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Abstract: We discuss in this paper the robust equivariant nonparametric regression estimators for strong mixing data with
the k Nearest Neighbour (KNN) method. We consider a new robust regression estimator when the scale parameter is
unknown. The principal aim is to prove the almost complete convergence (with rate) for the proposed estimator. Furthermore,
a comparison study based on simulated data is also provided to illustrate the finite sample performances and the usefulness of
the kNN approach.
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1. Introduction

It is very well recognized that robust regression in statistics is an attractive research method. It is used to
overcome some of the weaknesses of classical regression, namely when outliers contain heteroscedastic data.

The study of the connection between a random variable W and a set of covariates Z is a common problem in
statistics. In the literature, these variables are generally known as functional variables. Remember that the robust
method is an old statistical issue, this latter was investigated first by [40] who studied an estimation of allocation
parameter (see also [23, 45]), for some results containing the multivariate time series case under a mixing or an
ergodic condition).

The robust model is an essential alternative regression model that allows overcoming many drawbacks of the
classical regression, such as the sensitivity to the outliers or the heteroscedasticity phenomena. Indeed, it was
initially proposed by [9] who demonstrated the model’s almost-complete convergence in the independent and
identically distributed (i.i.d.) case. Several results on nonparametric robust functional regression have been
obtained since this study (for example, [25, 19, 4, 5, 6, 38, 15] and references therein).

Furthermore, it is well known that the kNN method is better than the classical kernel method. Pushed by its
attractive features, the functional KNN smoothing approach has received a growing consideration in the last
years. The study of [39] is a thorough analysis of KNN estimators in the finite dimensional context. Work in this
area was started by [24], and a large number of articles are now available in various estimating contexts, which
including regression, discrimination, density and mode estimation, and clustering analysis, we make reference to
[22], [28], [471, [52], [27], [29], [10], [44], [18], [59], [48], [7], [8]. [43] and [41], [2], [17] for the most recent
advances and references. Note that, such a study has a great impact on practice. However, the difficulty in the
kNN smoothing is the fact that the bandwidth parameter is a random variable, unlike the classical regression in
which the smoothing parameter is a deterministic scalar. So, the study of the asymptotic properties of our
proposed estimator is complicated, and it requires some additional tools and techniques.

All the results involved in the functional KNN estimation above were obtained under i.i.d. case. While in
many practical applications, some problems require taking into account the dependence structure that may exist
within the dataset. The strong mixing dependence or a-mixing is one of the most general weak dependence
modelization in the literature. The research of Nadaraya Watson (NW) kernel method for this dependent
functional data analysis has been widely carried out, see for instance, [16, 32] and the bibliographical surveys by
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[37] and [49]. However, for the KNN approach, the only paper is, as far as we know, by [53] which studies the
kNN estimator under a-mixing sample and states its pointwise almost complete convergence (with rates).

The strong mixing dependence or a-mixing is one of the most general weak dependence modelization in the
literature. The research of NW kernel method for this dependent functional data analysis has been widely carried
out, see for instance, [16], [32] and the bibliographical surveys by [37] and [49]. However, for the KNN
approach, as far as we know, by [53] and [43] which studies the kNN estimator under a-mixing sample and
states its pointwise almost complete convergence (with rates). Inspired by all the results above, the purpose of
this paper show us that functional kNN approach can be used to further investigate the estimation of functional
nonparametric regression opera in the case of strong mixing datasets with unknown scale parameter. This is
motivated by the fact that the robust regression estimator has several advantages over the classical kernel
regression estimator. The main profit in using a robust regression is that it allows reducing the effect of outlier
data.

In functional data analysis (FDA), KNN nonparametric robust equivariant regression estimators for strong
mixing data is new. This researches’s primary goal is to provide generalizations, to the kNN case, the results
obtained by [43] in alpha mixing dependency case with the research of [50] and [2]. More precisely, we establish
the almost complete convergence with rates of an estimator constructed by combining the ideas of robustness
with those of smoothed regression. We point out that the main feature of our approach is to develop an
alternative prediction model to the classical regression that is not sensitive to outliers or heteroscedastic data,
taking into account the local data structure. The work has not yet been addressed in the literature. We wish that
this will be useful to readers who are interested in learning about and comprehending the core idea of functional
kNN methods with strong mixing dependence sample and with unknown scale parameter.

This paper’s structure is as follows. In Section 2, we find some fundamental concepts and various
assumptions. Then in Section 3 we give some technical tools as well as their proofs. The main result is given in
Section 4, then we provides all the proofs of the main result in Section . Finally, simulation study is given in
Section 6.

