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Abstract

Researchers have been focusing on the family of distributions that includes the baseline distribution for some time now. In
this paper, we use the transmutation method proposed by Shaw and Buckley (2007), to introduce an improved version of the
Generalized Half-Logistic distribution Moments, moment generating function, quantile function, reliability analysis, order
statistics, and Renyi entropy are just some of the distributional properties discussed here.The standard maximum likelihood
method is employed to determine the distribution's parameters.procedure.In the end, real-world examples demonstrate the
distribution's value sets.

Keywords: Transmutation technique, Generalized Half Logistic Distribution, Maximum Likelihood Estimation,
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1.Introduction
In probability theory, a number of different univariate standard distributions have been used to analyze data
from many different fields, including engineering, biomedicine, actuarial science, finance, and economics. It has
been found through a number of studies that information gathered in fields like economics, ecology, and a
number of others does not adhere to these norms.There is a clear need to improve these distributions' usefulness
by extending and generalizing them so that they are suitable for such data. Statisticians have put in a lot of effort
in this direction, developing and introducing new methods and techniques for building new models on top of
existing distributions .As expected, the adjusted models allowed for more variation than the normative
distributions. By applying the quadratic rank transmutation map to the original distribution proposed by Shaw
and Buckley (2007), we hope to further generalize the Generalized Half-Logistic. Quadratic transmutation can

be found if we assume that G(x) is the cdf of the standard distribution, let
G(x)

F(x)=j qu)du

0

Where qu) =1+ 1) —24u
F(t) =14+ D)G() —AG%(t); 1] <1 (1.1)
The pdf corresponding (1.1) is
fO=9g®OM+21-226(x)]; t>0,[A| <1 (1.2)

The widespread transformations of probability models have been the focus of many academic investigations, for
example, in( 2011) Aryal and Tsokos are studied various structural properties of transmuted Weibull
distribution. In (2013) Faton Mervoci introduced transmuted Rayleigh distribution. In (2013) Ashour et al.
presented the transmuted exponential lomax distribution. In (2015) Ahmad et al. studied transmuted
Kumaraswamy and shows its performance through real data sets. . In (2020) Aijaz et al. formulated the
transmuted inverse Lindley distribution and through examples they performed the versatility of the model. In the
present research, we investigated the Transformed Generalized Half-Logistic distribution and analyzed its many
structural features.

in this study we used some functions like

The negative binomial theorem :
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a )_r_i<t+r—1) ¢
7= e ) (13)
t=0
The gamma function:
I'(p) = f tele tdt, ¢ >0, 0< @< oo, (1.4)
0

2. Transmuted Generalized Half-Logistic Distribution(TGHLD)
Let T~half logistic distribution, the cumulative distribution function (cdf) of T is given by

1— e—Bt a
=(— 2.1
G(t) (“_e_et) , ta,0>0 (2.1)
And the density function (pdf) is

20ae™%(1 - e‘et)o{_1

g@) = (1 + e-06)a+t

by substituting equation (2.1) in equation (1.1) we obtain the (cdf) of the transmuted generalized
half logistic distribution

1— e 08\" 1— e 00\"
F(t;@,a,l)=<m> [1+A—A<m>
The (pdf) of the transmuted generalized half logistic distribution is given by

(t0,0,2) = 209 (1 ) N PR i
f&6,a, - 1+ e—Ht)a+1 14 e-6t

6,0 >0 (2.2)

,t>0,a,06>0,4 <1 2.3)

,t>0,a,9>0,|/1|31 (24)

The survival function of transmuted generalized half-logistic distribution is defined by using (2.3)
St;0,a,1)) =1—F(t;0,a,1)

