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Abstract 

To consider R is an abelian ring with  an identical member and 𝑀𝑑 is non-zero unitary left module 

over a ring R. 𝑀𝑑 is said to be a Hollow Module (HM) if each proper sub-mod (sub-mod) of 𝑀𝑑 is 

small. A local primary hollow module (LPHM) is defined as a generalization of HM. A module is 

said to be a LPHM if 𝑀𝑑 has one primary sub-mod with each small sub-mods. Our paper studies the 

type of such modules and it introduces some essential concepts that elaborate this issue. 

Keywords: Hollow module, Local primary hollow module, Amply supplemented, Indecomposable 

module, Lifting Module. 

 

1. Introduction  

According to the fact that 𝑅 is represented an abelian identical ring,  every  module are left unity and 

a proper sub-mod 𝐴 of a module 𝑀𝑑 is said to be small when 𝐴 + 𝐵 ≠ 𝑀𝑑 for any proper sub-mod 

𝐵 of 𝑀𝑑 [1]. A nonzero module 𝑀𝑑 is called hollow module (HM) if any proper sub-mod of 𝑀𝑑 is 

small [2]. A proper sub-mod 𝑁 of 𝑀𝑑 is called a primary if an integer number 𝑛 > 0 such that if 𝑘 , 

𝑙 ∈ 𝑀𝑑 satisfy 𝑘𝑙 ∈ 𝑁 then 𝑘𝑛𝑀𝑑 ⊆ 𝑁 [3]. 𝑀𝑑 is called a local if 𝑀𝑑 has only one maximum sub-

mod with all the proper sub-mods of 𝑀𝑑 [4]. In our paper,  a generalization of HM will be 

introduced. The new generalization  will be  called  a Local Primary Hollow Module (LPHM) and it 

will be defined as a module with a unique primary sub-mod that includes every small sub-mod of 

𝑀𝑑. The  procedure of  this work will be done in three sections. In the 1st section , the definition of 

LPHM's as generalization of HM's will be investigated in terms of the main properties of such types 

of modules. While in the 2nd section, some conditions under that LPHM's with  L-hollow modules 

(L_HM) and  LSP-hollow module (LSP-HM) are equivalent. Then in the 3rd part, the relationship 

between the LPHM's beside some modules such as indecomposable, lifting and the amply 

supplemented modules has been introduced . 

 

2. The basic properties of LPHM . 

 A  concepts and some related definitions  of  LPHM will be introduced in this part  then a  study for 

the  basic properties   of such type  of module will be introduced as mention below. 

Definition(1): Any R-module 𝑀𝑑 is called LPHM if 𝑀𝑑 has only one primary sub-mod which 

includes every small sub-mod. 
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3. Examples and Remarks  

1-  Z9 is LPH Z-module, while Z36 is not LPH Z-module. 

2- Every LPHM is Hollow, while the converse is generally does not correct, for example  Zp
∞ is HM, 

but it is not LPHM.                                                                                               

3- Every  LPH  is not is necessary being simple module , for instant    z-module Z25 is LPHM while 

it isn’t a simple module. 

4- A sub-mod of a LPHM is not necessary  being LPHM. for instant the Z-module Z is a sub-mod of 

LPHM (Q) but Z itself is not LPHM. 

5- if any ℛ-module 𝑀𝑑 is finite generating then each LP-H  is L-HM.           

 Proposition(1):  If 𝑓: 𝑀1 → 𝑀2 is an  epimorphic image of LPHM so that 𝑀1 is LPHM of 𝑀2 . 

 Proof: Suppose that the unique primary sub-mod of 𝑀2 is 𝑁  with 𝑁 + 𝐾 = 𝑀2 such that  𝐾 is a 

proper sub-mod of 𝑀2. 𝑓−1(𝑁) has only one primary sub-mod of 𝑀1 otherwise 𝑓−1(𝑁)  =  𝑀1 and 

hence 𝑓(𝑓−1(𝑁)) = 𝑓(𝑀1) = 𝑀2 implies that 𝑁 = 𝑀2 but this will be a C! because N is unique 

primary sub-mod of M2, so 𝑓−1(𝑁) is a unique primary sub-mod of 𝑀1. Now, since 𝑀1 is LPHM 

then 𝑓−1(𝑁) will contain every small sub-mod of  𝑀1 and because 𝑓(𝑓−1(𝑁))is a small sub-mod of 

𝑓(M1). So that 𝑀2 is LPHM.  