2. Principal hypotheses and basic definitions
2.1 Kolmogorov’s entropy

The aim of this subsection is to emphasize the topological aspects of our study. Indeed, all asymptotic
conclusions in nonparametric statistics for functional variables are intimately connected to the concentration
properties of the probability measure of the functional variable Z, as [32] indicated. We must also consider the
element of uniformity in this situation. Let & > 0 be given, and let T be a subset of a semi-metric space F, a
limited set of points z,, z,,..., z, in F is known as an e-net for 7 if T < U}, B(z, €). Kolmogorov’s e-entropy
of the set 7" is defined as W7, (&) = log(N.(7%)), where N.(J%) is the minimal number of open balls in F with
radius € required to cover F . This concept was introduced by [42] and it represents a measure of the complexity
of a set, in sense that, high entropy means that much information is needed to describe an element with an
accuracy ¢. Therefore, the choice of the topological structure (with other words, the choice of the semi-metric)
will play a crucial role when one is looking at uniform (over T°) asymptotic results. More precisely, a good semi-
metric can increase the concentration of the probability measure of the functional variable Z as well as minimize
the e-entropy of the subset 7.

To formulate our main result, some additional notations are necessary. Let zy, ..., zy, (5 be an e-net of 73

W]'—X

Wi—x
)uil 1—‘Z( i’(Z)

i
i(2)

7]1%,1 = Li=1 ?:1 [cov (T ( )uj)|, 77121,2 = Xi=1 Z?=1 |cov (u;, u})|,

Mhs = Ziz1 Lj=1 |covu, wl, Mis = Xitq Xjy lcov(ui’, uj),

where

u; = HB(Z{,(Z)’ChLJrE)(zi) forsome € > 0and 0 < h;, = 0,

, | TEEEOLM @)d@nz)) BT, (EEOLM (20d02)
ET O EL(y ' (z)d(zen) EL(hy ' (ze)d(ze.21))
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"_ L(hp'(zo)d(zp2)) _ EL(hi*(2p)d(ze21)
b EL(hp'(z9)d(zez1))  EL(hi'(ze)d(z4.21))

Indicate

1% = max{ng 1, 132, 17,3, 1 4} (1)
2.2 kNN Regression function model

.....

not assume the existence of a density for the functional random variable Z since (F, d) is a semi-metric space, F
is not necessarily of finite dimension. The functional nonparametric regression is defined as

W =r(Z) + ¢ with E[¢]Z] = 0.
The KNN kernel estimator can be written as for a fixed z € E

T WiL(Ty(2)~1d(2.2)))
Y L(Tni(2)~td(2,2)

where L is an asymmetrical kernel and T, ;. (z) is defined as follows

O]

Trnn (2) =

n
Ton(2) = min {hL € R /z_ Tan (@) = k}.
i

The functional version of the NW kernel type estimator of the nonparametric functional regression is as
follows

. _ Y WiL(hp'd(z.2)))
P = o e !

where z € E is fixed, and h, denotes a non-random bandwidth.

©)

2.3 kNN Conditional cumulative distribution function

The conditional cumulative distribution function of W given Z = z, for each z € F and for any w € R can be
written as

FW|Z=2)=F"(z,w) = P(W < w|Z = 2) = E[I_,,,y(W)|Z = 2].
We call the following function the estimator of F(w|Z = z)
Fwi|Z=2) =X, L(d(2 Z)/Tok(2)) (i1 L(d(Z 20/ Tn i (2))) ™ Loy (WE). (4)

Several authors have studied the estimation of the conditional cumulative distribution function in the real
case (see for example [57] and [58]). Then, In the functional case [32] proved the almost complete convergence
of a double kernel estimator of the conditional cumulative distribution function.

2.4 The KNN robust equivariant estimators and their functional relatives function

In this section we define the function of our main problem, we consider estimating a generalized regression
function defined as follows

Wi—x

/2 = 2, ©®)

where T, is a real-valued function, we denoted by 9(z) the unique solution of

6(z,x,7(2)) = E[I(

6(z) = 0, where t(z) is a robust measure of the conditional scale. The unique solution of (5) is the so-called
robust conditional location functional where T, is a strictly increasing function (see [12]). The conditional scale
measure is defined as the conditional median of the absolute deviation from the conditional median, that is,

t(z) = med(|W — M(2)|/Z = z) = mad.(Fy(.)), (6)
with M (z) = med(W /Z = z) is the median of the conditional distribution.
On the other hand, we note that t(z) which is a robust measure of the conditional scale, always equals 7(z).

We insert an estimator of F;(z) into (4) to get 9(z) estimators, wich will betaken as
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F(w|Z=2z). A robust estimator of the conditional scale is denoted by £(z), for example, £(z) =
mad.(F(.|Z = z), the scale measure given in (6) measured in F(w|Z = z). The solution 9(z) of 8(z) = 0
gives the robust nonparametric estimator of 9(z) in this notation, where

Wi—x.
~ 21 L(A(Z,2) /hL)T2(550)
0(z) = — £z 7
@) YL, L(d(zZ)/hy) %
Hence the KNN estimator of 8(.) is written as
Wi—x
~ =1 L(A(Z,2) [ Tn k(2T 2(50)
Ornn (2) = - - €))

Y, Ld(2,2)/Tnk(2))
2.5 Hypotheses

In this part, we propose the following hypotheses to establish the uniform almost complete convergence of 8
on some subset 7 of F. To do that we denote by C and C' some real generic constants supposed strictly positive
and we suppose that:

-(Al) The processes (Z;, W;) satisfies

Vh, >0, ¢@,(h)=:P(Z€B(z,h))>0  where ¢,(.) is continuous in the neighborhood of 0 and
®,(0) = 0.