1—e 0t ¢ 1—e 0t «
=1- <1+e‘9t) [1+A_A<1+e‘9f) ]’ (2.5)
t>0,a6>01=<1

The plots of the c.d.f, p.d.f and suf of the TGHLD for different parameters are given by
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Figure (4.2): the pdf of TGHLD with the parameters 1 =
4;6 =(09,0.7,0.6,0.5,) and @ = (2.5,2.8,3,3.2).
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Figure (4.1): the cdf of TGHLD with the parameters
1 =2;6 =(0.1,0.09,0.08,0.07) and a =
(4.5,4.8,5,5.2).
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1 Figure (4.3): the sf of TGHLD with the parameters 1 = 2; 8 =
H(t) = -In|1- (T (0.1,0.09,0.08,0.07) and a = (4.5,4.8,5,5.2). L (3.1)

N il
The reverse hazard rate function of transmuted generalized half-logistic distribution is defined by using (2.4)
and (2.3) respectively

_f(&6,2)

r(t;0,a,1) = —F(t; ) (3.2)

_ L —0t\ %
20ae=0t [1 +1-22 (176) ]

1+ e-0t
- -0t - 1— 706" 43
(1+€ )(1—6 )1+A—A(W>
4. Properties of OEHL Distribution
4.1. Moments: In this section, we discuss the moment for TGHLD. Moments are important in any statistical
analysis, especially in applications. It can be used to study the most important features and characteristics of a
distribution .
Theorem 4.1.1. If a random variable T from TGHLD , then the t* moments of random variable T, is given by:
r_ ™ — —_1)i i—aym+a r+1
. = E(TT) = 20a(1+A)ZZ( Ol G T IR
i=0 n=0
2 & si_2D 4.1)
- 4904,12 Z (-1)/ (’ ; “) (m ;’nza) Tr+ 19 ¢>0,[A <1,0,9 <0,
j=0 m=0
r=123,..
Proof: By the probability density function of T in (2.4), so the r*moment distribution of T is given by
w=E(T™) = [ t" f(t;0,a,Ddt, ,t>0,a,0 >0,|| <1 “2)

r=123, ..
By Substitute Equation (2.4) into Equation (4.2), then equation (4.2) is of the form
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. r 20ae™%(1 - e‘et)a_l 1—e0\*
I_[T:E(T)Ift (1+e—6t)a+1 1+41-21 m dt, (43)
0

t>0,a6>01<1, r=123..

= 20a(1+2) [ t7e 0 (1— )" (1 4+ e~0) "V dt — 40aa [t e (1 — e70) T (1 + )
e ) % Vg, t>0,6,0>0,1A1<1, r=123,.. '
by using the negative binomial theorem in (1.3)
ey _ =@\, a\i,—6it 45
(1e) —Z(i)(l)e (4.5)
i=0
Similarly, by using the negative binomial theorem in (1.3)
(1 _ e_gt)—(l—za) — Z (] —]205> (_1)je—9jt (4.6)
j=0
and, by using the negative binomial theorem in (1.3)
—pry~(@+l) _ n+a\ _gnt 4.7
(1+e70) = ("1 @7)
n=0
Similarly, by using the negative binomial theorem in (1.3)
(1 + e_Gt)—(2a+1) _ Z (m + 2a) o—0mt (4.8)
m=0 m
By substituting Equations (4.5), (4.6), (4.7) and (4.8) in Equation (4.4) we have
o _ 0 oo i (l—ayMm+a) » _0(1+i
pr = E(T7) = 20a(1+ ) X2 S0 (1) (M, ) tret et e
40 © Yo j(J =20\ m+2a\ (o _g(1+jem)e 4. — (4.9)
@l o oD (| ( ' Vg tre dt; t >0, <1, r=123,..
Leto =[0(1+i+n)]™ ¢<0
Then by using the gamma distribution in (1.4), then r'® moment becomes
’ o o i (1 — +
we = E(T7) = 20a(1 + D E2 Bimo D (1 F) (M7 4) 16+ D7+ -
40ad %70 Ym=o(—1) (] _jza) (m jnz“) Tr+1)9™; t>0,]A <1,0, 9<0,r=123,...
4.2 Order Statistics
Let Ty, < Tp.p < -+ < Ty.pbe random samples , we can derive the ordered sample. The cdf of T),.,, the nt*
order statistics, obtaining by
h
1—e0t\*" 1—e\*
Fun(®) = [FO" = (m) [1 fa-2 (1 - e_gt) ] (4.10)
the F(T) is cdf of the TGHLD.
The h*" order statistics of the pdf for the TGHLD, of random variable t;,,, given by used the equations (2.3)
and (2.4)
frun@®) = R[F@®OI*f(®) (4.11)
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@ h—1

