’ BeO’BEO' . "BEO
1 1 1 1 1
Bee: Beet Beet Bee' W) Bee
1 1 1 1 1 1
BOO’ BOO’ BOO’ BOO' "t BOO' BOO
1 1 1 1 1 1
1AI21 BOE’BOE’BOE’BOE'"’BOE’BOE 0 1

Bz, Beo, Béo, Béo- -, Beo, Beo
Bie, oo, Bogs Boe- -, Boe, Bae
Bje, Boe, Boer Boe- -+ Boe, Boe
2AIZ Belo:Belo'Belo:Belo---'Belo:Belo 0 -1
Bie,Boo) Boe, Bo- -, Boe, Be,
B3, Bos Boo» Boo- - -+ Boos Boo
Bje, Boer Boes Boe- -+ Boes Boe
BZo, Beos Beo, Bio- -+, Beo, Bzo
Bie, Boo) Bee, Bio- -, Boe, By,

3lay
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1 pl1 pl pi 1 pl pi

BOO'BOO'BOO’BOO'"'BOO‘BOO‘BOO

1 pl pl pi 1 pl pi
AIIBOE'BOE'BOE'BOE'"'BOEJBOE’BOE 0 1
3Bl Bl Bl Bl Bl Bl Bl

eo’ eo’ eo’ eo*" eo’ eo’ eo

1 p1 p1 pi 1 pl1 pi

Bee'Bee'BeeﬂBee"-'Bee'BeelBee

1 pl pl pi 1 pl pi

Boe'Boe'Boe'Boe'-"Boe'BoelBoe

1 pl pl pi 1 pl pi
’3BEO'BEO'BEO'BEO""BEO’BEO’BEO 1 _1

1 p1 p1 pi 1 p1 pi

BEE'BEE'BEE'BEE""BEEJBEE’BEE

1 pl1 pl pi 1 pl pi

BOO'BOO'BOO’BOO'"'BOO‘BOO‘BOO

1 pl pl pi 1 pl pi
AHBOE'BOE'BOE'BOE'"'BOEJBOE’BOE 0 1
*BY,, BY,,BL BL ... B Bl Bl

eor Peor Peor Peor 1 Peor Peor Peo

1 p1 p1 pi 1 p1 pi

Bee'Bee'BeeﬂBee"-'Bee'BeelBee

Table 3.3. Vertex and edge of P O Lj;11 454j

Research Article

Case (4): n = 2(mod4), then P, O L3, is singed product cordial. except p, O L? 5 in all cases except when

k=1

considern =4t+2and m =4s +j, Vj =0,1,2,3 is singed product cordial. The next table (4.1) illustrate the
labeling of the lemniscate L}, 45+ ;-

] labeling of lemniscate
j 3 _ Yo 4 B, By
4t+2,45+j
Bgo = (—1)2Lge_gNy; Lgs_gN, 1 4t + 45 — 24t + 45 — 38t + 85 —3 8t + 85— 3
pBoe = (=D1(=1)Lge_5(=1)21; 1Lags At +4s |4t +4s—18t+12s—1 Bt + 125 —1
B2 = (—1)1(=1)Lg,_gNj1,(—=1); (=1)Lys_gNjbt + 4s WAt +4s— 112t +8s—1 [12t + 85— 1
B2, = (—1),Ly,; L 1 4t + 4s + 24t +4s + 112t + 125 + 112t + 125 + 1
2 . ’ ’
Boo = 1Lgr-gN40; 0Lgs_gN,1 4t +4s — 24t +4s — 24t +8s+3 Bt +8s—1
5 BZ, = 1Ly gNy(—1); (—1),Lgs_gN;j1,(—1)1 4t +4s WAt +4s [Bt+12s+1 Bt + 125
B2, = L 1(—1); (—1)Lgs_gNs1 At +4s Wt+4s (12t +8s+1 |12t +8s
B2 = Lg,1y; (1), L4, 4t + 4s + 24t + 4s + 212t + 125 + 312t + 125 + 2

Table 4.1. Vertex and edge of a lemniscate Lit+2_4s+j

By using table (2), we study the singed product cordial of P, © Lit+2_4s+j when k = 1,2,3.

ilp Lit+2
k]=0

45+ ]