-(A2) 3 function ¢(.) = 0, a bounded function f(.) > 0, « > 0 and p > 0 such that

e ¢(0) =0andlim,,,¢(e) =0,

. - limg_, 0 (Pp(ue)/p(e)) = u* with u > 0,

. - SUpzery |92 (€)/P(€) — f(2)| = O(e”), as € = 0.
-(A3) The kernel L(.) is defined by

e (A3a) isanonnegative function with support [0,1] such that
0 < Clljp (1) < L(t) < C'ljgq3(t) < +o0.

o (A3b) -itsderivative L'(.) exists on the same supportand —oo < C < L'(t) < C' < 0.
-(Ad) VY(x,x3) €E[9(2)—6,9(2) +6] X [9(2) —6,9(2) + 8],Y(24,2,) € Tg,

16 (21,%,£(2)) = (25, %, £(2))| < CdP1 (21, 2,), By > 0.
-(A5) For each fixed x € [9(z) — 6,9(2) + 8], Ym = 2,

Wi—x
t(z)

-(A6)  The functions ¢, and W, are such that

E[[J*( )/Zi] < 8(z) < Cm! < oo, with §(.) continuous on J.

3C >0, 3ny >0, ¥ < 19, ¢,'(n) < € and if L(1) = 0 we can seen that
3C >0, An, >0, VO <71 <1y, fon pw)du > Cne,(),

if in addition k/n — 0 as n — oo, log®n/k < Wr_(logn/n) < k/logn and

0 < C < k/logn < C' < oo for n large enough.

-(A7) Kolmogorov’s e-entropy of the set T satisfies, for some @ > 1
D exp{(1 - @)y, (log(m)/m)} < o,
n=1

-(A8)  Consider that 7% is a compact set of F such that

e (A8a) The function F(w|Z = z) is uniformly continuous of z in a neighborhood of 75 for each z
fixed.

e (A8b) The equicontinuity condition that follows hold

Ve>0,38>0:|[A—v|<d=sup|F(A|Z=2)—-FW|Z=2)|<e.

ASU

«(A9)  3Ja > 1andp > 2 such that for some 6 large enough n, @*P/@P) — ;5 -6y,
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Comments on the hypotheses
Our hypotheses are quite light in the context of nonparametric statistics in functional time series.

The latter is used an accordance with assumption (A1) which is less strict than the conditions imposed by [46]
because the concentration function P(Z; € B(z,r)) and the conditional concentration function P(Z; €
B(z,1)/F;_,) do not need to be written as products of two independent nonnegative functions of the center and
radius. Assumption(A3) contains two types of kernels which have been utilized in practice box and continuous
kernels. Assumptions (A2), (A4) and (A5) are the usual conditions in the nonparametric setting.

About assumption (A6) we can say because the derivative of ¢ is limited around zero, it can be considered a
Lipschitzian function. Assumption (A7) acts on Kolmogorov’s e-entropy of 7. Assumption (A8) means that
there 3a, b € R such that for every z € 75, F(b|Z = z)| > 1 — € and F(a|Z = z)| < & which will be used to
prove that t(z) = mad.(Fj(.)) is bounded away from 0 for all z € 7. Assumption(A9) demonstrates the
dependent sample’s covariance structure, for more details see [34] and [32] respectively.

3. Technical tools and their proofs

The first difficulty comes because T, ;. (z) is random. To resolve this problem, the idea is to frame sensibly
T, 1 (2) by two non-random windows. More generally, these technical tools could be useful as long as one has to
deal with random bandwidths. So we propose in this part some preliminary Lemmas and their proofs that are
necessary to prove our main result. Following the notations in [18] or [43].