Proposition(2): Let 𝑀𝑑 be a module and let  
𝑀𝑑

𝐾
  be a  LPHM then 𝑀𝑑 is LPHM, such that 𝐾 is a 

small sub-mod of 𝑀𝑑 .  

Proof:  Since  
𝑀𝑑

𝐾
 is LPHM where 𝐾 is a small sub-mod of 𝑀𝑑, so it has an only one primary sub-

mod 
𝑁

𝐾
  of  

𝑀𝑑

𝐾
 and 𝐴 + 𝐿 = 𝑀𝑑 , 𝐿 is a sub-mod of 𝑀𝑑 so,  

𝐴+𝐿

𝐾
=

𝑀𝑑

𝐾
 which results that 

𝐴+𝐾

𝐾
+

𝐿+𝐾

𝐾
=

𝑀𝑑

𝐾
 since 

𝐴+𝐾

𝐾
 is a proper  sub-mod of  

𝑁

𝐾
 and 

𝑀𝑑

𝐾
 is LPHM, therefore  

𝐴+𝐾

𝐾
 is a small sub-mod of 

𝑀𝑑

𝐾
. 

Thus 
𝐿+𝐾

𝐾
=

𝑀𝑑

𝐾
, so 𝐿 + 𝐾 = 𝑀𝑑, becuase 𝐾 is a small sub-mod of Md, then 𝐿 = 𝑀𝑑. So Md is 

LPHM .          

Corollary(1): If 𝑀𝑑 is a LPHM  with  a proper sub-mod 𝑁, then 
𝑀𝑑

𝑁
 is LPHM.  

Proof :  .  LPHMis 
𝑀 

𝑁
 epimorphism then function which is an natural  a be : 𝑀𝑑 →  

𝑀𝑑

𝑁
π  

Remark (1): Generally, the converse of corollary(1) is not true, for instant  
Z12

<2>
≅ Z2 is LPHM. But 

Z12 is not LPHM . 

 Recall an projective cover (𝑃, 𝑓) of a module 𝑀𝑑 where 𝑃 is a project module and 𝑓 ∶  𝑃 →

𝑀𝑑 where 𝑓 is an epimorphism and  𝑘𝑒𝑟𝑓  is a small sub-mod of  𝑃 ( i.e. 𝑃 is a project cover of 𝑀𝑑) 

[4].   

 Proposition(3): If 𝑓 ∶  𝑀1 → 𝑀2 be a project cover of 𝑀2  and M2 is LPHM. So 𝑀1 is LPHM . 

 Proof: Since  𝑓 ∶  𝑀1  →  𝑀2 is an epimorphism so  
𝑀1

ker 𝑓
  is an isomorphism to 𝑀2 and then it is 

LPHM , also  𝑘𝑒𝑟𝑓  is a small submodule of 𝑀1. That means 𝑀1 is LPHM . 

Proposition(4): 𝑀𝑑 is LPHM and 𝑓. 𝑔 module 𝑖𝑓𝑓 𝑀𝑑 is a cyclic and has an only one primary sub-

mod.                                                                                              
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 Proof: suppose that  𝑀𝑑 is a 𝑓. 𝑔 module and LPHM, therefore  𝑀𝑑 = 𝑅𝑥1
+ 𝑅𝑥2

+ ⋯ + 𝑅𝑥𝑛
. When  

𝑀𝑑 ≠ 𝑅𝑥1
 so, 𝑅𝑥1

 is a proper sub module of 𝑀𝑑 that give 𝑅𝑥1
 is a small sub-mod of 𝑀𝑑. Since  

𝑀𝑑 = 𝑅 𝑥2
+ 𝑅 𝑥3

+  ⋯ + 𝑅 𝑥𝑛
. So,  the summand will be canceled one by one till getting  𝑀𝑑 =

𝑅𝑥𝑖
 for given 𝑖. Thus 𝑀𝑑 can be a cyclic module, so 𝑀𝑑 has an only one primary sub-mod .  

Conversely, Consider 𝑀𝑑 is a cyclic module having an only one primary sub- mod 𝑁, so 𝑀𝑑 is f.g. 