_ 20ahe™(1 - e‘et)ah_1 Ltde 1—e7% L4+a-22 1—e 0\°
- (1 + e—et)ah+1 14+ e-0t 14 et

Where f(T) is the pdf of TGHLD. The cumulative distribution function of the first order statistics t;.;,, is
h

1—e 0t a 1— bt a
Fip®) =[1- F(t)]h =|(1- <T:_6t> [1 +1-1 <TZ—“) ] (4.13)

and the pdf of t, is given by

;t>0,0,0>0,]11 <1 (412)

(4.14)
fin(®) = =h[1 = F(OI"1f (1)

h-1
__p20ee e e (e WP i 9
- (1 + e-0t)att 1+ e-0t 1+ e6t 1+e70) | (4.15)

>0,0,a>0,|2| <1

4.3 Quantile and Median
The quantile of the TGHLD are determined.

F(t;)=p(t; < q)=q, (0 <qg< 1. (4.16)

From Equation (2.3), the following Equation can be obtained
1—e0a\" 1—e0\"
F(tq)=P(thQ)=<m> 1+A—A<m)l=q=>
1-e 0%\’ 1—ef%\"
(o) ) (i) ramo

1
1—e 0 (1+2+/1+21D?-41q) fe

Tt+e % @2) /e
L ) Ya Ya
@) — 22)Yae% = (1+ A+ A+ D2 —44q) * +(1+ 2+ /A + 12 —44q) “e %
Ve 1 _ 1 Ve
[(1+a+m) +(21) /"‘]e o= @uYe = (1424 A+ D7 - #q) (4.17)

1

-6ty @D)Ye — (14 2+ /A + )2 - 44q) fa
1

@)Y+ (144 + AT DZ—41g) °

'(2,1)1/05 —(1+2+ A+ - 4,1q)1/“_
eDYe+ (1 +2+ A+ D)2 - 4/1q)1/“_

) .
1 |@)Ya—(1+ 2+ +1)? —42q) fa
q 1
0 @) Ye + (1+ 2+ /(1 + )% - 42q) /“_

Then, by substituting g = 0.5 into Equation (4.17), obtain the median of the random variable

—0t, =1In

Tfrom TGHLD, and then solve this Equation numerically.

4.4 Maximum Likelihood Estimates
This section, investigates the estimation of the parameters model of the TGHLD by the MLE. If ¢, t,, ..., t,, be
a random sample from TGHLD, then the likelihood function of those distribution is given by
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L6, a, Aty ty, . ty) =1 f (£, 6,2, 1),

(4.48)
t>00,a>0[A <1

by substituting Equation (4.7) into Equation (4.48)

E 20ae™0%(1 — e“”i)a_1 1—e 0\
L= 1_[ T 1+2-22 (7 ) |- (4.49)
i=1

Then the log-likelihood function in (4.49) will have the following
() = nlog2 + nlogh + nloga — O ¥, t; + (@ — 1) ¥, log(1 — e7%%) — (a +

(4.50)

4
DX, log(1 +e7%%) + BiL, log [1” 2 (5 -Zif)]

The MLEs for the parameters 8, and A can be obtaind by maximizing the log-likelihood function or by

at

a
—9t- —0t;
n_ 1+e 14 1+e i
nZAZe g4

- = + lo —e‘et - fag(1 e‘at -
§§ B fFll lgi-q z‘f‘_ﬂ_m ( T e[ 21(1_9:(2?) ] (452)
w 1 1+e 3

L =Bti(1_,—6t;

405/12?:1 2 —(elt-e“ )
1-e—0t; _gen@tl
{1+A—21(1+e_9ti) }(1+e I.)
(4.51)

solving the following differential equations with respectto 6, a and 4

1—e%%)\"
AN 1_2(1+e‘9til)