Let (4;, B;)1<i<n D& n random pairs valued in (Q X R, A X B(R)), where (Q,A) is a general measurable
space. Let T, be a fixed subset of Q, we observe that G: R x (T, x Q) - R* a function such that, vz € 75,
G(.,(z,.)) measurable function such that vt,t' € R,

(Kp):t<t' = G(t,d) <G(t,d) for vd € Ty x Q. Let ¢(.):Tp — R be a non random function such that
Sup,er, |c(2)| < co. Moreover, for all z € T, and n € N*, with

L L (G5 6 (2 A))
w1 Gt (2, 4))

Lemma 3.1. Let {J,,(2) }nen+ be a sequence of r.r.v. and let (v,,),»; be a decreasing positive sequence with

Cn,z ) =

lim,,_,,,v, = 0. If for all increasing sequence y,, € (0,1) with

Yn—1=0(v,) , there exist two sequences of real random variable (r.rv.) (J;, (¥n 2))nen+ and
U (Y 2))nen+ Such that:

(K1) Vn € N*, Vz € T, [ (Vn, 2) < ]t (Vs 2),
(K2) Uz )< in()<si () vzera) — 1, @.CO. a8 — oo,

i, 6Ur (rn2).(z.A1)
Y1 GUR (r2)(2.41)

(K3) SupzeTgl = ¥nl = Oa.co.(Vn),

(K4-) Supzefnlcn,z(]r:(ynrz)) - C(Z)l = Og.co (Un):

(KS) SuszTglcn,zUrT (]/n,Z)) - C(Z)l = Og.co (Un)-
Then

SélTp|Cn,z(]n(Z)) - C(Z)| = Oa.co(vn)-

Proof. The result for any real valued (r.v.) can be deduced by taking B; = B} — B where

B} = max(B;,0) and B/ = —min(B;, 0);

For i=1,...,n, we consider the quantities T}(t) =T, (i‘(;)x)

Under the definition of the r.v J(n), we put

Ji $Ih<Jn-
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It’s clear that

G(]‘I’: (an Z), (ZvAi))v < G(]n()/nv Z), (Z:Ai)) < G(];(Yniz)! (Z!Ai));

Do G <) GUnlnD, 2 A)) < Y G002, (2 4).

So
1 < 1 < 1
?:1 G(];(Vn' Z), (ZfAi)) h Zlnzl G(]n(ynv Z), (Z!Ai)) h Z?:l G(]‘r?(yn! Z), (Z:Ai))'

Under the hypotheses (A1) — (A5) , we have

‘L(l=1 G(];(]/n,Z), (ZvAi))in(t) < ?:1 G(]n()/niz)x (ZxAi)) Z?:l G(];(Yniz)x (Z:Ai))rzi(t)
?:1 G(]; (yn' Z)' (Z!Ai)) = ?:1 G(]n()/niz)l (ZlAi)) h ?:1 G(]E(Ynl Z)! (Z'Ai)) .

C-,"{,z (rn) cn,z(Yn) cn,z(¥n)

In the other hand, we can express the r.r.v: ¢, ,(¥,) and c, ,(¥,,), in the following way

?:1 G(];(]/n,Z), (ZxAi))
?:1 G(];(]/n,Z), (ZxAi))

Cnz(Vn) = Cnz(¥n) X

and

?:1 G(];(]/n,Z), (Z:Ai))
?=1 G(]T?(yn! Z)' (Z! Ai))’

Cnz(¥n) = Cnz(¥n) X
So under (K;) and (K3), we have

_ a.co. + a.co.
Cn,z(yn) —n C(Z)' andcn,z(yn) - C(Z)/Vn- (10)
For all sequence y,, € (0,1) withy,, — 1 = 0(v,), (K3), (K,) and (Ks) give

sup|cp,z(¥n) — c(2)| < suplcn(¥n) — ¥ac(@)| + [c(@D||Va — 1 = Og.co.(Vn), (11)
z€Tq z€Tq

and
Suplcrtz(yn) —c(2)] = Og.co.(vp). (12)
z€Tq

For € > 0 we note

T.(e) = {Suplcn,z(]‘n(z)) —c(2)] = Svn}:

z€Tq

and for all sequence y,, € (0,1) withy,, — 1 = 0(v,),

Sn(&,vn) = {Sélgplcri,z(yn) —c(2)] = Svn},
z€Tq

Sn(eva) = {Suplc;{,z()/n) —c(2)| = €Vn},
z€Tq

Sn(n) = {cz(rn) < nzUn(2) < 2 (1), V2 € To}.
It is evident that, for all y;,, € (0,1) withy,, — 1 = 0(v,),

Ve > 0,5, (&) N Sy (&¥n) N Su(n) € Ty (). (13)
Let G, (¥n) = {Ur Y 2) < Jn(2) < ] (Y, 2),VZ € T}, then (K,) implies that
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G, (V) € S, (vy) and from (13), we obtain
Ve > 0,T, (&) € Sy (1) U Sy (1) U Gn (1),

and consequently
P (sup|cnyz(]n(z)) — c(z)| > evn> <P <sup|c,{lz(yn, &) — c(z)| > svn) +
z€Tq z€Tq
P(Snglcrtz(ynv 8) - C(Z)l > SUn) + IP)(H{];(yn,z)s]n(z)sj,*{(yn,z),VzETn} = 0)
Z€Jq

Then, for some g, > 0

2?10=1 ]P)(Suplcn,z(]n(z)) - C(Z)l > SOUn) < 0. (14)
z€Tq
Lemma 3.2. Let F,(w|Z = z) be a sequence of conditional distribution functions verifying
supsup|F,(w|Z =z) — F(w|Z = z)| — 0. (15)
zeTrweR

Then, if F verifies assumption (A8), there exist positive constants A <B such that
tn(z2) = mad (F,(.|Z = z)) verifies A < t,,(z) < B for all z € 7z compact and n > n,.