Let 𝐿 is a proper sub-mod of 𝑀𝑑 with 𝐿 + 𝐾 = 𝑀𝑑 such that 𝐾 is a sub-mod of 𝑀𝑑. Then if 𝐿 is not 

small sub-mod of 𝑀𝑑 gives 𝐾 ≠ 𝑀𝑑. therefore 𝐾 is a proper sub-mod of 𝑀𝑑 and K is sub module of 

𝑁 and since  𝑀𝑑 is 𝑓. 𝑔, thus 𝐾 involved in a primary sub-mod. While, 𝑀𝑑 contains only one 

primary sub-mod 𝑁 (by assumption). Thus 𝐿 is contained in 𝑁. So,  𝐿 + 𝑁 = 𝑁 = 𝑀 C!. Hence 𝐾 =

𝑀𝑑, L is a small sub-mod of 𝑀𝑑 and it is sub-mod of 𝑁. Hence  𝑀𝑑 is LPHM. 

Proposition(5): Let 𝑀𝑑 be LPHM and 𝑁 be a primary submodule. If  
𝑀𝑑

𝑁
 is 𝑓. 𝑔, then 𝑀𝑑 is 𝑓. 𝑔 

Proof: Let 
𝑀𝑑

𝑁
= 𝑅 ( 𝑥1 + 𝑁 ) + 𝑅( 𝑥2 + 𝑁 ) + ⋯ + 𝑅( 𝑥𝑛 + 𝑁 ) such that 𝑥𝑖 ∈ 𝑀𝑑 ∀ 𝑖 =1, 2, ⋯ , 𝑛 

. the statement  𝑀𝑑 = 𝑅 𝑥1 + 𝑅 𝑥2 +  ⋯ + 𝑅 𝑥𝑛 will be claimed . Let  𝑚 ∈ 𝑀𝑑, so 𝑚 + 𝑁 ∈
𝑀𝑑

𝑁
, implies that 𝑚 + 𝑁= 𝑟1 (𝑥1 + 𝑁) + 𝑟2 (𝑥2 + 𝑁 ) + ⋯ + 𝑟𝑛 (𝑥𝑛 + 𝑁) = 𝑟1𝑥1 + 𝑟2𝑥2 + ⋯ +

𝑟𝑛𝑥𝑛+𝑁. Then  𝑚 = 𝑟1 𝑥1 + 𝑟2 𝑥2 + ⋯ + 𝑟𝑛 𝑥𝑛 + 𝑛 for some 𝑛 ∈ 𝑁. So that, 𝑀𝑑 = 𝑟1 𝑥1 + 𝑟2 𝑥2 +

⋯ + 𝑟 𝑛 𝑥𝑛 + 𝑁 and since 𝑀𝑑 is LPHM, then 𝑁 is an only one prime contains each small sub-mod of 

𝑀𝑑 which implies that 𝑀𝑑 = 𝑟1 𝑥1 + 𝑟2 𝑥2 + ⋯ + 𝑟 𝑛 𝑥𝑛. Thus 𝑀𝑑 is 𝑓. 𝑔 . 

  Recall An R-module 𝑀𝑑 is called a LHM if it has an only one maximum sub-mods that contains 

each small sub-mods of 𝑀𝑑 [5]. 

Corollary(2): Let 𝑁 be a primary sub-mod of 𝑀𝑑. If 𝑀𝑑 is LPHM and 
𝑀𝑑

𝑁
 is 𝑓. 𝑔 then 𝑀𝑑 is LHM .                                                                           

 Proof: Let 
𝑀𝑑

𝑁
= 𝑅(𝑥1 + 𝑁) + 𝑅(𝑥2 + 𝑁 ) + ⋯ + 𝑅(𝑥𝑛 + 𝑁) with 𝑥𝑖 ∈ 𝑀𝑑 ∀ 𝑖 = 1 ,2, ⋯ , 𝑛 we 

claim that 𝑀𝑑 = 𝑅 𝑥1 + 𝑅 𝑥2 + ⋯ + 𝑅 𝑥𝑛. Let 𝑚 ∈ 𝑀𝑑 then m+N ∈
𝑀𝑑

𝑁
 gives𝑚 + 𝑁=𝑟1( 𝑥1 +

𝑁) + 𝑟2( 𝑥2 + 𝑁)+ ⋯ + 𝑟𝑛( 𝑥𝑛 + 𝑁)=𝑟1 𝑥1 + 𝑟2 𝑥2 + ⋯ + 𝑟𝑛 𝑥𝑛+𝑁. Implies 𝑚 = 𝑟1  𝑥1 + 𝑟2  𝑥2 +