,1,2,3

V-1 T V-1 T &

B
Bge
B,
B,

BZ
o |
BEO

B

2
ee

2
BOO

2Py

B, Boo
Bge, Boe
BSo, Bé
B, Bée
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By using table (3), we study the singed product cordial of P, O L
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B3o, Bgo
Bge, Be
B, Beo
B, Bée

Bso» Boor Boo
Boe, Boe: Boe
Béo, Béos Béo
Bee, Bie, Bee

3|P,

Bso» Boor Boo
Boe, Boe: Boe
Béo, Béos Béo
Bee, Bie, Bee

-1

-1

Vol.14 No.02 (2023),806-823

Table 4.2. Vertex and edge of P O Lj;15 454

3

4

3
L4—t+2,4s+j

j=0123

U(_l) -V

e(_ 1) — e

2 2 2 2
Boo' Boo' Boo' Boo- .

2 2 2 2
Boer Boer Boe: Boe' "

2 2 2 2
Beor Beo: Beor Beo' "

2 2 2 2
Bee' Bee' Bee' Bee' i

2 2 2 2
Boo' Boo' Boo' Boo- .

2 2 2 2
Boer Boer Boe: Boe' "

2 2 2 2
Beor Beo: Beor Beo' "

2 2 2 2
Bee' Bee' Bee' Bee- :

2047

2 2 2 2
Boor Boo: Boo: Boo- e

2 2 2 2
Boe' Boe' Boe' Boe- .

2 2 2 2
Beor Beo: Beor Beo- .
2 2 2 2
Bee: Beet Beet Bee- .

2
» Poo

2
’ Boe

2
, Beo

2
., B

2 2 2 2
Boo' Boo: Boo: Boo- v

2 2 2 2
Boer Boer Boer Boe- .

2 2 2 2
Beor Beo: Beor Beo- .

2 2 2 2
Bee: Beet Beet Bee"'

+Bso
 Boe
/Bé
 Bee

204y

2 2 2 2 2 2
Boo: Boo: Boor Boo- t Boo» Boo

2 2 2 2 2 2
BOe’ BOG’BOQ’BOQ""BOG’BOG

2 2 2 2 2 2
Beo: Beo' Beo: Beo- t Beo' Beo
2 2 2 2 2 2
Beer Bee: Beer Bee- L) Beer Bee

B, Boo» Boos Boo---» Bo» Boo
Bge, Be: Boes Boe- -+ Boe, Boe
Béo, Bz, Béo, Beo- -, Beo, Béo
Be, Bie, Bee, Bee. .., Bee, Bee

2 2 2 2
BOEJ Boe: BOE' BOE
2 2 2 2
Beo: BEO' Beo: BEO
2 2 2 2
Bee' BQE' Bee' Bee'

2047

2 2 2 2 2 2 2
BOO'BOO'BOO’BOO""BOO' BOO' BOO

2 p2 p2
..., Bge, Boe, Bye
2 p2 p2
..., B3y, By, Bso
2 p2 p2
"'Bee:Bee'Bee

2 2 2 2
Boe' Boe' Boe' Boe
2 2 2 2
Beo'Beo' Beo'Beo

2 2 2 2
Bee: BEE' Bee: BEE'

2 2 2 2 2 2 2
BOO' BOO' BOO' BOO""BOO’BOO’BOO

2 p2 p2
.oy Bse, Boe, Boe
2 p2 p2
..., Bso, Béo, Béo
2 p2 p2
"’BEE'BEE’BEE

-1

Table 4.3. Vertex and edge of Py O L3;2.45+;

Research Article

vt+2.m- Where k = i(mod4) Vi = 0,1,2,3.
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For a special case suppose that m = 4. one can label the vertices of L3, , by

labeling of lemniscate

Bvos foo | Bl B Ben
B5i = (—D)2Lar-sNis 12(=Dlar |4t + 1)8¢ + 2 [8¢ + 2
B31 = 1,Lge_gNy; (—1)2(—1)4t + 14t 8t+1 Bt+1
B2 = (—1),L4;1,(—=1) [t + 34t + 2016t |16t
B2, = 1,1, (=1),1 4t + 24t + 3)16t — 116t — 1

Table 4.4. Vertex and edge of L3, 54

By using table (2), we study the singed product cordial of P, © L3;,,,, Where k = 1,2,3.