Proof. This proof is very close to that of Lemma A. 4. in Boente et al. [15].
According to (Al) and (A3a), we have that L(1) > C > 0,
Vz €T 30 < C < C' < oo, Cp,(h,) < E[L(d(z,Zy)/h,)] < C'p,(hy). (16)
In the case when L(1) = 0, combining (A1) and (A6) gives the same result.
4 Main result

We start by reminding the uniform asymptotic properties of 8(z) defined in (7). The following Theorem
was proved by [3] in the special case when h;(z) = h; for all z € 7%, but their proof can be followed line by line
under (18)). This general condition (18) will be a crucial preliminary tool for us.

Under assumptions (A1)-(A9), if in addition, h; (z) in (7) satisfies

lim (¢, (Ty x (2)) = ¢2(h.(2))) = 0, a. co. 17)
and
0 < Chy, < inf h,(z) < suph,(2) < C'h, < oo, (18)
z€TF AS

where h; — 0(n — o) such that, for n large enough,

log®n logn ne(hr)
ne(hr) < IPTT(T < logn ’ (19)
and
0<C <2l o < 4o, (20)
logZn
Then we have
A P W, (28
sup|6(z) = 0(2)| = O(hy) + Ogco( | =2 (21)

Z€JF
We can now state our main result, whose proof will be presented in Section 5.

Theorem 4.2. Under the assumptions (A1)-(A9), and for n large enough, then we have

B1 2 logn
supl G (2) — 0(2)| = 0<<p-1 © )+oa_m< uidew)

z€TF
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5 Proofs
5.1 Proofs of Theorem4.1
The proof is based on the following decomposition
8(z) - 0(2) = [9N(Z) — EOF(2)] + 57~ oo [IEGN(Z) —0(2)] +[1-04(2)]

where,

6(2)
oy

1

Al — n -1 .
QN(Z) - n]E[L(thd(z,Zl))]ZFl L(hL d(Z, Zl))'

1

A2 _ 1
Oy(2) = REIL(h, Yd(z.2:))] =1 L(hy d(z,Z))T, (

t(2) )

Thus, the proof of the proposition is valid as soon as the following three Lemmas can been checked
respectively.

Lemma 5.1. Under the assumptions (A1), (A3), (A4) and (A7), we have
sup|EQ} (2) — (2)| = O(h}).

Z€JF

Proof. We have

A2 _ _ 1 n -1 )
[E6}(2) = 00| = | mgramtagzoy ELS i LR d(2, Z0)T(

_r -1
=| B TaGz)] [L(hy d(2,Z,))T5(

Wi—x
£(2)

)] = 6(2)],

Wi—x
t(2)

)] = 6(2)],

1

< M[E[L(hild(z Z)N0(Zy, x,8(2)) — 6(2)]]]-

As a result we obtain

1

_1 2
vz € T, |EO} (2) = 0(D)| < gy ELL (A (2, 2:))10(Za, %, 8(2)) = 0(2) 1]
Accordingly, with the assumptions (Al), (A4) and (16) we get

vz € T5, |EQ(2) — 0(2)| < C [E[L(hle(z 7))z, hL)(Zl)dﬁ(zl,z)]] < ch?,

IE[L( 1d(zz )
which gives the result.
Lemma 5.2. Under the assumptions of Theorem 4, we have

logn
7,,Tl T}"(
sup|65(2) — EO(2)] = Og.co( —

z€TF

Proof. We consider the following decomposition

sup|85 (2) — EBf(2)| < SUPIHN(Z) 0% (2o %, ()| + Séljplgﬁ(zz(z),x,f(z)) — EB§ (2o, %, E(2))]
zZ&JF

yAS)

Gy Gz

+ sup|E6 (Ze(z), %, £(2)) — EOR (2)]-
Z€TF

Gs

By assumption (A3) which follows that 0 < € < E[L(d(z,2;)/h.(2))] < C' < +oo, we treat the term G, as
following

6= sup . L(h1d(z, Z,))T, (e
1_53}; |IE[L(h Yd(z,Z,)] (hi"d(z Z)) (A())

- ! L(hE d(Zag 2T, ()
E[L(h; (2o, Z1))] ~ - TR ()
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< sup I es

€T an(h ) i)

IIL(h; d(2,2:)) = L Aoy ZO s hy)ubzpy ey (Zi)-

Hence, for { = V2@ > 0, we have

logn.
P(G, > ¢ /7”’” A P
logn
P(sup —— I L(hild(z,Z,)) — L(hitd(zZpp, ZO)II @) > ¢ |1 TT M1 ¥ Gy
(Suin(h) fe1 | (t(z))H L d(z, L A(Zezy, B(zh1)UB(zo(ayh) (L) > €
z€TF L

logn
n, 1%?( - ))