⋯ + 𝑟𝑛  𝑥𝑛 + 𝑛 for some 𝑛 ∈ 𝑁. Thus 𝑀𝑑 = 𝑟1 𝑥1 + 𝑟2 𝑥2 + ⋯ + 𝑟𝑛 𝑥𝑛 + 𝑁 and since  𝑀𝑑 is  

LPHM, then 𝑁 is a unique prime contains all small sub-mod of 𝑀𝑑 , implies 𝑀𝑑 = 𝑟1  𝑥1 + 𝑟2  𝑥2 +

⋯ + 𝑟𝑛  𝑥𝑛. By remark(1) 𝑀𝑑 is 𝑓. 𝑔 and it is a LHM .    

                                                                                                                       

4. LPHM with LHM and LSPHM :  

     we shall study in this part of our paper a few conditions when LPHM can be LHM and survey the 

relation between LPHM and LSPHM . 

Proposition(6): 𝑀𝑑 is a LHM 𝑖𝑓𝑓 𝑀𝑑 is a LPHM and cyclic module. 

Proof: 𝑁 is an only one maximum sub-mod that involes all small sub-mod of 𝑀𝑑. Suppose  𝑥 ∈ 𝑀𝑑 

and  𝑥 ∉  𝑁 so 𝑅𝑥 will become sub-mod of 𝑀𝑑. As similar as  𝑅𝑥  =  𝑀𝑑. If 𝑅𝑥≠ 𝑀𝑑 so 𝑅𝑥 is a 

small sub-mod of 𝑀𝑑  hence 𝑅𝑥 is a sub-mod of 𝑁 implies 𝑥 ∈ 𝑁 C!. Thus 𝑅𝑥 = 𝑀𝑑 then 𝑀𝑑 is a 

cyclic module. And since 𝑀𝑑 is  LHM  then 𝑀𝑑 is a LPHM . 

 Conversely, since 𝑀𝑑 is cyclic and LPHM then it is a 𝑓. 𝑔 module. 𝑁 is a max. sub module because 

it is a primary contains all  small sub-mod. Given a proper small sub-mod 𝐿 of 𝑀𝑑. If 𝐿 never 

containd in 𝑁 that gives  𝐿 + 𝑁 = 𝑀𝑑, but 𝑀𝑑 is LPHM so, 𝑁 = 𝑀𝑑 and that is a C!. therefore, we 

conclude that every proper small sub-mod of 𝑀𝑑 contained by 𝑁and so, 𝑀𝑑 will be LHM .  

Proposition(7): 𝑀𝑑 is LHM 𝑖𝑓𝑓 𝑀𝑑 is LPHM has an only one primary sub-mod. 
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Proof: 𝑀𝑑 has an only one max. sub-mod, hence 𝑀𝑑 has an only one primary sub-mod.  

 Conversely, to prove that 𝑀𝑑 is a cyclic module, suppose that 𝑥 ∈ 𝑀𝑑 with 𝑥 ∉ 𝑁, so that 𝑅𝑥 +

𝑁 = 𝑀𝑑 and because 𝑀𝑑 is LPHM then 𝑁 is a unique primary contains all small sub module of M 

and hence  𝑀𝑑 = 𝑅𝑥 .Therefore 𝑀𝑑 is a cyclic module. Thus 𝑀𝑑 is LHM .                 

Proposition(8): 𝑀𝑑 is LHM 𝑖𝑓𝑓 Rad 𝑀𝑑 ≠ M and 𝑀𝑑 is LPHM . 

Proof:  It is clear from the previous propositions .  