= 4.53)
EY e=9t\" (
i=114+A—21 (W)
%t 1)2 tie % ¢ +1)Z ot
692 (1 e~ 0t; )2 @ (1 + e—@tl)z
n Ze—gtl‘(l _ e—@ti) -
+4al
- 1—e0t\® -0t a+1
=1 1+A—ZAW (1+e7%4)
n a-2
t_ze—zgti 1-— —91"
—4a(a — 1)1 : " (_ - )
=1 {1 + A - 2& (1;%“) } (1 + e‘9tt)“+1 (454)

n
t?e20ti(1 —¢
—160(2/122 fe
[1” 22 (o) ]<1+e-9fl>2“+2
t_Ze—ZGti(l_ —et-)“‘l
L

o 1—e % -0t ya+2
=1{14+1—-2A4 1_}_7_9,: (1+e 1)

_gt‘)Za—Z

n

—4a(a+ 1)1
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2
(1 - e_eti)za o (1 - e‘ati>
1+ e 9 I\T+eon

2
(1 - e—"ti)“ log (1 - e‘eti)
920  —n \1+ e 0 1+ e-%

n
= 2/12 — 42 Z (4.55)
dat o i=1 1+4+1—21 <1L_6ti>a =1 1—e9t\" ’
1+ et 1+A_2)L<1+e‘9fi)
— o0\
I A
040 _ 1+e %
Fycaaie — 7
= 1—e™ (4.56)
i=1 _ i '
[1 +2 2/1(1+e_9ti> ]
62‘€ _ = tie_eti n - tie_ati
000a  Lal—e 0 Li1+ e 0t
i=1 =1
= tie 0t(1 - e“”l’)a_1
—42 =
i=1{14+1—221 (ﬂ) (1 + e—fti)a+1
1+ e~9%
note f(1 - e‘gfz)“ 1log (—i +Z—92)
—4al i (4.57)
c — e "t; —_O¢t:
i=1 {1 +1-21 (W) } (1 +e th)a+1
ot _pr2a-1 1—e
[ e (1= et ) log (158
—8aA >
=114 1—21 (L_gti)a (1 + e-fti)2a+1
1+e7%
82¢ 4g T te_eti(l—e_eti)a_l
— = —4a )
FYEn i=1 10N a1 (4.58)
1+A—27L(1+Z_9t:> ] (1+e70%)
Note
1—e7%,\" 1—e%;
oL _ Zzn: (1 + e‘9til) log <1 + e““il)
dadd "o ; 1= 06\ 2 (4.59)
1= — Il
12—z ()]
a%¢ _ 9%¢ a%¢ _ 9%¢ % 9%t
8add  96da’ 91da  dadr’ 9106 ~ 8001’
and

0%¢ 9%¢ 0%¢
002 000a 0001
0%¢ 0%¢ 0%
dadl oa? Jadd
0%¢ 0%¢ 0%
0100 0Ada 072

I = ; T#0

5. Application
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In this section, we present the analysis of Financial Data using the TGHLD model and compare it with GHLD,
using Akaike information criterion (AIC), Akaike, Bayesian information criterion (BIC) and Hannan-Quinn
information criterion (HQIC). The data set is obtained from the data in [7]. This data set is in Table (5.1)

Table 5.1. Goodness of fit criteria AIC, BIC, CAIC, HQIC

Research Article

Model ¢ AIC BIC CAIC HQIC

GHLD -210.587 425.174 430.847 425.206 427.479

TGHLD -51.229 108.459 116.968 108.556 111.916
6. Conclusion

In this paper, we obtain a new distribution by extending the Generalized Half Logistic Distribution, we create a
new distribution called Transmeted Generalized Half Logistic Distribution (TGHLD). Investigations are
conducted into the survival, hazard rate, and order statistics of that distribution. The maximum likelihood
method is used to estimate the TGHLD's parameters. The proposed distribution is adaptable and can be a good
substitute for existing distributions, according to the goodness-of-fit results.
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