< N (%) P(sup

n Wi—x ;
fEl ..... (.7'7:) €77 n(p(h ) i=1 |FZ( t(2) )lHB(Z,h.L)UB(Zg(Z),hL) (Zl) > (

And we have that

E[r;" t()]

which implies that

= [ §(z)dP; < C < oo,

f()

e (H) cem
[ W SupHB(Z hL)UB(Zg(Z) hr) |] W

Moreover,by the assumption (AS5), Markov’s inequality and Proposition A.11.(i) in [32], it follows that

logn
(zsél}y): | Z( f( z) )I B(z,h)UB(2z¢(z), hL)(Z) 2 )
<<{C(1+ 2 "VT;F(S)) r/2) 42 (—)(a+1)p/(a+p) ,

" a2

where a > 1, p > 2, r = log?n. Then, by assumptions (A9) and (20), we have

2y, Jogn
PG, > ’7’7“'1 T2y < CNL(T){CN,(T5)™ + n'=0 (2a)~(@+DP/26@40) ¢/ (logn)2(@+Dp/(@+p)-2)

< CN.(T3){CN,(T5)™n'-0+<0},

for some g, > 0 and large enough 6. On the contrary, by the definition of Kolmogorov’s e-entropy and (19),
it follows that n'=9* = O(N,(73)®). Hence, by assumption (A9), we obtain

logn
Nn, v n
Gy = Og.co( /7 T, (22)

Now, we deal with G,. For { > 0, we have

0,2 (258)

n2 =

P|G,>¢

1 [r () L (hrd (e 22)) BT (S20) 1 (R d (20, ) ) T

P(sup — - 5 ).
ety | EL (b d (2 21)) EL (h;'d(ze) 21)) n
Let
Ny = = (L(hT A (22 Z0) T, (G2 — EIL(Rd (Ze(ry, ZOIT, (D).
G BL( NGz @ i@ L TSy i@
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And we have

12, ¥z, (28 1 12 Wy (2B
PG, > ¢ 4)<N(:rgr) max(TT)IP’(ﬂZ?:l Mg >¢ L )

by using the same result as with the treatment of G; we get

logn

) (23)

nn Z‘PT}'

GZ = Oa.co (

In the end, we treat Gs. It is evident that Gs < E[sup,es;|0y(2) — Ox(Zo(z), X, E(2o(z))) ], similar steps of
treating G, allow to get

logn

77n k4 n
G3 = Ogco( L) (24)

T

Lemma 5.3. Under the assumptions (A1) and (A4)-(A7), we have

logn

T’In‘y n
sup|0%(2) = 1] = Og.co( TT ki (25)

AS) ]

Proof. The steps in this proof are the same as in the proof of Lemma 5.1 . For this, we conserve these
notations and use the decomposition that follows

sup|0x(2) — EOy(2)| < sup|9N(z) 0% (Zo)| + SéleléI%l(Z{’(z)) — EBx (Zo()|
Z€TF

Z€TF

F F

+ sup|EOR (zg() — EOY (2)].
Z€TF

F3

Then, using the same proofs as (22) to (24), we get

logn logn
nn Y, 77n LPT
Fi = 040 : n?;( ) = 0g.c0( , . T )
77n3 TT Og )
F3 = Ogco( |=—75")-(26)

Finally, the claimed result is obtained from the last decomposition and (26).

and

Corollary 5.4. Under the assumptions of Lemma 5.1, we have
i P(inf |85 (2)| < ! <
- [oe]
(Jnf |6} (2)] <3) < oo.
n=1
Proof. We have that
inf,er, 103 (2)] <5 = 3z € Ty such that 1 — 63 (2) 2 5 = supez |1 - B3 ()| = 5.
We conclude that
P(inf 0% (2)| <) < P(sup|l — 8k (2)| = ).
Z€TF 2 2€TF 2

As a result
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. . A 1
S P(inf 104 (2)] <3) < oo.
5.2 Proofs of main result
Similar to the proof of ([43], Theorem 2), we must to investigate the conditions of Lemma 3.

For that, we denote: T, = T7, A; = z;, B; = w;, G(t, (2, 4;)) = L(d(2,4))/t),Jn(2) = Ty 1 (2), Cpn(Tnx(2)) =
O,nn (2) and c(z) = 0(2). Let y,, € (0,1) be an increasing sequence such that y,, — 1 = 0(v,,), where

logn
k UER A G
Un = ¢_1(E)ﬁ + Tn

Leth;, = d)‘l(S)f”, we choose J;; (v, z) and Jf (v, z) such that

0. Un s 2)) = 0, (hy (D))", @7)

and
0. U7 Y 2)) = @, (i (@) 2. (28)

Checking (K,) and (Ks): we note that the local bandwidth J,; (v, z) satisfies (17), (18) and (20), we have
now

_ ok 0} W, (125
Suplcn,z(]n (Vn'z)) - C(Z)l = Og.co (¢ 1(_)'6 + j:2 )
Z€TF n n
= Og.co(Vn)-

Consequently, (K,) in Lemma 3 is valid. We use the same steps for J;! (y,,, z), we obtain

SUpICn,ZU;(Vn,Z)) —c(2)| = Ogco(n),
Z€TF

Therefore (K5) is also correct.