Conversely, let 𝑀𝑑 is LPHM and Rad 𝑀𝑑 ≠ M, then Rad 𝑀𝑑 is a small sub-mod of 𝑀𝑑. Also by [4] 

𝑅𝑎𝑑 𝑀𝑑 has an only one max sub-mod of 𝑀𝑑 so it is a primary sub-mod, and hence 
𝑀𝑑

𝑅𝑎𝑑 𝑀𝑑
 is a 

simple cyclic module. So  
𝑀𝑑

𝑅𝑎𝑑 𝑀𝑑
=< 𝑚 + 𝑅𝑎𝑑 𝑀𝑑 > for a given m∈ 𝑀𝑑. We obtain 𝑀𝑑 = 𝑅𝑚. 

Suppose that 𝑤 ∈  𝑀𝑑  so 𝑤 +  𝑅𝑎𝑑𝑀𝑑 ∈  
𝑀𝑑

𝑅𝑎𝑑 𝑀𝑑
. There exists 𝑟 ∈  𝑅 such that 𝑤 + 𝑅𝑎𝑑𝑀𝑑 =

𝑟(𝑚 + 𝑅𝑎𝑑𝑀𝑑) = 𝑟𝑚 + 𝑅𝑎𝑑𝑀𝑑, implies 𝑤 − 𝑟𝑚 ∈ 𝑅𝑎𝑑𝑀𝑑 so 𝑤 − 𝑟𝑚 = 𝑦 for some 𝑦 ∈

 𝑅𝑎𝑑𝑀𝑑. Thus 𝑤 = 𝑟𝑚 + 𝑦 ∈ 𝑅𝑚 + 𝑅𝑎𝑑𝑀𝑑, hence 𝑀𝑑 = 𝑅𝑚 + 𝑅𝑎𝑑𝑀𝑑. But 𝑅𝑎𝑑𝑀𝑑 is a small 

sub-mod of 𝑀𝑑 implies 𝑀𝑑 = 𝑅𝑚. Thus 𝑀𝑑 is a cyclic module. By (proposition 6) 𝑀𝑑 is LHM. 

Recall a sub-mod 𝑁 of 𝑀𝑑 is said to be a semi-prime sub-mod if 𝑁 ≠  𝑀𝑑 and whenever 𝑟 ∈

 𝑅, 𝑥 ∈ 𝑀𝑑 such that 𝑟^𝑛𝑥 ∈ 𝑁 for some n ∈ Z+, then rx ∈ N [6]. 

Recall an R-module 𝑀𝑑 is called  LSPHM if 𝑀𝑑  has an only one semiprime sub-mod  contains all 

small sub-mod of 𝑀𝑑 [5]. Z9  is LSPH Z-module , while Z6 is not LSP-hollow Z-module  .   

Remark (2): Generally, each LPHM is LSPHM, but the converse is not true. Consider the following 

example. Let Z6 is a LSPH Z-module, but Z6 is not LPH Z-module. 

Proposition (9):  𝑀𝑑 is LPHM 𝑖𝑓𝑓  𝑀𝑑 is cyclic and  LSPHM .  

 Proof:  Suppose 𝑀𝑑 is LPHM so it has an only one primary sub-mod 𝑁 that contains all small sub-

mod of 𝑀𝑑. Let 𝑥 ∈ 𝑀𝑑 with  𝑥 ∉  𝑁 then 𝑅𝑥 is a sub-mod of 𝑀𝑑. We find that 𝑅𝑥 = 𝑀𝑑. If 𝑅𝑥  ≠

 𝑀𝑑 then  𝑅𝑥 is a proper small sub-mod of 𝑀𝑑 and hence 𝑅𝑥 is a sub-mod of 𝑁, implies 𝑥 ∈ 𝑁 C! . 

Thus 𝑅𝑥 = 𝑀𝑑 then 𝑀𝑑 is a cyclic module. Now, since 𝑀𝑑 is a LPHM, then 𝑀𝑑 is LSPHM.  

Conversely; Let 𝑀𝑑 be LSPHM and cyclic module then it is 𝑓. 𝑔 module and hence 𝑀𝑑 has an only 

one max. so it is primary sub-mod called 𝑁 contains all proper sub-mod in M. Let L be a proper 

small sub-mod of 𝑀𝑑. If 𝐿 is not contained in N then 𝐿 + 𝑁 = 𝑀𝑑, but 𝑀𝑑 is  LSPHM thus 𝑁 =

𝑀𝑑 C! . Implies every proper small sub- mod of 𝑀𝑑 is containing in 𝑁, thus 𝑀𝑑 is LPHM .  