Py Lit+2,4 V(-1) — V1le(-1) — €1
B4
P o 0 0
B
BZI,BZI
Pyl % oot 0 -1
Beerel
BZI,BZI,BZI
Pile b2 por| O 1
Bel'Beerel

Table 4.5. Vertex and edge of P, O L3, 54

By using table (3), we study the singed product cordial of P, O L3;,, 4, Where k = i(mod4) Vi = 0,1,2,3.

Pk Lit+2,4
U(_l) %t 6(_1) — €1

Ay'|B2,,B%, B4, B2;... 0 -1

B Bl BY By
AIl” Bol'Bol'Boi:Boi---:Bol 0 0

Béy, Bey, B1, Ber..., B2y
Az'| By, B51,B51, By, B3, By |0 -1

Bezl' Bgll Bezil Bezl' T Bezi' Bgl
A3 B2, B2, B3, B2, By, B2, B[ 0 0

Bezl' Bgll Bezil Bezi T Bezl' Bgl' Bezi

Table 4.6. Vertex and edge of P, O L}, 1,4
Otherwise not singed product cordial .
Case (5): n = 3(mod4), then P, O L33, is singed product cordial.

consider n = 4t +3 and m = 4s + j,Vj = 0,1,2,3 is singed product cordial. The next table (5.1) illustrate the
labeling of the lemniscate.

] labeling of lemniscate
J 3 , Y Y B By
4t+3,45+j
B3y = 1Lgt-gN4(—1)3; (—1)Lgs1, 4t + 4s + 14t + 4s + 18t + 165 8t + 165 — 1
0 B3, = Lgt—gNy(—1)1(=1); (—=1)Lgs_gNs1, {4t + 45 — 1}4t + 45— 18t +8s+2 [Bt +8s+1
B3, = Ly (—1),1; 1Lgy(-1)1 4t + 4s + 34t + 4s + 3126 + 165 + 212t + 165 + 1
B3, = 1L 1(—1)y; Lgs_gNs1,(—1) 4t +4s + 14t + 4s + 1|12t +8s + 4 |12t +8s + 3
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By, = Lgr—gNsly; (—1),Lgs g1, 4t +4s— 34t +4s— 2|8t +4s+1 |8t+4s+1
" Bye = 1(—=1),Lg;_gNy; Lgs 4t +4s |4t +4s—1|8t+8s+3 |8t+8s+3
B3, = Ly, (—=1),1;1,Lgs_g1(—1) 4t +4s — 14t +4s |12t +4s+ 3|12t + 4s + 3
B3, = (—=1)Lg;(—1),; 1,Lgs_gN,1, 4t +4s+ 14t +4s+ 216t +8s+ 1|16t +8s+1
Boo = Lge—gNs1,(—1); (—1)Lgs_gN, At +4s — 24t +4s — 28t +4s+3 Wbt +4s+2
ZBEe = (—1)Lg_gNjly; (—1),Les_gNal,(— D4t + 45 |4t +4s Bt +12s+1 |8t + 125
B3 = (—1)Ly(—1)g; 1,15 _g1(~1)1 4t +4s |4t +4s (12t +8s+1 [12t + 8s
B3, = (—1)Lig;(=1),; 1,Lgs_gN,1,(—1) 4t + 4s + 24t + 4s + 212t + 125 + 3[12t + 125 + 2
B3y = 1Lge_gNy(—=1)2; Lgs_gNal(=1) |4t + 45 — 14t + 45 — 28t + 8s 8t + 8s
3 B3e = (—1)Lg_gNi1p; (1), Lgs 4t +4s + 14t +4s |8t +125+2 8t + 125 + 2
B3, = 1L5,(—1); 1,Lgs_gN, 4t +4s |4t +4s+ 112t +8s+2 [12t +8s + 2
B3, = (=1),1L4; Li 1(—1) 4t + 4s + 3|4t + 4s + 212t + 125 + 412t + 125 + 4

Table 5.1. Vertex and edge of a lemniscate Lit+3,4s+j

By using table (2), we study the singed product cordial of P, © Lit+3,4s+}-, when k = 1,2,3.