We check (K;) and (K;): with (27) and (28), we have

O;Un Y 2) < 9,(h.(2)) < @, (v, 2)). Thus, with (17) and the property of ¢,(.), we have as a result
Jn (Vs 2) < Toye(2) < Jn (Yo, 2), a.CO

and

I mDsim@sI oy vzet) ~ 1, 8.C0. aST = oo,

Consequently, (K;) and (K,) in Lemma 5.1 are valid. Checking (K3): Same as Kudraszow and Vieu [43],
Vz € J%, indicate

* d(z,z1) f(2Jn (yn2))
h =:E[L(—)], H, =:——2"==
[z, hy(2)) LGV =
_. 0@l m2) _ _ LG,
A ) N A S O &1 ¢ 2 100) R
After that, we come at
)
Y o
— a0y | < UH ||y | + [Hy |1 Hs | (29)
i=1L(JZ(Vn.Z)>
With (A3), we get
sup|H,| < C. (30)

Z€TF
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In addition, with (25), we have that

sup 18N (z.J7 (n2) -1+ Sup 18N (z.J7 (rn.2)) -1l
TF

]ugn

.

n‘n\yT}'
sup|H,| <
2€T5 ZleanT 16N (z.J5% (Vn z))|

- Oa.co(

Then, we use the (Lemma 1, p. 10) of [30] with (A2) and also the fact that
©;Un Vo Z))/Qoz(]; Ynr2)) = Yo

we get
sup|Hy| = 0(@(h)RY) = O((Jrad T ()P (31)

In consequence, with the fact that y,, — 1 and integrating (29)-(31), we have that
d(z,z;)
| Z? 1 (]n(Yn Z))

n d(z, zL)
2€Tr Lima LGza o)

= Yul = Og.co(Vp).

It should be noted that (K,) is clearly satisfied because of (A3a), additionally (L,) is also easily satisfied by
building of J;; (y,,, z) and J;} (¥, z). So, one can therefore apply Lemma 3, and (9) is precisely the consequence of
Theorem 4.

6 Simulated data application

This section compares the Robust kernel estimator introduced by [9] with the finite sample behavior of
the proposed Robust KNN estimator for strong mixing dependency samples with unknown scale parameter.

First, we consider the following nonparametric functional regression model:
W, =m(Z;) + ¢, i=12,..,200,

where m(Z;) = (f"/3Z (t)dt) ,ZI(t) is the first derivative of Z;(t),{g;}?%9 are i.i.d. according to
N(0,0.05) and the curves Z;(t) are generated as follows:

Z,(t) = x;t% + sin (yl- (t - g)) i=12..200,t¢€ [o,g],

where {x;}?%? are i.i.d. according to U(0,7/9),y; = yl 1+ &, {&3229 are i.i.d. according to N(0,1) and
independent to {x;}2°9 and {b;}22 respectively, b, is from N(O 1).

Figure 1 displays the curves of the sample sizes n = 200.

=

05

09

05

-10

I T T T 1
0o 022 0.4 0.6 0.8 1.0

Figure 1: The curves Z;(t),t € [0,m/3] fori =1, ...,200.

Second, we need to select a suitable semi-metric d(.,.), kernel L(.), smoothing parameter k,,, for

functional KNN estimator. For that purpose, we choose the asymmetrical quadratic kernel defined as L(u) =

3 (12

Z(H_u ) [0,17(w) . Meanwhile, because of the smoothness of curves Z(t), we consider the following

semimetric based on the first derivative:
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dderiv(zi’zj) = \/fon/B (Zl'(t) - Z]{(t))z dt, VZ,Z; €F.

Our main goal is to compare our estimator (Robust Equivariant Estimator REE) 8(z) with Robust Kernel
Estimator (RKE) 8(z) introduced by [9], where 8(z), 8(z) are define as following

S (), ()

6(z) is the zero with respect to x of o L(d(Z-Zz)> =0,
=1"\Tp, (2
n d(z,ZL-)
~ i—1L r,(W;—x)
8(z) is the zero with respect to x of — (h”z;()z;) —y
n ]
i=1L( hL(Z; )

The efficiency of the predictors is evaluated by the empirical Mean Squared Error(MSE)
~ 2 _ 2
MSE; =n' 51, (0(2) - 0(2)) ,MSE; =n"' 3, (6(2) - 6(Z)

In what follows, we randomly split the 200-sample into two parts: one is a training sample {Z;, W;}}29 which
is used to model, and the other is a testing sample {Z;, W;}?%%., which is used to verify the prediction effect. On
the one hand, by the training sample, we can select the optimal parameter k,,, for KNN estimator by the
following cross-validation procedures.