Corollary(3): Suppose 𝑀𝑑 is a module, then 𝑀𝑑 is LPHM 𝑖𝑓𝑓 𝑀𝑑 is  LSPH and 𝑓. 𝑔 .  

 Proof:  Let 𝑀𝑑 is LPHM, then 𝑀𝑑 is LSPHM and cyclic module, and since 𝑀𝑑 is cyclic module, 

thus 𝑀𝑑 is 𝑓. 𝑔 .  

Conversely, Let 𝑀𝑑 be 𝑓. 𝑔 and LSPHM then 𝑀𝑑 = 𝑅𝑥1
+ 𝑅𝑥2

+ ⋯ + 𝑅𝑥𝑛
. If 𝑀𝑑 ≠ 𝑅𝑥1

 then 𝑅𝑥1
 is 

a proper sub-mod of 𝑀𝑑. thus Rx1
 is a small sub-mod of 𝑀𝑑. therefore 𝑀𝑑 = 𝑅 𝑥2

+ 𝑅 𝑥3
+ ⋯ +

𝑅 𝑥𝑛
. Then the summand will be canceled one by one till getting  𝑀𝑑 = 𝑅 𝑥𝑖

 for given 𝑖. Thus 𝑀𝑑 is  

cyclic module. Therefore 𝑀𝑑 is LPHM .  

 Proposition(10): 𝑀𝑑 is LPHM 𝑖𝑓𝑓 𝑀𝑑 is a LSPHM and has an only one semi-prime sub-mod. 

 Proof:  Suppose that 𝑀𝑑 is LPHM, so 𝑀𝑑 is LSPHM , then 𝑀𝑑 has an only one semi-prime sub-

mod.  

Conversely; Let 𝑀𝑑 be  LSPHM has an only one semi-prime sub-mod, say 𝑁, now to prove 𝑀𝑑 is 

cyclic module. Let 𝑥 ∈ 𝑀𝑑 such that 𝑥 ∉ 𝑁, so 𝑅𝑥 + 𝑁 = 𝑀𝑑 and because 𝑀𝑑 is LPHM that gives 

𝑁 is a small sub-mod of 𝑀𝑑 and  𝑀𝑑 = 𝑅𝑥 Thus 𝑀𝑑 is  cyclic and it is LPHM . 
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Proposition(11): Let 𝑀𝑑 be a module, 𝑀𝑑 is LPHM 𝑖𝑓𝑓 𝑀d is 𝑅𝑎𝑑 𝑀𝑑 ≠ 𝑀𝑑 and LSPHM . 

Proof:  Let 𝑀𝑑 be LPHM, then 𝑀𝑑 is LSPH and cyclic module, then 𝑀𝑑 is 𝑓. 𝑔 and 𝑅𝑎𝑑 𝑀𝑑 ≠ 𝑀𝑑.  

In contrast, let 𝑀𝑑 is  LSPHM, then 𝑅𝑎𝑑 𝑀𝑑 is a small sub-mod of 𝑀𝑑. Also by [proposition 4]. 

𝑅𝑎𝑑 𝑀𝑑 is the  only one semi-primary sub-mod of 𝑀𝑑 and thus 
𝑀𝑑

𝑅𝑎𝑑 𝑀𝑑
 is simple so it is cyclic. 

Implies that 
𝑀𝑑

𝑅𝑎𝑑 𝑀𝑑
= < 𝑚 + 𝑅𝑎𝑑 𝑀𝑑 > for some 𝑚 ∈  𝑀𝑑. We claim that 𝑀𝑑 = 𝑅𝑚. Let 𝑤 ∈

 𝑀𝑑 then 𝑤 +  𝑅𝑎𝑑 𝑀𝑑 ∈ 
𝑀𝑑

𝑅𝑎𝑑 𝑀𝑑
. There exists r ∈ R such that 𝑤 + 𝑅𝑎𝑑 𝑀𝑑 = 𝑟(𝑚 + 𝑅𝑎𝑑 𝑀𝑑) =

𝑟𝑚 = 𝑅𝑎𝑑 𝑀𝑑. Implies that 𝑤 − 𝑟𝑚 ∈ 𝑅𝑎𝑑 𝑀𝑑 which implies that 𝑤 − 𝑟𝑚 = 𝑦 for some y ∈ 