3
L4t+3,4s+j

P

=

j=0123

V-1 — V1

€(-1) — €1

B,
Bge
B,
B,

b1 B 03 o
pi| B
D1 B2,
Pi| B,

Bso
Bje
B,
Bee

B,
Bse
B,
B,

Py

B, Boo
Be, Boe
B, Beo
Bee, Bee

P2

B, Boo
Be, Boe
BSo, Beo
Bee, Bee

B5o, B5o
Bge, Boe
Bo, Beo
B, Bee

B5o, Bjo
Bge, Boe
Bo, Beo
Ble, Bee

n

D2
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Hence we study the singed product cordial of P, O L3, ,, Where k = i(mod4) Vi = 0,1,2,3.

Bso: Bso» Boo
Boe, Boe: Boe
Bo, Beos Béo
Ble, Bee, Bee

P}1B3os Boo» B3o
P3 BOBe' BOBev Bge
P31B,, B3, Bd
Ps|BS,, B, B

Bso» Boor Boo
Boe: Boe: Boe
Béos Béos Béo
Bee, Bee, Bee

Bso: Boo» Boo
Boe, Boe: Boe
Bo, Bos Béo
Ble, Bée, Bee

Vol.14 No.02 (2023),806-823

Table 5.2. Vertex and edge of P O L3;,345+;

L3 .
i\p 4t+3,45+) e —vile —e
J |k j=0123 -1 1€(-1) 1
BgO'Bgo;Bgo;Bgo...
0, B(ze,B(ze.Boze,Boze... 0 »
0 Beo:Beo;Beo,Beo...
B3, B3, B3, B3....
AO 3301330133013030...
1140 B3, B3, B3, BS,... . )
Ao Bly, Boo, B3o, B. ..
Ao B3, B3, B, BS,...
3030’330133013030.-.
’ Bge' BOSe: BOSe, Bge- .
2140 3 p3 p3 p3 0 -1
BEOJBeo,Beo,BeO...
3936136391333913936...
AII
A?I 3301330133013030---
° Bie, Ble, Be, Bie. ..
314, B3 p3 B3 pB3 0 1
A” eor Peor Peor Peo-+ -
° BZ, B3, B3, B?
eer Peer Peer Peer -+
Bgo:Bgo:ng.Bgo...,Bgo
OAI Bge’ Bge; Bge, B(?e"'!Bge 1 0
Y B3,B%,B3, BS... B3
eo) PeorPeorPeo 1 Peo
Be38:Be3e:Be33;Be33...,Be3€
Ayl B35 B3y Bss Bo---, BSs
1| BlesBoe, Boes Boc. - Boe . )
A1l BZ, B3, B3, B,..., B
Al Be38'Be3e:Be33;Be33...,Be38