Concretely, for the robust kNN we select k,,, = argmin,CV,(k), where CV,(k) = X7, (m -
@(‘i)(Zi))2 and

wi-xy (4(2;2)
Z;'l=1.j==irz( E(lz) )L<Tn,kj(2)>
A(Z;,2)
S i i)

0C-v(2) = argmin

Then the robust kernel estimator by k,,, = argmin, CV5(k), where CV5(k) = Y-, (W; — 6CD (Zi))2 and
alz;,Z
Z?:Lj::i FAWi_x)L(TELkJ(ZD
d(Z,2)
?=1.f==iL(W]<Z>)

0C-9(2) = argmtin

On the other hand, by the testing sample, we can calculate the prediction values of the response variables
denoted by {VT/l}f:(l) , for Robust kNN method and {Wl}f:f ., for Robust kernel method respectively. Thus, MSE

of the predicted responses for the two methods are illustrated in Figure 3 where we see clearly that the
forecasting of Robust KNN estimator is more accurate than that of Robust kernel one under the strong mixing
functional dependent sample. The similar results are also shown when the sample sizes are n = 300 and
n =500

Robust kNN reg MSE= 002644 Robust reg MSE= 013368
o “o at
0
o
= pr -
o ~o %0 ¢
" 2 o ¥ >4 «
o o o £
§ w | o 5 J o o °
& < L @ o by
A
h- 9/ . °
W °/ '-;- o 5 o
p 1 o
' 2 o (;‘g"‘ o ] - *
P &
o % o # o oa
0 i o
o o €
&% o @ -
o C 2 ¥ 2
oo, o ¥
: &l
8 .o S

0% o

e o

T T T T T T T T T T T T

0z 04 06 08 1.0 00 0.2 04 0.6 08 1.0

Repanses of lesting samole Regonses of testing sample

Figure 2: MSE of the Robust kKNN method and the Robust kernel method respectively
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To further explore the performances of the two methods, we carry out M = 100 independent
replications of the experiment for Robust kNN estimator, Robust regression estimator when the sample sizes are
n = 200,n = 300 and n = 500 respectively. In each case, let the testing sample sizes be fifty.

n=200

012

e :

0.08 R~ S— —1 Classic

006 \

0.04 l 1 8 == Robust

o ; : _—

000 T T

Robust Req Robust KNMN
n=300

0.07 S 4

0.05 . . —J Classic

0.04 + e o

0.03 ° o 1 Robust

002 — - §

0.01 [ ] [ L =]

0.00 T :

Robust Reg Robust KNN
n=500
0008 -
0,007 | a
0.000: 41 - 9 I - S —] Classic
0.005 ' !
0004 ~ r : . [ ; 3 Robust
0,003 I | E : 1
0.002 H "
T T
Robust Reg Robust KMH

Figure 3: The box plots of the MSE of the prediction values by the two methods for the different sample
sizes when the Number of repetitions of experiments is M=100

Meanwhile, let us calculate the average of MSE of Robust kNN estimator and the Robust regression
estimator. The results are reported in Table 1.

Table 1: The comparison of different methods

n 200 300 500
MSE Robust reg. 0.01388555 0.016432 0.1159574
MSE k& NN Robust reg.  0.003120220 0.00877745 0.04466478

We can see that, for fixed sample sizes n, Robust KNN estimator is much more smaller than the Robust
regression estimator, or the prediction accuracy of Robust kNN regression method is better than that of the other
method even in the case of the strong mixing dependence.

7.Conclusions

The kNN approach is a smoothing alternative that allows for the development of an adaptive estimator for a
variety of statistical problems, including bandwidth choice.

The assumption that the bandwidth parameter in the KNN method is a random variable adds to the complexity of
this problem.

In the situation of equivariant robustification results, the key innovation of this approach is to estimate the
regression function by mixing two essential statistical techniques: the regression estimators for strong data when
the scale parameter is unknown with the KNN method. This strategy allowed for the development of a new
estimator that combines the benefits of both methods.

Another unanswered concern is how to treat a more general case in which data are generated from a functional
alpha-mixing dependency and the scale parameter is unknown . Precisely, we can obtain the almost complete
convergence of the same constructed estimator under standard conditions allowing us to explore different
structural axes of the topic. We emphasize that, contrary to the usual case when the scale parameter is fixed, it
must be estimated, which makes it more difficult to establish the complete convergence of the estimator.
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To summarize, the behavior of the developed estimator is unaffected by the number of outliers in the data
collection. In comparison to the classical kernel method, the mixture of the KNN algorithm and the robust method
allows for a reduction in the impact of outliersin results.
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