Rad(M). Thus 𝑤 = 𝑟𝑚 + 𝑦 ∈ 𝑅𝑚 + 𝑅𝑎𝑑 𝑀𝑑, hence 𝑀𝑑 = 𝑅𝑚 + 𝑅𝑎𝑑𝑀𝑑. But Rad 𝑀𝑑 is a small 

sub-mod of 𝑀𝑑 implies 𝑀𝑑 = 𝑅𝑚. Therefore 𝑀𝑑 is a cyclic module  .Therefore,  𝑀𝑑 is LPHM . 

5.  LPHM with some other Modules. 

   In this section we shall study the  relation  among  LPHM and  some other  modules such as an 

amply supplemented, lifting and indecomposable .                                                                                                          

Definition(2): A module 𝑀𝑑 is known as an amply supplemented if for each pair of sub-mods 𝑈, 𝑉 

of 𝑀𝑑 such that 𝑀𝑑 = 𝑈 + 𝑉, Ǝ a supplement 𝑉1of 𝑈 in 𝑀𝑑, where 𝑉1 ≤ 𝑉 [7].  As Z4 is amply 

supplemented Z-module . But Z12 is not amply supplemented Z-module . 

Proposition(12): Each LPHM is an amply supplement .             

Proof: Let 𝑀𝑑 be LPHM and U be a unique primary sub-mod of 𝑀𝑑. Since  𝑀𝑑 is LPHM, then 𝑈 +

𝑀𝑑 = 𝑀𝑑 and 𝑈 ∩ 𝑀𝑑 = 𝑈 is a small sub-mod. Thus 𝑀𝑑 is amply supplemented. 

Remark (3): Generally, the opposite of proposition 12 cannot necessary be applied, for instant Z6 is 

amply supplemented Z-module, but it is not LPHM. 

Definition(3):[1] Any R-module 𝑀𝑑 is indecomposable if 𝑀𝑑 ≠ 0 and the unique direct summands 

of 𝑀𝑑 are <0̅> and 𝑀𝑑. Results that 𝑀𝑑 has not a direct sum of a couple of nonzero sub-mod.  

Proposition(13): Each LPHM is indecomposable . 

Proof: Let 𝑀𝑑 be LPHM, there exists an only one primary sub-mod 𝑁 involves all small sub-mod of 

𝑀𝑑, assume that 𝑀𝑑 is decomposable, so that Ǝ proper sub-mods 𝐾 and 𝐿 where 𝐾 and 𝐿 are sub-

mods of 𝑁 and 𝑀𝑑 = 𝐾 ⊕ 𝐿. But 𝑀𝑑 is LPHM, so  𝐿 is a small sub-mod of 𝑀𝑑 where L is sub-mod 

of 𝑁 that gives 𝐾 = 𝑀𝑑 or 𝐾 is small sub-mod of 𝑀𝑑 with 𝐾 is sub-mod of 𝑁 that gives 𝐿 = 𝑀𝑑 

which is C! . Then 𝑀𝑑 is indecomposable.                                                                                                              

Proposition (14):Let 𝑀𝑑 be a cyclic and LPHM 𝑖𝑓𝑓 each nonzero factor module of 𝑀𝑑 is 

indecomposable . 

 Proof: Let 
𝑀𝑑

𝐴
 be a non-zero factor module of 𝑀𝑑. Since 𝑀𝑑 is LPHM, then 

𝑀𝑑

𝐴
 is LPHM by 

(corollary 2). By (proposition13) 
𝑀𝑑

𝐴
  is indecomposable.                                                                                                  

 In contrast, let N be a primary sub-mod of 𝑀𝑑 and let 𝐿 be a sub-mod of 𝑁. Suppose that 𝑀𝑑 = 𝐿 +