Research Article
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3 3 3 3 3
BoovBoo'Boo'Boo---’Boo
3 3 3 3 3
ol4! Boe'Boe'BoeﬂBoe---'Boe 1 -1
1 B3 B3 B3 B3 B3
eor» Peor Peor Peo+++1» Peo
3 3 3 3 3
Bee'BeevBeevBee---’Bee
17 3 3 3 3 3
A1 Boo:Boo'Boo'Boo---'Boo
" 3 3 3 3 3
3A1 Boe'Boe'Boe'Boe-'-:Boe 0 1
3 3 3 3 3
Al Bgo) Beos Beor Boo- - -1 Beo
" 3 3 3 3 3
A1 Bee) Boe, Boe, Boe- -+, Bee
3 3 3 3 3 3
Boo:Boo:Boo'Boo---'Boo'Boo
3 3 3 3 3 3
ola’ BoevBoe'Boe'Boe---:Boe:Boe 0 1
2 3 3 3 3 3 3 -
Beo'BeovBeo'Beo---:Beo’Beo
3 3 3 3 3 3
Bee'Bee'BeeﬂBee---'Bee'Bee
3 3 3 3 3 3
Az BoovBoovBoo'Boo---’Boo’Boo
’ 3 3 3 3 3 3
1A2 Boe'Boe'Boe'Boe---'Boe'Boe 0 1
3 3 3 3 3 3
AZ Beo'Beo'Beo'Beo---'Beo'Beo
3 3 3 3 3 3
A2 BZ Bl BBl .. B3, BS
3 3 3 3 3 3
Boo'Boo'Boo'Boo---'Boo'Boo
3 3 3 3 3 3
olA! BoerBoe:Boe:Boe---:Boe:Boe 0 1
2 3 3 3 3 3 3 -
Beo:BeorBeo:Beo---:BeoxBeo
3 3 3 3 3 3
Bee'Bee'Bee'Bee---'Bee'Bee
’ 3 3 3 3 3 3
Az Boo'Boo'Boo'Boo---'Boo'Boo
! 3 3 3 3 3 3
3A2 BoerBoe:Boe:Boe-'-:Boe'Boe 0 1
3 3 3 3 3 3
AZ Beo:BeorBeo:Beo-'-:BemBeo
! 3 3 3 3 3 3
42 Bie, Beey Boe, Bie- - -, Boe) Bee
3 3 3 3 3 3 3
BoorBoorBoo:Boo---rBooxBooxBoo
2 2 3 3 3 3 3
ol Boe'Boe'Boe'Boe---'Boe'Boe' Boe -1 0
3BZ BZ BS B3 B3 B3 B3
eor» Peor» Peor Peo+ -1 Peor Peor Peo
3 3 3 3 3 3 3
Bee'BeetBee:Bee---tBee'Bee'Bee
3 3 3 3 3 3 3
A3BowBoo:Boo:Boo---tBoo'Boo'Boo
1\R3 3 3 3 3 3 3
1A3Boe:BoerBoerBoe---rBoerBoe»Boe 0 1
3 3 3 3 3 3 3
A3BeorBeo:BeorBeo---rBeo»BeorBeo
3 3 3 3 3 3 3
A3Bee:BeetBee:Bee---tBee:Bee'Bee
3 3 3 3 3 3 3
Boo:Boo»BoorBoo---»Boo»Boo»Boo
3 3 3 3 3 3 3
0|4 BoetBoe:Boe:Boe---'Boe:Boe'Boe 1 1
3lIp3 pR3 p3 p3 3 p3 p3 -
Beo:BeOIBeo:Beo---'Beo'Beo'Beo
3 3 3 3 3 3 3
BeerBee:BeerBee---:BeerBee»Bee
np3 3 3 3 3 3 3
A3 Boo: Boo: Boo: Boo- LN Boo' Boo' Boo
1np3 3 3 3 3 3 3
3A3 Boe: Boer Boer Boe- [ Boer Boe» Boe 0 1
3 3 3 3 3 3 3
A3 Beor Beo: Beor Beo- [ Beo» Beor Beo
"np3 3 3 3 3 3 3
A3 Bee: Beet Bee: Bee- ) Bee: Bee' Bee

Table 5.3. Vertex and edge of Py O L3;,345+;

For a special case suppose that m = 4. one can label the vertices of L}, ; , by

labeling of lemniscate
Lit+3 4 Y(_l) Yl Bl B(_l)

B3, = 1Lg,_gN,; (—1) 1,4t + 14t + 18¢ + 38t + 2

Table 5.4. Vertex and edge of L3, 34

By using table (3), we study the singed product cordial of P, © L3, 4.

822



Turkish Journal of Computer and Mathematics Education Vol.14 No.02 (2023),806-823
Research Article

Pl Litssa

V- T Ve T @
P, (B3, 1 0
P,|B3,B3 |0 1
P3| B3y, B3y, Boy| 1 0

Table 5.5. Vertex and edge of P, O L3, 34
By using table (2), we study the singed product cordial of P, © L3;,5 4, where k = i(mod4) Vi = 0,1,2,3.

Pi|Litsza
V- ~ Ve T4
AY'| B3y, B3, B3, B, .. 0 -1
AY'\ B31, Bo1, By, Boy- -+, Boy 1 0
A7'| B3y, B3y, By, Boy- -, Bo1, By |0 -1
A3'\ B3y, Bo1, Boy, By, Ba1, By, Boy| —1 0

Table 5.6. Vertex and edge of P, O L3, 34

Otherwise not singed product cordial .

As a consequence of all cases mentioned above we conclude that the corona product between paths and third power
of lemniscate graph P, O L3 ,, is signed product-cordial for all k,n and m.

Theorem 3.1. The corona product between paths and third power of lemniscate graph P, © L3 ,, is signed product-
cordial for all k,n and m.

4. Conclusion

In this work we have discussed and established necessary and sufficient conditions for which the corona product
between paths and third power of lemniscate graph P, © L3 ,,, are singed product cordial labeling concept on other
families of graphs and finding the application of this labelling will be our future.
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