𝐾, where 𝐾 is a sub-mod of 𝑀𝑑 we get 
𝑀𝑑

𝐿∩𝐾
≅

𝑀𝑑

𝐿⊕𝑀𝑑⁄𝐾
 [4].  But 

𝑀𝑑

𝐿∩𝐾
 is indecomposable then either 

𝑀𝑑

𝐿
= 0 or 

Md

𝐾
 . Since 𝐿 is a sub-mod of 𝑁, and 𝑁 is a sub-mod of 𝑀𝑑. Hence 𝐿 is a proper sub-mod 

of 𝑀𝑑. Then 
𝑀

𝐿
≠0  implies that 

Md

𝐾
= 0 and hence 𝑀𝑑 = 𝐾.  Then 𝐿 is a small sub-mod of 𝑀𝑑. 𝑀𝑑 is 

hollow module and since 𝑀𝑑 is cyclic module. By (proposition 11) 𝑀𝑑 is LPHM . 
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Definition(4):[6] Suppose 𝑀𝑑 is a module, 𝑀𝑑 is known a lifting module if for each sub-mod 𝑁 

of 𝑀𝑑 there are sub-mods 𝐾 and 𝐿 of 𝑀𝑑 where 𝑀𝑑 = 𝐾 ⊕ 𝐿 , 𝐾 is a sub-mod of 𝑁 and 𝑁 ∩ 𝐾 is a 

small sub-mod of 𝐾.  

Remark(4): Generally, each lifting module is LPHM , but the converse cannot be necessary correct. 

We can see this in the following example. 

Example (1): Consider 𝑄 is LPHM , while it is not lifting module [8].                      

Proposition(15): Each 𝑓. 𝑔 and LPHM is lifting module. 

 Proof: Let 𝑀𝑑 be a Z-module and Z6 is a lifting module. But, Z-module Z12 is not LPHM. There 

exists a unique primary 𝑁 of 𝑀𝑑 has all small sub module, then 𝑀𝑑 = 𝑀𝑑⊕ {0} where {0} is a sub-

mod of 𝑁 , 𝑁 ∩ 𝑀 = 𝑁 and since 𝑀𝑑 is LPHM, then  𝑁 ∩ 𝑀 = 𝑁 is a small sub-mod of 𝑀𝑑. 

Therefore 𝑀𝑑 is lifting module. 

Remark(5):  The opposite of proposition15 cannot necessary be  applied in general, for instant, the 

Z-module 𝑀𝑑 = 𝑍3  ⊕ 𝑍4  is lifting module [8], while it is not LPHM .Since there exists a primary 

sub-mod 𝑁 = 𝑍3 ⊕ (0) of 𝑀𝑑 which not contains every small sub-mods. 

Proposition(16): If 𝑀𝑑 is cyclic indecomposable module and 𝑀𝑑 is lifting module, then 𝑀𝑑 is 

LPHM . 

Proof: Suppose  𝑁 is a proper sub-mod of 𝑀𝑑. Now 𝑀𝑑 is a lifting module then 𝑀𝑑 = 𝐴 + 𝐵, such 

that 𝐴 is a sub-mod and 𝑁 ∩ 𝐴 is small sub-mod of A. In contrast, 𝑀𝑑 is an indecomposable module, 

therefore 𝐵 = 0 and hence 𝐴 = 𝑀𝑑. that implies that  𝑁 ∩ 𝑀 = 𝑁, hence 𝑁 is a small sub-mod of 

𝑀𝑑. Hence 𝑀𝑑 is hollow module and since 𝑀𝑑 is cyclic module. Then 𝑀𝑑 is LHM, so it is LPHM .    

                                                                                                   

Conclusion:  

   The main goal of our study is to represent a new generalized of hollow module that is LPHM, that 

each LPHM is hollow module, we get that the epimorphic image of LPHM M1 is LPHM M2. If 𝑀𝑑 is 

LPHM, then 
𝑀𝑑

𝑁
 is LPHM for each proper sub-mod 𝑁 of 𝑀𝑑. the convers is true when 𝑁 is small. 

Furthermore the relation between LPHM with some other modules as 𝑀𝑑 is a LHM 𝑖𝑓𝑓 𝑀𝑑 is a 

LPHM and cyclic it has an only one  primary , Rad 𝑀𝑑 ≠ 𝑀𝑑,…etc . And each LPHM is amply 

supplemented and indecomposable .  

 

Future Studies : 

   We study and development of concepts generalization locally hollow module over non-

commutative rings, locally semi primary lifting modules, locally strong primary hollow modules, 

some generalization of locally hollow modules, locally primary lifting modules and locally semi 

primary lifting modules .  
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